Bul. Stiing. Univ. Baia Mare, Ser. B,
Matematici-Informatica, Vol. XIV(1998). Nr_ 2, 149-160

THE FOURIER-BOHR SERIES OF A PSEUDO
ALMOST PERIODIC MEASURE

Silvia-Otilia CORDUNEANU

Abstract

We define the Fouricr Boht coellicients of a psendo almost periodic nwasuee
and we esrahlish some of their properties. We also deliue the Fourier-Boblr svries
af a pseude almost periodic messure aud e wrile Lhe corresponding series for the
convolution of a bounded measure and a psendo alwost periodic measure,

Finally, we study two convergent Fourier- Hohr series, and we eatablish a property
of Lheir sums.

1. Tntroduction

In [2] L. Argabright and J, Lamadrid introdiieed and studied the Fourler-Bohr series
for an almost periodic measure. Lo this paper we generalize this concept and deline the
Fourier-Bohr coefficients for a psendo alwost periodic measure and the Fourier-Tiohr
series for such a measure.

Next we establish some propeeties of the coefficients amd we give a necessary and
sufficient condition so that a psendo almoest perindic measure be in a certain space of
measures. This eondition is formulated in terms of the Fourier-Rohr coellicients.

In [] we proved that the convolution of a bonnded measure and a peeudo almos!
periodic measure is a psensdo almost periodic messure. Now we ealenlate the Fourier-
Bolr eoefficients for this convalution nud then we write the Fourier-Bolr series.

Finally, we study two convergent Fourier-Bolr sevies, and we establish n property of

their surms.
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2, Terminology and notations

Consider a Havsdorff e-compact, locally compact Abelian pronp € with the uwic
element € and let A be the Haar measure on G,

Let us denote by C(G7) the ser of all bounded continuous complex-valned funerions
on . The set C| &) 15 a Banach space endowed with the supremum oo, Thronglont
this paper, | - | denotes the supremun norm on C{&G). For f € C(@) and o © &, the
translate of f by a is the function fi{x] = flxae) for all » € &, Denote by K{{&)
the vector space of all continnous complex-valued functious on 3, having a compart
sLlpport.

For cach compact subset 4 of &, we denote by JO(G, A the vector :,—1;[3,_;1;,;-_.5(» of Wil
consisting of those funecions which vinish onbside 4; for n compact subser 4 of &, the
vector space K07, A} 15 a Banach space under the supreinun wormn. We regard the
space K (7] as a topological vector space with the inductive limit topology defined on
it by the spaces K{G, A), A being a compact set in G, Leb us denote by mi(@) the dual
of the topological vector space K{G) We use iip( (] to denote the subspace of &)
consisting of all bounded measazes, that 15, all inear funetionals which are continmuons
with reapect te the supremum norm on KOG,

The action of a measure g € E‘I:_:l o i fnnction f 2 K1 w1l he denoted either
(f) or [ Fiz)du(z),

&

Corresponding to a measure g € m(l'), one defines the variation measure | p |

G by || ()= sup{| gle) | g € K{G), | |= F} forall f e K(G), f=0

Definition 2.1. |7| The convolulion [« p of @ Horel fanciion f on G with @ measure

i € (07} 1w the function given by the convalution formuls
frpuiz)= JI{}’[u[,r Ydp(y), re@
d7 0

presided that

J|r | flzy=™") | d | | {v) < oo for all x G,
r

T

Definition 2.2. [1] We say that iwo weasnres p,v € w0 are consoelable if, for
every f € K{{], the function {(z.y} € & = &G — Ffley) £ C is integrable over 7 = &
will respect Lo the product measare | g | x| e

In this case, the measure p+ ¥ 8 defined by

il f1= Jfrf Fley)dpl z)dely) = J{jr fleylde{zidnl i)
Jol el

for all f £ K{{).
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Definition 2.3. [2] We say that a measure p € w7 15 treralation-bounded if for
every commpact sel A € G

sup | g | {zA) < oo
wELF

The vector space of translation-bounded measures will be denoted by g (G
Remark 2.1. [2] We identify an arbitrary measure y € mg{ &) with an element of
the space [Cp{ G )Y by means of the following equation which signifies the identifica-
tion:
p= 40 %) renie

From this identification we bave Lhe inelasion
v e T
malG) C [Col(6]™ 9.

