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THE EXISTENCE OF THE SOLUTION FOR THE EQUATION
MODELLING THE ELASTIC CONTACT PROBLEM

Micolae POFP

Abstract, The aimn of this aszicle 1@ b demonssraie the aum-_nu_ﬁ'!"l:ln:- sohirinn of the
equaton modedling the problem of clistic contact using the Porexis” fundamental Beciem of

peeudo-monalanos aperatars [4],
L THE IMFFERENTEAL AND THE VARIATHONAL FORMS OF THE

COMNTACT FPROBLEM
Laf us consider two clastic bodies which, at the moment ¢ = 0 are located
within disjunetive domains O' = ®' ad 0 « B where =2 or d=3. The boundanss
of the bodies are giving by

a0 -T=TUFUF  ad of-1°-TUrUT,

which are open from a topologcal point of view, anvd disjunctive tao by two, such
that only I'.' and T.' can have common points. The bowkdarny values, in

displacement and under stress we given by wif.r) on the boundary

.= TLUTE and by Aier) on ihe hnum:h;r:u r, = | AR {'Jﬂ:sp-:ﬂmdg-'

The boundarv of [':— ' o 7 is considered af the beginning as bemg
inder oo sress A the same time we define the vecior 0 ™ (w) oriented outwards
the boundary 80 = 0} u A0 We also know the initial displacenients
w21 = udr)l  and the initial speed #(0,7) = wix) . As bong as the two bodies do
not teuth each other, the field of displacement will be the solurion of a beoumdary
value: problem for the pastial differentinl equations of clasto-dynamas. 1F the bodics
wonich cach ather, then in the contact areas there are forces preventing their mutual
penetratng. The boundary condition which has to be formalated in this latter case
is called “aontocs comdition” Om the contact area there may appear, additional,
friction forces, as well, which will be deseribed by a focthion law

The contact problem of o elastic bodies on a time interval [0, 1], 1; = 0
has the fiollowag differental fomm
(L1 PO, (ta) - ag (w(a)) = At x), [0t ]x 0

pureading m [0, 1% £, where £ = Q' u £F. The boundary conditigins are

(1.2 wit, xv= wirad on (04l xTy



T

and

(1.3} a™ ), x) = Riex) om0 )x Ly
The initial condifions ars

(14 will 8} = w, (xh and WU ) uiT)

Contact condition have to contain bosh the condition af nom-penetrating of
one budy into molher (or the penctrating aecordimg 10 a @ven faw), anwd the cormes
description of the transmission of forces amongg the badies. These ProCesses must
he formulated cormectly from a athematical pomt of view in such & way thid they
may be approached through sariation methods.

Because of inherent difficulties “the comact condition” is approximated by
the Stenonni condmon [3]. In approximating “the contact condiion™ ammoants o
account for the conditicns of the linear elasticity theory. We will begin by
pArameteriig the fwo contac boundaries T';* and I'.7, which sre assumed 1o be
dispunctive. To this goal we shall resort 1o hao byjeerive applications.

P and PP -
of a domain P of2 C' class whose dimensson is d-1 for each contact boundary.
Consequently m each poml xe T the are deals with
 the normatized nommal vector on T

-
(1.5} ME) S5 e X
e -x )

the mifial Eap

(1.6 gir) s B -
For a u-displacement field on ' ULF  we define the relative displacement
(1.7) w R =u M) )-u i)

where 0¥ = w, . with =1, , denoles the trace of won 44,

The components of v vector figld v B~ B4, in the direotion of a {perpendicular
to n yare denoted by v, = ven [ respectively, vp = V- ¥y 1. The condition of non
penctratmg badies will be imderstood as @ gernetric “contact eondition”, It is
approximated by the inequation
(1.5 uE € gin)
This inequation describes actually “the confact condition™ 1f the points on

e contact boundaries move u the direction six}
The “covtact condion™  has also  describe safely (e transmission of forces
hetwesn the bodies and te fulfil the following reuifements

1", The Mewton’s balance of forces | ie. the force FI* which is exercised by the
body (' on the body ¥ | is oposite 1o force 1 which ' exercizes on L'

' O the confact area there can be transmitted ooly compressive forces;
3*. The {orces can be transmirted only in the aress where e bodies towch



|

Comdition 1% mieies:
(1.9 g L)) ) () = - o™ ) L = agy) WP,
where 1 (x), k=12 are the cominon determmants of the paTaneters
f'nhrlbhun I' cun be formulated as fillows:
[1. kD) 0 4r=0, " v,
whergas condiion 37 leads to
AREY O k)itsde) - el = 0 wre P
T summanze, the contact condition can be modelled as follows.
{1.12) (o'nx 1) i iy o < -
and o ; -
(5% i-.-_.:'.r R L I | R [:.r_.,"'-]_,r:l-lil
The varatonal form of Eq. (1.13) s
(1137 .q:l T E .:_|_.‘4' u;:': N rg.f]-.«l:l v r_{? I
The frictsom liw that descnibes the dependence of te tngential stress on the pomal
stress as weel as on the shiding spesd 15 mven by

{1,142 20 = |og |2 F il ]y |
dmnad
” iy
{114 b . T TP T 1y o I W N I
|¥r]

where # describs the friciion coefficient depending on'the speed 65 () with
which the besfics slide one w an other in the point r.
The difforential (classical) lormulation of the dynamical problem mms i
floediery the sofution of the sysiem of diferenial eguetions sysiem;
plab@fi o (uex))-feed [0 =0
with the boundaries values  wir o) = uir,x),  on [0,0] =T,
o uir,x)=h{t 7). on [0 T,
|:|-_|l.-'l'|=_;:ll :I"‘rl T {IJ"'J"'?.'-'-":]'..-"E B
Weg, 6.0, 0.4 -g)-0
_F"JH=‘J'|'-'-‘:I- 2 (0] oy I'rm [0, P,
« 0T

i #y
ity #d) =, .-.-?ru-,:u,u,\.-—-m

ha,
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and the intinl conditions.
wir Uy alv), (0= (x)

A correct physical interpretation of the static contact problem s possible only if Lus
15 congidered as an meremental step of a temporal discretization of the problem.

