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AFPLICATHON OF THE QUEUEING THEORY T0O DISCRETE, EVENT
SIMULATION
Alexn L. PETREAN
Abstract. Gur aim in this arcide is fo presest the hsics concets that appear in discrete
gystem modelling wsng the waiting lincs end to show, botk analitically ard practicalby, the
comespeakling salving methods for the arisng probdems

Ihe wse of the simulation appreach represents one of the most modem and
powerful technics of solving complex problems that appear im almosi every fields of
himan activity Simutation models of real-world systems can be classified as
discrete chanpe or confinuos chunge models In discrefe simulation we Sppose
that the seate vanables of the system  vary discretely al points m time, while
continiog simulation implies that state indicators nhang:-:in 8 CONIMONS memmer n
time. For both models, the change of the system states means that an evenl ooours,

tn this paper we will concentrate our attéation on the discree modeling of the
watling Imes (queues), vvmg for this purpose abstracl concepts from the guencing
theory. Waiting lines appear in almost every system that iz modeled because et ol
them use some limited resource, whether it is the number of servers in a Filliage
stunon or the number of available 10O channels on a general-purpose computing
syslem. '

The magor problem of interest which appears in (he quencing theory 1= to
sobve i both theorctical and pracucal way the queneing models, having itnposed

some financial und matenal restinctions. Cienes ansc bocause of the competition for



the limited resources that exist m a system and can be distingrashed by the manner
in which customers are served.

In every wailing problems there are some common elements a5 follow: the
customers (input unis) which wait for the pecessary service f that s not
immediately  available, the semang stabions that work through one o more
disposable channcls, an nput stream and an ouiput stream of units. With this
agreemend, o simple quenzing syslem can be ilhisirated like this:
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Fue 1 A quessing syslem
For any type of guensing system a oumber of commen characierisiics that
need to I:rc discussed can be distimgmshed [1]:

W the arerval poitern, concems with the destnbuton of the input sireaim. The
customers can armive smely or m batches and m cerlain crcumstances they
can leave without receiving the senace;

W the service process, roffers to the distmbunon of the service time
rexpuested. The mgid units can be served sy or prouped aod the level of
servics can change or remains constant as the quene forms;

B the sember of porafilel servers. Tn most systems this is & finite mumbeT,
The maximum capacity of a system has an important influence on the
operation of the system;

W 1he guens dicipline concerns itself with the descipline by which customers
are selecied from the waiting fine for serace. Cueueng  disciplines
mclude FIFO, LIFC, random (RANIDY) and prionty (PED) techmigues.
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In the next paragraphs of this article, we'll use Kendall's convention to describe a
gqueneing system, which is based wpon previous presented charscteristios [4]. Thus,
it queneing system 15 described by a series of svmbols soparaled by slashes of form:
ABCTVE. Here A represent the interarrival time distribution, B the service fime
distributson, © the number of parallel servers, I the sysiem  capacity and F oghe
queveing discipline, Corresponding to the first classification ferm the following
mportant categones of interarrival distributions can be considered: M (exponential),
L} {determinisiic), E; (Eriang type k) and G (general). The same letters are used m
denote sipmlar service inne distribution

For cach queneing model there are o number of ilems of interest The most
important of which we will consider are- the queue length, the fime m the serves
stafion, the idle and the busy time of the server. The next paragraphs contain a
briefly description of some quoueing models with 3 large ares of application 1o real-
world systems, more precisely the MAM//«/FIFO model, the BB e FIF D
model and priocity quensmg models,

The MM < FIFO mode!

In this case there is a smgle-server system, whose interarnival and service
umes arc exponentially distributed with parameters 1/ and lin respectively. There
L Do resimction on systen capacity and the queue fillows o firse-in, frst-out
thscipline. We kmow that if the interarrival distribtion is exponential, then the
arnival process is Poisson 1t 15 also known that & Poisson stream has the next
inporiant featares:

B the amivals probabalities of an arbitrary aumber of wnits in nonoverappng

tme intervals do not depend on each other:

W the probability of two or more arrivals in Af is O(At) and can be neglected

related to the probability of which one arrival appears:
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W the probabality that an arbatriry numbser of anis arrves in the SVSISIN i &
Mine interval doesn't depend of the interval position on the time axis but
only an the interval length
A very important vabie of micresi o the analysis of any gueasing svstem is
-the number of customers in the system. I1 we denote with 5, the state of fhe syetéin
when there are n cusiomers present (nz0) and with Pyit) the probability of state &n al
some lime t, then the system remains i stare S 8t time 1+At i and oaly if ane of the
fiollonang rrutually exclusive events occur
1) the syslem was in statc 5, al ime ¢ and no amivals or departures ocour
durimg the pericd {t, tHAT),
if} the system was in state By al tmme 1 and one departure bul no amivals
eeur during the imterval (t, $+Afy
i) there was n units in system af lime ¢ and no arrivals or deparures ocenr
during the mterval (1, 1+Ar)
From the above stitements the next equation results 131
Pl Aty LR (AT 1A B O AP (P (A, =12, o

F%Hﬂ = AB_(1)-(2 + )P, (0 + 4P, (1), n =12, .