The space on the rght baud side has the product fopelogy defined by the Banach
gpace structure on Cp (), The space gl (7] s a locally conves space of measures will
the relalive topology. A system of seminorms tor the product topelogy on wng(() 15 given

h}v the fmnil:; { | ) |_r}_|'|='.rf|:.:':|= w e, [or o funetion ;l' = f{f,:‘_;”:l:
”'”"J' = [|f*pul, loral uE mg(G.

Definition 2.4. [8] A funection ¢ £ O(G) is called an elmost periodic function on (7
if the family of translates of g, {g, - e © G} is relatively compaet 1 the sense of uniform
convergence on G.

Let us denote by AP[G) the et of all almost periodie funetions on G

Theorem 2.1. [8] Let & be a Hausdorff a-compact, loeally compact Abelian group.
There exists an increasing sequence [ Hy laep of opewn, relatively compact subsets of G
with G = UL, M, snch that, for each » € &,

AMzHuAH,)

lim =1k

e A(H,)
In what follows, we consider a sequenee (I, ey whose existence 1w assured by
Theorem 2.1.

Let ns conaider

i

PABG) = [¢ € CIG) : lin

X slad | dAMx) =0}
e ,L: H,,_:I_lj.'-. | el el g i

Definition 2.5. (3] A function f € O(G) s ealled a peewde adiost periodie funetion

if f=¢g+p whereg AP(G)and o PARG),
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Denote by PAP{G) whe set of all pseudo almost periodic functions defined on the

group =,

Theorem 2.2, 3| If f ¢ PAP{G), then the Linit

T1m

s A IT 1 i

flxdd{z)

exists aned 15 Ambe.

Definition 2.6. [3] For §f ¢ PAP[G)], we tntroduce the mean valae of the function

f, denoted by A f], as the limit

Ml =t H;-.*.J’IH_. ey

Denote by (7 the sroup of characters of the group &,

Proposition 2.1. [3] I [ € FAP{G). there exists an at most countahle set of char-

acters of the group &, denoted by [~ € G e € V|, sach that M5} # 0, for n & IV,

Definition 2.7. [3] Let f be a function in FPAP(G) and let {~, £ GinE IV} be
the set of characters of Lthe group G, such that M5} # 0, n € V. We define the

Fawrier zerics af the paendoe almest peviodic funeton § by

H=

Efr_..*,-,.{:l:fl, rels

=1
where
o, =M{f ¥F,) nE WV,

The complex numbers a,, » © IV, are called the Fourier coefficienta of the function f.

Theorem 2.3. [4] (Pameval’s equality] Let f be a function in PAP{G] and let
E'f'!'r."]':-':l;_'-rt"- =
rezr]

b the Fourter series of the function (0 They we have

=

M| FIy=5 e P

=1
Theorem 2.4. [4] { Meau convergence) Let f he a function in PAFP(G) and let

-
.'I__'_:-_._n:'r,!“:-'":.t I, r&@
y=1
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le the Fourier series of the luuction £, Then
113

1I}im Mif Z:.:_u_. e |T¥ =1
AT k=1

Definition 2.8. [9] The measure ¢ € g 5 said o be an almest periodic
meeaarre, if for every f € K{G), we have [+ € AP(G).
The vector space of all almoest periodic measures will be denoted by apl ).
St
pap(G) = {p S mp(G): g+ p € PARIG) for all g £ K(G)}.

Definition 2.9. [3] We say that u € w7} 5 o pecwde alios! perivdie reensere, 1
= Hap + poy, Where g, € ap({G) and i, € papy(G).

We denote by pap(@) the set of all pseudn almost periedic measares on {0

Theorem 2.5. |3] Let @ be s pseudo almost periodie measnre. Then there exists o
unigue complex mamber M{ ) such that M{p) = M F+u), for every function f & K{G)
with J( Flaldhiz) =1,

L7

Definition 2.10. [§] Let g be o pseudo almost periodic measure. We call the mean
valwe of the measnre ol we denote 1t by M{p), the complex number defined by
M) = Mif* ),

where § € K(G) with [ flddA{e] = 1.
ST

MNotation 2.1, For v € Gand g £ K& we denote
§lv) = f'rl;J:J_r.lll'u IdAix ).
2 .
Definition 2.11. [2] By a Fourier-Bokr series we shall mean a formal sum
e
el
such that the complex function v £ - S e, £ 07 has the property that, for every
g € Ki{G),

(1) 5 | #ldes [P oo,
i

culled the swmmabilsty properity.



