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Abstracr: Tn this paper we are mierested in the Riemarmien geometry of the phase space [0 8 conservative
dvnamical system. An adapted metric (Sosaki meiric) in the phase space allow us to draw concluzions
gbout the mrmsic properties of the space and about the geodesios of this space, which are here the
ryectonss of the dynamical system.

1. Sasaki metric
Let M be an n-dimensional differential manifold and let g' ;. bo

the local co-ordinates of a pomt & < M. In what follows we shall use the summation
cotvention, if not stated otherwise.

Let us consider a metric on M, given by:
(1) ds’ = g,,(Q) dg'dy’

(M, dv") is an n-dimensional Riemannian spacc (sce [8], [14] ); we denote this
space hy M. .

Using the above ds’, on T(M") = the tangen! bundle of M®, we introduce the Sasaki
meiric { see [12], [13]) given by:
(@ do’ = g,(0) dg'dg' + g, (@) V' Vv

where Ve'=av' + 1) v'dg"

and T,'. are Christoffel's symbols of the second kind.

In order to find the components of the fundamental metric tensor of T{M") we

write der® as;
(3) do’ = G,, dg“dg” (e, f=1,2,3..,2n)
ki Fi=d i= 1,23, ..

G, zare to be determined, being the covariant components of the
metric tersor, and

i1 ur o=
(4) G, G =E= e i
' 0 pour o+
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From (2) and (3), using the condition (4), we getl :

G_:'-r = gj'-r I g.ﬁrl ._.'.'luj J.vrr .I':I.E -p"'
(5) G, oy =Ty, k=123 ..n
I:'—""-"-r-_ Lir g0 sk - .E_-L_

The &,; determined above define the metric of the Riemannian space
(T{M*) e} (see [12), [13])

In this paper we are interested to use some particular and very aportant properiies
of the Sasakd metric on T{M"), summariscd bellow:

In the tangent bundle TIM") of any Riemannian manifold M, every trajectory of
the peodesic flow is a lift of a geadesic of M and every lift of a geadesic of a Riemannian
manifold M is a geodesic of the tangent bundle T(M") (sec the proof in [12]).

2. Maupertuis metric for a conservative dynamical system

From Jacobi's form of Mauperiuis® Least Action Principle, we know (see [1],
[3]) that for any fixed value of the constant of cnergy, h the trajectones of a
conscrvalive dynarnical system are the geodesica of the confiporation space, provided
with the Riemannion Mauperfuls metric:

(6) dif = 2 (U+h) dsy’,

where ds,” = 2 T 47, U is the force function and T is the kinetic energy.

We uscd for Maupertuiz meiric the same notation as for the metric (1)
because we take here M® 1o be the configuration space and T{M") to be the phase
space of our comservative dynamical system.

So, whal we propose s to endow the configuration space with hMaupertuis
metiic (6) and to use this metric instcad of (1), m order 1o oblan Sasaky metne (5)
for the phase space. This way, using the propertics of a space endowed with Sasaks
mciric, the trajectories of the phase space will be the lift of the real trajectorics (in the
configuration space) of the system. To get more information about these rajeclones
and about the space itself we may compute, for instance, the Riemannian curvatures
{or scctional curvatures) using:

T S
Riaviviv v

{3" e Hik Hil}": "1"’? 1":-

(7} K=

where (v} and (') are the components of two linear independent vectors of T(M"), Rgy is
the Riemann-Christoffel tensor and gy are the compenents of the metric of the space. A
discussion on the sign of the riemannian curvatures leads to draw conclusions concerning
the stability of trajectorics or of some particular confipurations.
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3. Sasaki metric and the simple pendulum

In order to illustrate the theoretical method proposed and described above, Ict us
consider the classical problem of the simple pendulum. We know thal the combiguration
space is a onc-dimensional space and the kinetic encrgy and the force function are given
bry:

] ] -1
2 I'=—ml
(&) lm F
(D) U=mlgcosip),

where m is the mass of the pendutum, / the length of the wire, g the gravity acceleration
and ¢ the angle between the wire 7 and the descending direction.

The Maupertuis metric and the corresponding Christoffel symbols of the sccond
kind are:

2 -
(10) {i‘.’n‘; _ md ngfuz_ns(q;}+ h]_ .::';;.'-1
(113 melsin(g)

tis  Ymglcos(p) + h}

The Riemannian curvatures of the configuration space are all zero,
In the phase space, the components of the Sasaki metric are given m the [ollowmg

table:
{ mi* 't g*[pl sin®(p ) + dcos’ ()] 1 4h[2mgloos(@)+ ] m'l'g p, sin(p) ]
| o 8[mgi cos(p ) + h) 3
|
_mlg p, sin(p) mi*[mglcos(@)+ h]
4 gt

where p_ = ml*p is Poisson's variable corresponding to ¢
The non- zero Chrstoflel symbols of the second kind are:

___ mglain(p)
" 2[mgleos(p)+h|

(12) o H.'Ig!'p?[mgf + hcos(p)]
) [ mglcos(p)+ h]’

e A mgl cos{qp )+ h]



We used the above expressions to compute the Riemann-Christoffel tensor and the

Ricmannian curvatures for this space and they all egual zero. Thus, the phase space of the
pendutom is flat. We already knew that (using other techniques), but the result proves the
utility of the method proposed in this paper. It can be used for qualitative studies in the
phase space of any other conservative dynamical system.
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