Vaking the lamut at both sides as At—s0) Bives:
: Po (AP (U Pult) Py ), 1.2 i
For o0, utilizing the similar procedare mves:

B 0=A Pty pdPy(t) : (2)
From (1}, (2} a system of equaticns results, whose solution pives the
probabtlity io have n units in the system and that is easier to solve once ihe system
15 in a steady state { Pt =Py~constant), Under the sssumption of steady state rhe

system of equations becomes a set of simple difference equatioms of the form:
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which 15 easy to solve, uwsng, for example, & ievative fechmique The soluhon 5
gl-.n_:rl by Po=p(l-p), o=0.1.2,. where p=ifu represents the t#affic intensiry
Using this formula, the expressions of vanous measures of inlerest can be obtmned,
We have, for example:
B ihe expecled number in the system Lopd 1-p),
B il expecied mmber in the quens LI,-p"J'{]-p};
W he expeciod fime in the system W10l -p));
W the expected ttme 1o the queue W, =piui 1-phl.
The MM o FIFO modet
in this case, there is a finite number T2C<w of servers i the svstem, each
with an  mdependently  and idendically  distnbuted  exponental serace fame
distribustion with rate g The input units thar astive follow 3 Poisson process, The
peobabilioy  that ¢ customers remain ;e the servers in (F, HAD 5 pow |-
cuAr+HAL) and the probablity of depart g cpAt—00At).
Avcwding, to & similar procedure to thar wsed for the snslyms of the
MM Vo FIFO inodel, the following expression lor the probability that o customers

Ep,1zjsc
are in the system resobis [3}: Powd®
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Thie value of Py vields from the condition: ~ TP =1 o
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Froan this relation, the formulas of the characteristics of the svstem can be obtained,
bt they have a more complicated expression in this case |2] As a last remsark, it 5
imgsxrtant fo nate that the requirement for the MACFIFC model tnreach Sleady
state i LACP<], rather than A/pec] as with the previous madel.
The priority gheneing model
[he particular feature of ilhs mesdel = that the discipline used o select 2
customer for the service is based on a priority system. There are al beast two
Imyprant reasans o apply pnority disciplines: (e sefers 1o the mmimizabon of the
average cosl of the system. That is possible, for example, iT the high-cost umts m the
quene are served firsl, The second reason is tooredwee the averape number of
customsers in the system. Thus, if the service time is shoder for certam customers
than for athers and the priotty scheme is based on the pringiple “begn with the wnit
that requires the least service™, then it 15 possible to reduce the average number of
CuKIOMmErs in l|;Il: syslem. :

There 15 a st of vanous techniques usad (o assign priorities 1o the customers
of & system, as follows: B

W chortesi service first, the highest priority is given 1o the wnil thal reguires
the least amount of service, supposing that e lengih of the fime serdce
1= kniown;

B round robin, the server allocates Tor each cusdomer a quantum of service
tme. If the quantum 15 not sufficicnt to finish the operation, the service is
mierrupted and the customer rejoins the guese io & cyelic manner,

W willimpnesy to pery, when the customers are allowed to bay a high priority,

In ihis case there 15 a oumber of levels of proorty. cach with a
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correspondmg rate and 2 customer is charged sccording o the level of
prienby desmed.

The prority queseing disciplnes are of one of the next o fypes. non-
preemptive disciplines or preempiive dizcplines. The oop-preemperve techmague
specifies that & started service of a pven customer cannot be mntermupted wndl it is
finished. For the preemptive scheme, if a new unit which enters the syslem has a
higher pnomty than the one being served, the service 5 interrupted for the curent
unit and the bagher-priocicy customer gain the control of the server. The iterrupted
customer rejoins the quens service and the portion of service that it received can be
emermrized or not, [ the first case we sav that a precmptive repeat discipline exisrs
while the other coe implies a preemptive resume discipline in the system,

Analvaing the queseng models presented above at first sight, the following
statement can be mvoked: as the queuseing systems become more comphex, the
mithematics involved becomes nearly inractable [7] Beciuse of the complexsty of
the formulas that appear in the analytical treatments of the systems using queneing:
madels, it is more convenient to apply the sonulation technigues. Moreover, even if
the system can be analyeed v an analytical mode, it 15 simpler to simulate it and o
usg the theoretical results 1o vahdate the simulation

Below we give a briel descnption of the most moportant procedurcs that
maght be implemented in 8 geseral-purpose computing program which simudlates
quencing systen, Thus, four mainly routines can be distinguished here; ARRIVAL,
SERVE, ADTY and BEMOVE. -

. Ihe ARRIVAL rounme sirmidlates the arrval of an inpul arit 1o a waitng ne
ol refurns the fme of the oext amrival The arival process foflows vamous
distrbution probabilities (for cxample a Poisson distribatom).

The SEEVE subroutine assigns required service time to the arrivals to a
quenemng svstemn and must returns the service time required by the next amiang



customer. In this case also the service lime distabution follows  a chosen law of
profability.

_ The scope of the ADD subroutine is to enter the amiving customers into a
finite length wailing line. Customers attempting to enter & full quewe showld be
temed away. . The mplementation of this proceduse sirongly depends on the
queneing disapling wsed i simubation (FIFO, LIFCY, PRI, ete.)

Funally, the REMOVE routine deletes from the system the customer that was
served. A particulsr attcntion should be given to the operation of remowvnge a
customes fom a emply ques,
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