1¥5

The left hand side in {1} becones

L=

E | ":l'":.f:'-:-:.-'lll |-I- ‘Ill"fl:.$:;.|”:' |:
n=|
and usiug (27 we find that
S | AlFoug) Pl M(Fuped P= M{| g% p ¥} < 00.0
n=]

Definition 3.1. Let g be a measure in pap{G 1. The complex tmmbers e {p) =
= M{Fn), 7 € ¢ ave called the Fourier- Rokr corfeients of poand the series
> oqlitlys
rifi

iz saul to be the Feurier-Dokr series of .

Proposition 3.1. Let p he a measme pep(rl, 4 = pap + Ho. Hap € ap(lz),
pp € pappl 7). Then

a) ool =0, v € &

b P_..'Llrn'._.:l_, | = r:HI:,!l.;._ g E l!'__?;

¢] The Fourier-Bohr series of p eoincides with the Fourier- Bole series of ..

Proof. a) For all v € 3, Fpg € papyl G) [6, Theorem 2.2]. Thus M {7y} = U and
thia means e {pq) =0, v € &

h) For all v £  we obtain
o) = MiFp) = M(Fpa) + Mivpa) = Mi{Tap) = clpag )
r) The two series of g oand p,,, coincide becaase they have the same Frmrier-Bohr

cocllicients, 0

MNotation 3.1. Let [ be a function in (G We denote by 7, the function

G = O, Pla)= flz™'). We have that f' € K(G) [T, p. 406].
The next corollary imumwediately follomes:

Corrolary 3.1. Let p b o wmeasure in papg(G). Then the Fourier Bolur series of p

15 the null series.

Theorem 3.1. Let p he a measure in pap{ G, Then pis in papy( (7)) i and only if

o) = 0 for all v £ G
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Proof. The nevessity [ullows rom Proposition 3.1 a),

We now prove the sufficiency, Suppose that s in ap{(7], o £ 0, and consider a
function f in K{G). Then f+u c AP(G).

For all 4 £ & we obtain that

M F = p)] = MTFfleaipn) =0

It follows that the Fourier coefficients of the function f » g are tnll, and moreover
the Fonrier series of the luetion f+ g, 35 the null series,

We obtain that F+x =0[2, p.138]. Thus f+p=0forall f € K{G). Moreover
T f Fladpelx) = ,f i P M SN i
P U

Finally, we remark thac i £} = 0 for all £ € Ki(). This means that o= 0 aned s

- A

contradiets onr hypothesis that g £ 00 It follows that g € papl &)L C

Notation 3.2. For v £ G oand v € mp(G] we denote

vy) = J|'r.'_|-l_’u'-,'l-:1:=|:J'.:|.

Theorem %.2. Let g be & measure in pep( (7] and » o measaee o rep{ ). Then the

peendo almost periodie measure 12 # g has the following Fourler-Bohr sertes:
Z vy Jed Jo )y
]

Proof. Let v he in 7. Then 5v € mrl G We also Lave that Fu € papl&) [6,
Corollary 2.1] and F¥ + Fu € pap{G) 6, Theorem 2.1]. Let f be a fauction in K{G)
such that A[f) = 1.

W obibadu:

MFie*p) = M{FrsFu)= M[f» (FurTFu)] = Mo« (f = 5u))

The third equality follews from Theorem 1.2 [1].

- 1 I
My e [+ p)] = lim e
- = i, ?'_

[ o tf e maliaidate) =
Ha'

T— ]

. 1 r : _ . o
= lim VI JIIILI J|'[I\_,Ir iy ATy de(y)dAlx).
Using Fubini’s Theorem we obitaiu, foor all noe IV,
1 .

i = e — VA= ViTaael 10} Fla e
VH Sy |||Ir_1f* ey ™ oy ol g A z) =
gl a g aps Ly

1 e e e e e Lo
= | =] (F = Waey™ WAL defy).
g L) [«"-’. H, .Jlrﬂ PR ey Al ] A
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We consider the sequence of comtinnons functions {f";._.mll_‘“._... where for all = &Y.

F,: ¢ —=C and

: 1 . :
Fiu)= ;u;ﬂ.qu (f * Tulzy~)dA(z), ¥ € 6.
On the other hand, for all n & IV we have
i
| F.l| = aup | ——— (F+Fudzy~ YAz |< ||F +Fpl| = oo,

VEL ":I'I:I'irr. :: Iy
and the constant fmction y — || f + | (v € §). s integrable with respect to ehe
measure Fi- € mpl ).

