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1 Introduaction

It is well kuown: thet the Tagrange-Thermile type ioveres inbeigaeladion offers
& ied of ierasive metiusls fo slving cgnations. . The prefenspos for one
mwtdixl or for anather it obtaining a salabde approximation of & solutios
s tike into sooounl, smong sther facks, not only the convesgiis: ool
of the chesen pwthod, Bt alan the amount of calealat s maabed af o
iterntion step. Whils the conwenioes: onder wey e determined axacily, te
ammentl, of emleulations frm coch itemtion may B difficelt to determine
canetly

Thee: prahler we are interested n Lhe ool oonsits in ponsidering o cerlain
elmes el iLerst i et beods oo in determiming e ol bods of thae clnss schich
hivee nm aptimal elficency indes

Comerning the eficiency inde, wo shall sdogt the defmition given by
A Ostoomski i %] As we shall see in the ollowing, U ssimtial alemenes
in defining the aficiency e of an ieesfive mcthod e the convengencs
crier and the pumber of Fanction emluations needed sl esch Heation stop.
Az 1t = owell kenoemn, the Lapraoges- Hermine tepe interpolatory melbods wee
the values of Lhe eonpidered function, o well sy Lhe valies of its derivatives
up to & eortain order. The elficiessy o introdnced by Usloowski, ae we
shall reas, wessm to bae wedl swited toooar purposs,

Wi shall restricl hesw by cossidering the elass of methods givem by L
Lhebyshey-types methods, whick was also studied in [2], (9],

W sknd] shoor thal Ui peulis obtained in [8] nnd [§ semain sedid amder
meane pemral hypotheses thao Lhose consmbend o U papers. Mone exact by,
we shall admit bess that the amoact of calenlations neal st sach iwsation
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shep is propuctionad with the rmumbser of FiirscLivers whoso valties s reeded

The lactar of progectionality § = 1 s cusnssbered cunslant o Eiven Fimslion.
Let T =Tlu8] 4, b'e B, a'< & e bn interwd of the read axis and corsice

the aguation

) Iey=0, L

where [ I' = R, We maume thar. sguation (L) hes 2 wsgue solutin & ©

_I'l-h!'[- Fui walving this equaliun we auneides the hmerion g:d — I ol

W slippose thal T is o faed point far #- W aln smisime thal the SrpuRnce

() Ve Ly the ilerntiin

(2) T =gia . o=l e

cumrreryis. Ulbdoily, o § is continims at 7, them Jp|l|:|'|'.| o=
in
Cancerning the function X wee chall alsy nssiene the Fulluwringe
a) the functicn [ is difarentinbla i 2
Bl For any =, 5 &, ww biave that {f & b b 1] < o, B o 1o ¥, where
[:t.y;_,ri' B o divided dEfercncy of I dhe pinks 3 ond u

Dhelinition 1 ¥ie agmence [%2) g 25 e corevergence ol o 1, &f thee
eristy Mo Nemid =

gl =,
'fht-ﬁ'r‘lﬁ"img' benme can b sasily jroved,

Laumena 2§ b furection J sabufies o) angd b}, there fhe necranry and sl
vierd comdliore for the sapienne (T g inen by (B fo Auer ihe e R
orderc & B, w1, i thad hern =wials e g

_ a1 (0]
= Em - -
ot lnlf ()]
L s
We shall demaie m tha lalloming ne - the namile of fioedions whees
valuss must T cumpbed st o =tep o in the iteralions [2].

Taking e noecant lemma 1 and nemording i Lhe eMviemoy des piTis
used Ly Qutrownki, we shall admsit th following definiticn,
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Deftnition 3 Ve namder 10 B ooeadled e oficiomiey idar of the method
{81 o there exists dhe fimit

o {21 18 [:.m}-*-
= ml i

it § = 0,

Bewmarck 1 Jf the sopueno {2 plnn S0 by (E] hos the copmerpenan order

and there exisly py & 8 such tha! for p > gy e fuve iy = 7, ¢ = aoatond,

U
[k} I e e

2 Chebyshev-type iterative methods

Let g £ M be o natursl mgnber, and assiome shet the fionesen 1 ubye

@) the funetim i g limes differentioble oo e, i |

A) the derivalive satishos ' (£] o 0, e 2oy > € Jo, .

In the aleove: hypdbumes it follows that the Finction | admits an invecss
7o) s, where U = [{I], and the sautiva B of (1) verifies
1) r={t0].

Murssnee, the function [~ s g tises diffecenlisble on soch point from
the intersor of 13, aod the k-th derivadive, where 1 £ k < g, ia given b

(5} I_.lr "{p lli}

EE.—%EIIL— .'..’:H L ]]n ufrtﬂm}*{mﬂ} ..-u ]
winere 4 = Fi(x], and the abere sam extends e all r;k_unmvpmr integer
sudutivns of Lhe system

L o T SRR O e | E PR Pl |
i tigd--+ = E—1L.

Let o € 1 be given. The clas of Chebysber-bype terative methads i
given by

@ e S B

wheee g = [z,).
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Remark 2 For g = 2, aeladion [§) geelds B Miatoes maellond, €,
; FECY
i '-3..=:..—m. p="1,
Far g = 0, omwe gels e Olasbgpabuenr mestfond o ender 3
Fle) 17 (z) (1)
() 1 = 2p— '-'l:;-"] e T )
Iz L =)l
B dlifferent salwes ol g, sedalian (G rersssles acles of iterative methods
of Chelyshey type. We shall denuse Ly (IM} this Hoss.

-1,

Hemark 3 1) cor be casdly slown St for any firad g, e comauagenes e
af dee sorrespeding et By g, :

Racnark 4 M o ied g, af meal Weeisae siop s [§) e i macoysery, by
(), e svatuale
Folt o )

al zp, fe Moo arn ppedod § fosclion codintéons

Tl J6) dmgplies thal are ol ended;

- the sulwes of e suossaiie devesalines of § oap de ke g — 104 omlery

- the suives o Ul sucosesioe devioataes of P ne Do e g o -t erder

- one Bl funchon enoduaidon, giam by (6L

For these roesers, oe aboll admdd Sl for e closs (O there are nesdnd
Hy furedson contundiimee of sl wlop, wdens e smddond § = 00 o paen far
omy conidered funclion I

3 The optimal cfficiency index.

Taking inbw acoound renarke Fand 4, Ly (3] ik Gallows Uhe flbewing exparemsion
for the effidency index of the cluss (OB . .
i i
Eewly) =g

Comsdering the Fareticn :,*:-l:_i] - I*_ g 0o} — R | there con e sosily
vegified that il atlaine its moxioon vaus ol the unigles paint @ = e It i
ey then that & = @iq), ¢ © W has the moomum voloe at § = 3. The
{olbawing resull, halds, ’

Theorem 4 Censidering (e class ft'.le',i, the mnasdiond andin Che kot off-
[ErETTE cwdear ey M mcl'ﬁryﬂ'l_""l.l it |":"_,|
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