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SOME PROPERTIES OF m - FAMILIES

Mircea BATAL

1 Imntroduction

Let me be n positive integer. Uhe notion which give the title of our paper was
wtroduced by Klee [7] and it one defined as follows:

A family A of w1 | 1 convex subsets of & veotor space 17 will be called an
i - fumily in E i NA = 0, bul cach m members of A have a common point.

From Helly's theorem [6], il immediately follows thal, if B s finite-
dimensional then in E there is no e - family for m > dim &, The aim
of Lhis work is to poinl out some properties of the m - families. The main
resull in [2] will receive & new proof [Theorem 6).

If m iz & posilive integer by {m) wo denote the set {1.2,....m}. For an
wnt - farnily {Aq, Aa, ..oy Amey } we shall introduce the following nobalions:

A =r{di g (m+ 13 {i}} for each ¥ € (e 1}

O = comvfU AL i€ £ 1)) and By = A, 10O for each 1 £ [+ 1)

2 Basic results

A famnily A of sols in vector space F is sald to be s general position [3] il
any o - flat, m < min (card A, dim F) mierscols at most m+ 1 meanbers of

A

THEOREM L. If {4, As, ..o Asr }ois anon - family in a veclor space
E. then the furily {A’l_ﬂ,}. N 1} i5 in genend position.



Proof. According to the remark made in the ntroductive section, m +
1 < dim E. By way of contradiction sappeose Lhat there exists an (e — 1) -
fat L which intersects each set Al Then, denating by A7 = A; N [, for each

§ & {1 1), we have
4 setme i} =n{gnL:jeim i 1\ {i}}=
=(N{d;:jefm+ I3\ HNL=ANL#M
Therefare {A;,. b ,4;,___1} in a family of comves sels i an (m—1) - fat

having the property that each m sets have a common point. By Helly's

Lhooremn s [ollows that
N{Af:ie(im+ 1)} #4

and by A! < Ay onedaluees N{A; i £ im+ l::} % 1, relation which violates
the hypothesiz. B

THEOREM 2. I {4, Ay, o, A1) is e - family in o veclor space
E, then the following siatements folils:

(a) {B;: § € fm+ 1)\ {i}} = 4 for each i € (m+1):

(B N{M:5€{m4 10} =1

(c) conu{A: N H;) = C Jor ench i € {m 4 1),

Proof. (a) For every + € {m+ 1} the inclusion A; © € inplies
A=AnC=n{A:jc{m4+ 1)\ {ifpnd=

=n{4nC i jeim+ D\ i =n{B:is {m+1} {i}}.
The assertion (b) one ohtains immediately by Lhe inclusion B; © 4; (1€ {m 4 1})
and by i {A;ie (m+ 1)} =4
(i) Lt € €. Thesets AL, i € {m+ 1}, being convex o admils Lhe repre-
sentation {see [0, p 1651 = = 327 oy, where 2, € AL o 2 0 (8 € {4 1))
and "':"‘"[l ;=1 Koy =1, then e =2 € A -:mwl:ﬂj I .Uf_l- In comlrary

CASE, We CAll WTile

rEg Lhm+1
*=mz + (11— aq) (]__ Ty 4 .. 4 T -1'm+l) ]
3 —'L-t]_ - {1q



By () we obtain &, € Al ¢ By for cach ¢ £ 1, and since the soi 1) 13 oo

wir have

Therclore in both cises we have & comv({ A} U By ), hence O C conv( 4] U B,).
The: reverse inclusion being obvions we obtain (7 = cony (AL LES), Analo-

gously one eatablishes that (¢) holds lor cach § 2 (e 1), W

Remark 1. By the previous theorem it follows Lhat if {4, g .. Ay}

15 an me - family then (B, By.... By} isan m - [hmily to,

The prool ol "Theorem 4 is elfected by means of the fall wang known resull,

(see 1, [4]).