The initial problém will be equivalent with the iterrative determination of fhe
displacenient & at a given moment ¢, afler the approximation of the temporal
derivatives o and | & by fde differences, To simplify the solubnon of tis st
comtact problem, we shall tranzforomit in @ bonday-value problem and m a contact-
problem with homagenoos boundary values, #xcept on the contact boundary, Here
we shall restrict ourseves to the second problem

b the case of vartional formulsion, the sress on the confact boundarics sre
defined as functions on Sobolev spaces as: B3, B H'3 P2, B,

fo A, 0 R 1 PR e MR - i P ) and
b RS R )= T ILRY ),
The vanatwnal formulation of the contact problem with homogeneous

boundary values, cxcept on the contact boundary consists in lewkeimyr for i e K e
e St Al
(1.15) i AL R P T TR B R -E'Hﬁv;"—z.rf}y
wher o[k v) =J" o, (ad e, (v descihs  the  deformme  cnergy,
52
R ||'.:F i;u:]| au)f- | r,-”| oy s the fimetional which descibs the mfluence
)
of frceiom, whereas Hy is the tangential stress obtained fiom the boundary value

problem, and & = e BT B 0V BY vl o Py @ visg on
is the admissible sel of owr funclions. The comact condition cen alsn [
upproxineied by the method of penalization, m which case the penalized fimeronal

i l... & R
; e (A %
is dy {:a (v, gl vy
The functional that models the friction reads:
Jality)= |r.;l""[ y ) é['u'-:" 2] v s,
The next shep is to approximate the variational neguation (. 1%) by a variational
equation, ie o approximare the module | v," 7 lrom the friction functional with

a differeitiating convex function  depending on a parameter & , fuliilhing che
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conditions | gradd, (x) [ =1, i irl- x| (V)3ne R
S, the wariation cquation that approximates the vaoation meguation (8. 15)
is Eiven by
i1.16) <pu g valn v )=y () g duv) = S,
wherse
o o=l (ko) gy, i)}

uwo | .
y ki iu{-'}E[Ha" ). groddy ") v e,
i

15 e Cooforeh friction law shich deseribs in toum as follows:
a,(u) - -F | a.(u} -grodd, (u,] .
This corresponds 1o the regulanzation of the fiction Law chrough the
fumctioms

2. THE EXISTENCE OF A SOLUTION TO THE OFERATORIAL EQUATION
MODELLING THE OONTACT PROBLEM
MAller the preliminary problems done above, we shall formulare the

findamental thearem for the peeudo-monotonous operstors. To do s, kabe X a
real | reflexive and scparahle Banach space, 44 - X" a oondinear operalor and

f=X agiven functional. Farther -I-rrl Sy, | denotes & Galerkin basis, which is

a sub-set of the set of |lmeardy aependent elementz  lulliflmg  the

enndition: U span | w,ow, | = X where X - span e, e, | 15 the space
P

generated by the frsd & ovectors of the basis, We will analyse (he operaional
QAT

(AT Au - f

where w= X a5 well as the correzponding Galerkin equation:

&
(LB} <Au,w==<fw>, p=1.. & for which -}__; e e,

Fhenrent 2.0 { The fundomenral Breziv theoraat of the prendn-nmninmod
ayaerentenes AL

Ler he X g real refecive oond seporabie Boneoch space. ond. A X=X g



&l

PR, DR and coerpive nperaiar, Then for %ie X

i Fhe Ciailekin equaiion'd, F8) bay ai lepst ane soluiian U, (WrkemM,

a4 Loy o, x o weadkly CLRVErEeRs Sikherow of the row of Sod iy LU AT

paiar I ihew the weak value is a selution of fhe epperatoral eguation (1 171 gs
R in f4)

The next steg consisis m demansirating thar the egpaaaiion (TG verifies the
conditions of theorem 2.0, Fpr this Purpose. we will difine the operatoes.

=Py v “puro o afwm), [(Fluvioll
SR FE= gy (e v, and <Bu e = e Lk v, (%)Y bve

This apens the way 1o our Lesmna 2.1
Lemma L1, [f X'is # reflexive Banach space, 4-4-%" isa SITORNE FHROEOBOLS

operator and - A X=X i a complete continuous operator, then the opegator

Fo=A48 iz psendo-moncionos [1] The opcrators B, () and B have the following

quealities
Lemma 2.2 Under lemima 2 1 and the thesrem 2.1 we hawe:

L. P V=" isalinear, cominuous and elhptical npﬁ-am;
2 0V 5 acodinuous, monsonous and Lipschitz contmuous operator,

i R/ ¥V-1° is'a complerely continunng OpeETaior

The demenstration can be founed in 12]. With these resulss, according 1o lemma 1.

the operator A: - (R fulfils the condition of theorem 2 CONCErmmE paaudo-

WHMOEONOUS operators, so that A s pseudo-monotonoes, continacsis and coegaive

opersor. This show the existence of the solition of he operatorial equation A=y
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