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A RICCATI TYPE SYSTEM ATTACHED TO A BOUNDARY
CONTROL PROBLEM FOR LAPLACE EQUATION

Maria BATINETU-GIURGIL

A boundary control problem with quadratic coat functional for Laplace equation with
boundary conditions given by the solution of a differential equation mvolving control is
congidered. The form of the feedback for the optimal control and a Riccali type system, which
pivies a characterization for the kernels that intervient in the feedback form, are derived.

let t,<T be fixed with T<= and v,-):[6.7]>R,i=L2 be such that
7,0} < 9,() and there exist their first derivative. We suppose that §,(-} /= L2 are integrable
functions on i, T]. @ (de e [ lts ) valta) ]: R). w,l)e X [, T), 7.(T) ]; R). We set
D=fit x)iteft,, T x < [r,(t), v, (1]} and suppose that for the domain D and for Laplace
operator there exists the Green's function. The controls are, in general, denoted by w, w, ... ;
they are taken to be in the space 'ﬂuzl_i{ﬁtu,T]; 1{“}, k=1. Al)B(:) are matriccs of
confinuous functions of M= m type and of M=k ype respectively; C is a conslant matrix

of 2 =m type.
Consider the following boundary value problem, defined on [
3 : & g2 )
1 ap(tx)=0, |A=—5+—
(1) aplt,x) [ o ' ot

along with boundary conditions,
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[ylte, %)=y J‘\' ”‘:[Tlrful"' r-tu}]
yiTx)=oulx), xe[v(Thva(T}]

[ w(tvy ()= vy {t)
Lyt ya ()= vy (1)

'i"'|f:| Gl'lrflﬁ |'I"E|' 'f'w'_[tn--r] 'I.F[:“—l ”;n

{1—': - Alt)z+ Bit)ult), usu

2 =2, {EEERm . iagiwn}

For every U c 9L the problem (5) has a unique solution, let us denote it by 2;{t]. The

sohutions Z,{-] is an absolute continuous function. According to (4) the boundary data vi-) in

the problem (1), (2), {3) are as smooth as the solution z,(-). With the hypothesis on

m, (-} i=1 2 the problem (1), (2), (3) has a unique solution; let us denote it by ¥ it x). The

Function (-] is the classical solution of the Laplace cquation related to the domain ) and it

depends continuously on the data @, (-} /=1, 2 and on the boundary data v{-|= [v{ |
2

For every u = AL, fixed, the solution of the problem (1) - (5) consists of the couple

U"'u[fa IL Eul:f'ﬂ

Let {f,5) be the fundamental matrix of the sohutions of the problem (5} and

G‘{M. P}, 'E {r,x}_. P=lo, *;)} the Green's function corresponding fo the Laplace operator

and to the domain .

(6)

The solution of the problem (1) - (5) has the representation

ifz,,[t}— @it t, 2o + J: @{t, s)B(s)uls)ds
' hﬂ:I:l = GZ{T

\ :II:.} ;.{T
F”I:f.xj-_ [: i [pr[n:'_'J tx t&.._, df + !‘T :
Fy

fe;::ff'i} (t,x: T,5)dz+
- G
Lvlﬂcs:l!_—az-'“i X, a '-'AU}'J'+%U xoen, y il ko

T 5G e ]
‘_Lviliﬂ}[" ?}; (t. x: o, Yz'{ﬁ]h m' [t- X o, 1ol o) do.
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We attach to the problem (13 (%) the following guadratic cost functional

:I{! II:r:I 3 i b
@ A= [T KX L)y Xyt Cdx dedt

=¥ {Th 72T}

T G e) Ze (7 ) 2 T ax g

(82T 2T+ [ {Gultlz,6) 2, (1) dt-+ || {H{thuft) eyt

where K 5+, -}, H{ - ), Gy, Gy[ -, -}, Gy{- ) arc as in [1].

The optimal control problem consists in finding of a function U c %1 such that,
(%) ..I{u mf ).