LEMMA 3. Let O ke a wonempty conver sel i a topological vector
space and A = {4, Ay At a famdy of comver subscts of € such thal:
() Ud =,
(i) each o~ 1 members of A have a common poind.
If all meanbers of A are closed in O, or all are open in ¢, then N4 £ 0.

THEOREM 4. Lef {A), Ay, ., Avusa b be an e - family in a topological
veelor space. If the sefs A Ao, ..., Ay are all closed, or all apett, Hen
UiBi st e {m+ 1)} is strict ineluded in O,

Proof. By way of contradiction suppese that U{B; i€ {m+ 1)} =
€. This supposition together with the slatement {a) in Theorem 2 permil.
us to apply Lemma 3 to the family {8y, s, ...,Biy1). Thus one obining
N{:ieim 1)} £ 0. Bul this contradicls (4] in Theorerm 2 and the
proot is complete. i

THEOREM 5. Let {A Ay, oA} be an m - fumily (m = 2) of
wlieefe rnembers ar:
(a) open conver subsets of a lopological veclor space

a7



(b closed conver subselz of a locally conver spocr.
FxeC\ (Ui (m 1)}, then for each i € {m + 1) there evists o
closed hyperplane Hy such thai:

(%) & € H;

{t8) ;N A; =@

(dii) H; 0 Ay # 0 for every j & {fm+ 1Y {3}

Proof. Let i € {m+ 1) arbitrarily foeed. (Mserve that = & A; sinee in
combrary case it would follow x € 4; 77 = 3, whal wonld contradict the
choice of .

We shall prove the existence of Lhe hyperplane H; which satisfies (i) and
(i), separalely for cach of the cases (a) and (B,

[u::I Since the afline sl {x} s disjoint from the open comvex sol A by
Mazur's theorem {see B, p l67]) (here exists a closed hyperplane 1, that
conlains & and 15 disjoint from A,

(b According (o a classical separation theorem isee (B, pAT1]), the disjoint
convex sets {x} and A, being one compact and the other closed, are strictly
separated by a closed hyperplane {f. Denoling by A, the translate of 1
which contains . il is clear that A; and {f; have nol common points,

Onee determined the hyperplane f; lel us to show that it satisfies ().
[t 5 be Lhe open hallspaces bordered by H;, which contains the set A; and
let S5 be the opposed open halfspace, From the construction of the sets AL
it follows that for § # 4 A] C A;, hence A; C 5. Itemark now that the set

Al ean not be incduded in 5. Indecd, supposing AL © 5 1t wonld follow
Lo cony {LI {..*’13 cjEm+ l}}) C 5y,

what comtradicts = © M, N (. Therefore 4;N 3 = U and by A C A; for
i # i we deduce that A; N 5 # 0 [ur each § # 4, Every set A, intersccly the
set Ay, henee it has cornmon points with 5. Thus, by the convexaty of the

seta A, it follows (i), B

Remark 2. Theorem 5 is not true in the ease m = 1. For motivate this,

it is sufficient to consider A) and Ay as being two opposed open halfspaces



(ense {a)), respectively two opposed sides of a square in R? and & Lhe cenlre

of the square (case ().

W olose our paper giving & new prool for the main result {Theorem 3)

m [2].

THEOREM 8. Let {4, A, ..., A1} be an m - foamuly of

(i) epese conver subsets of a topelogicad vector space E
ar

(b closed conver subsels of a locally conver space B, alf lewsl ore: being
COTLL

Then there s e closed fat L oin B, of deficicncy i, such that:

(i) Lrjudd; s ie im4131) =i

{8) LN conw(U {4 i e fm 4 13} A0

Proof. The proof is by indnelion on m. In the case s = 1 Lhe required
Hat is a hyperplane, For two disjoint convex sets A, Ay both open in a
tepological veelor or both closed and at least one compact in a locally eonvex
spasce. by two standard separation theorems [5, pp.32 and i there = a closed
hyperplane Lhat strictly separates Ay [rom Ag.