The existence and uniqueness of the optimal control are obtained as in [1]. Also we
gel a necessary and sufficient condition of optimality, namely a condition of (8) type, seef1].
Jee also (2]

I.ct us denote by plt, xl l.|.rl[i] the adjoint state, defined as the solution of the following

boundary value problem,

1) x)= [ Kl %yl )
(plty, xj=0

@ A pmx)--[ T Gix (T c)ag

o [P0

3

Cr T pn)=0

(5) j{;—lr ATt e+ Gtz () Cwit)
'xl!-'{T:I' T anﬂlx-r.}.-

where

Plon(hni) - Lieni)
_ g )
-~ Bt + 2

Using the adjomt state one gets a characterization of the optimal control, given by,

wit)=

PROPOSITION 1. The optimal controf Ul-) admits the representation,
@ )= H'(OB ([thylt).
For proot see [2].
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We consider the following boundary value problem (attached to the Hamiltonian type
gystem):

yltx)-0 aplt, x)= [ K(t % €)yit C)ac
IF{L"!‘H“]}: ¥, {” p[f,-,-ﬂ:f:l": ﬂ'
ity = valt) pltv,(t))=0
(w(t)=Czit)
(0 <4z

== A1z + BIOH (1B (ty(t) "T — Aty + G, (1) 2t 1+ C wit)
with w(-)given in (5

: . . T -
yily, )= (x} yiT.xj=wpyix)  pite, x)=0, p(T, x)= I:,T]:'Gﬂx,f;hr{ﬁ;ﬁi
(A1 )=2, w(T)=-G; z(T)

THEOREM 1.

(i) There extsts @ unigue solution of the boundary vaiue problem (10). This ix the
quadruple |y, 2, p,w) corresponding to the optimal control () related to the probiem
(13=(3), (7) - (&)

(i) The prablem (10} can be reduced to a Fredholm integral equation for tpr{}

The proaf is similar to that given in [2]. Using the ideas from [2] one gets

(11} yit)= aft) + j:Nf_f,S}:y[E}dE,

where () depends only on the data (9,{-], ¢, (-}, Z, | of the problem (10).

THEOREM 2. The Fredholm integral equation (11) admils a unigue solution of the
fearm

(12)  wit) = A1) + J':G-[t. s)hs)ds.

For proof we follow the same technics as in [1] or [3]

THEOREM 3. The optimal cortrel admils the represemiation under the linear
Jeedback form

._ (i ; W
(13) dit) = T‘{!';}N![_I,x]y[r,x}dx + N2t + Ny(e),

where (¥ (-.-),2(- ) ) are the components v, = af the soution (y(-,- ), 2(- Yp(-, Joul - )
Jor the problem (10},
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Proof, We use, see [2], the dynamic programming method. This way we get
A J t) = [:E;:]M (Loe)w(t o)da + M (t)zit) + M,it)
|,::i{f ]—_[ M'lt X E)(LE)ds + ML x) 2(t) + M.t x)

The prool is similar to that from [2] for P 5.1

According to Th. 3 were given representation formulas for the compoments (o, w) in
liniar feedback form. Futher we give a characterization of the kemnels involved by the
representations (14),

THEOREM 4. Let (y{ -, ), 2(- ) ) be a solution of the boundary value problem

(Ap(t x)=0

yit v ()= wy(t), ylt v, ()= vy )

(15) .V{l‘l Cz1)

._,a.;nn Bt (18 (1) r’U}MI{I,x_]f{r,xjkﬂx+M,,{l'}zl;f}+Mﬁ{i‘}]

(Inrxﬂ plx), Z)=z

Let (pl-, Yyl )) be given by (14). Then, for (My ... , Ms) the solution of a ceriain

bowndary valie problem attached to a certain Riccali bipe system, (y(-,-), 2(-));
{p{ }I, Ll.l'{ ' 'i} 15 o solution of the problem (10} and (9) logether with {14} give the aptimal
contrad under the feedback form for the problem (1) - (5, (T) - (8).

REMAREK. The procedure used for getting the boundary value problem for (A, ...,
M) 18 somehow analogous to that from [2]. We point out that for the kernels Afy, A, A5, A
the system consists in partial differential equations, while for the kernel Afy one gets a Riccati
operatorial equation and for the kemel Af; a differential equation. Because of the Riccati
equaiion for the kemel Af; we say thal the svslem [or (A, ..., M) 18 a Riccati type system.
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