Assume indnelively that the statemenl is lrue for m — 1 (m = 2) and
et § Ay, A, o, Ay} he an me - [amily as described in Lhe theorem. In the
case (B) we suppose, without loss of generality, that at least one of Lhe sets
Ay, Ay, ..., A s compact. Fix any =0 the set C\{U{B: i {m+ 1)}). By
Theorem 5 there is & closed hyperplane £ which contains r, intersects cach
of the sets A; {1 = {m)) and does not intersect Ap 1. Denote by 5 and 5y
the two open hallspaces bordered hy M. supposing Aw 1 C 51

From x € ¢ = conv{Ayq U By ) (see Theorem 2, {¢)) and @ # Bl
il follows that there exist iwo points y € Al ,, and z € B,y such thal =
helongs to the open line segment joining y, 2. Sinee 2 € By © Ay © 580,
it follows that y € S5, hence

A{A i (mibnS £40. 4y



Define A7 = A,NH for each i € {m} and we intend to prove that {A], A3, ... AT}
igan (rm — 1) - family. IMirat we shall show that any rm - 1 sets (for instance
Aj A5, AL ) bave a comnon point,

By (1) we have N{A; :4 € (m—1}} N Sp # B Alo
(i€ m—13N8 DN{Ac:ie fm—131 An 7D

B0, Lhe comvexily of the sel N {A; 28 C dm o 1)) implies

rAlieim—LUl=n{Anl iefm—-Ul=n{d:s e {m- 131 £

Sinee # £ conv{ A i e {m+1)}], there are r; £ A (i € {m+ 13} such
thal & € conv{z 23, ..., Bpe | {300 [ﬂ, p-l{ﬂi!_r_'jl- The Larnily {_Fl']. ¥, ;*].:,H_l}
being in general posilion (soc Theorem 1), the convex hull of Lhe points &,
(i € im+ 1}) is an m - dimensional simplex which will be denote by A T £
i the face of A which does not contain the vertex x; (i £ im + 1)) then we
hawve @, © A, < B, for kB &8 and by the convexity of Lhe sels B 0 [ollows
I o B, SBince o was chosen from O (U 24 € dm+ 10} we deduaee Lhat
r belongs to the relative interior of simplex A,

We claim that "M {A7 -4 € fmdd = 0. Lt us suppese Lhal there s a point
yen{A:ie {mit=n{d e imi}n . Then il d iz the line Lhrough
roand y, 1t will intersect the relative bonndary of & in L poinls. Lot & b
Lhat poinl of inlersection for which r belongs to the open segiment ]tr,;r,r:. B
oy © It follows o & M oand sinee Fipeg © Beggn © 51 the polnt # can not
belong to the face I, ;. Let j € {my such that w C Iy, henee w & Hy
As n{dijiieimpl = A = M{8;:ie {m)}, it follows y & H; Since
u € f; and x £ e,y one obiains x © 1y, which conlradicls @ € Y
(IU{B;:ie {m+11}). Thereforer {42 ;1 € {m}} = 0, hemee { A7, A5, ... AL}

i= an {m — 1) - family. Obvicusly the sets A are open in the case (@), o

]
mil

spectively closed and at least one compact in the case (b, The indnctive
assumnption is now applicable to the (e — 1) - family {A7. A5, . A%} in H.
Thus there exists a closed flat L of deficiency m - 1 in H, hence of deficiency

e & such Lhat

LrfU{Al:ieimi})=0and LNeconv(LU{A i€ (mi})#£0
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Since Ay = 51, L M oand A3 = AN H it follows that
L {A:icim+ 1} =0
Also
LNneonv (WA :ie{m+ 1} 2 Lnconv(U{A : i€ {ma}) D

S LNeomy (WA ci€ (md}) £ 0

and the proof is complete. B
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