Siner

lim Fiy) = hm
=t =t

1 _ | |

| (s Fmpoy VdMe) = MU+ vp) = Mi5u) = edpu.
"!I'[.Ifr«_]ﬁi'.-_.f FEER Y ] ':I : ) LT ¢ i)
from (3) and from Lebesgue’s Dominated Convergence Theorem we find that

T P ; 1 £ irehm B g
Mt ) = i f 3000 i 00 e ke ) =
i 7} i

; ; 1 ' ; s T,
= f’_r'w} l]un ) f (v Ty 1)1!%1:]1 ey =
e

neon A L S

= el | Flydeiy) = cqluli(y).0
Jir

Theorem 3.3. Let g be a measure In pap(G) and f a fanction n K [G). Consuler

{1, € {7 :n € IV} the set of characters such that M[T {f + )] #0, n € . Then

N
.H}'ug__fl-_'i!'[! f=p— Z_ﬂ T Jeqaltt i 7] = 0.

n=l

Proof, From Theorem 2.4 we obtain
LY
(4) Jim M| £ p— ZMETF =l [T = 0.
Combining (4} with the cqualily {2} obtained o the proof of Lemma 3.1 namely,
M i:f:"u': iF ' |“_:'] — .II:[F."r. ]""ﬂ-r-:': TN
our statement follows. 0

Theorem 3.4. Let v be a measure iaooip (&) and poa pseado almost pertodic

measure having the Fourler Bohr series

Ty

“ECT
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Let f be o peendo alinest periodic onction with the Fourlier series

(k=
ch,.*,-,,
=1
Then the following properties hold:
a} The series
[=n]
Znh'r:'p..':.n'-'::'f:'ﬂ
h=1
couverges bo o measure v £ ap 7] i the producl lopology;

b] The series
Z“r:"-".n Lt el
=t

converges to a measure § £ apl (<) in the producr topology;
ClET = o,

Proof. a) We have the property

-]

3l [P= M F|*) < o,

n=l
Lhence we can use Lemma 8.1 |2, p.133] and the statement follows;

b For every n © IV we obtain

|J'}|:-r-":| |= J’("r.,l-!'}i-!‘f-’[-!'} [==) e | [G,' <o,

r
Therefore

TR

S | antlv) Pl v LGN 3 e B=] v | (GIFM{] £ ).

n=l1 =1
Henee we can also use Lemma 3.1 [2, 10.133] and the statement follows;

c) We shall prove that o {y + 7] = e, (] for every + £ G, Let v be in . It fallaws

fromn Theorem 3.2 that o fe+ 7)) = w5 )ey{r). We have 5r £ aplG) |9, p. 54

We can see that the seres
o
Z-‘.-!-.,I'.'-_..“L,E-!_:I'Tr"r_.__
=1
= . - L — 3 e
1= convergenl in the product topology, to the measure 7 & ap{G).

One deduces that, for g € K[,

Fr(g) = r{g7) = (gF) =7{e) = g’y = ().
ol
Using the comvergence of the series Y a,e (g7, to the measure 7 € ap(G} i the
n=1

provduct topology, and the fact that '~ € R}, we find:

o
gy er(e) = 3 ant (p)g'y ¢ wmle)] =
n=1

- E e Lt i), e K.

n=1
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Therefore,

=r{g) Zu,rm, [ |§Ir‘-'|“r .o KOG,

=1
Furthermore, for ¢ € K}, it follows

L]
- S
J¥FT = :_3 g |;_;'-!-._|_li,l":-'|. Tn 1T V0
=1

{n the other hand we have

| Eﬁ',.f'-h'l.lij'!.-'.:r'lf’_rn\]‘r'T'1| | i l: e | | "-".'pl:ﬂ-l'] I | _"-'-:I"l:"l'ﬂ.:' |L‘“
=1 s ]I.'z =1 ]llli
ElEIu.-.I* {Z"-'w' i)

Taking iubo account that g+ € K{G) and that the Fourier Bohy series of p satisfies
i1] we obtain that
l:““-r"."n [ge] Gl m)
=1

15 nhsolutely convergent and that the convergenee of the series
[l
¥ ttn o, () 35090 T
a1

i uniform. This shows the convergence of the series

Z“n o b VY

r=l
in the product topolegy, to 5 € ap{d/).
Thus,
(e u]
= $tnn (T
=l

Using the continuity of M on ap(G) [%, Corollaire 1, p. 82] we obtain

I

el = MFr) = _lf[J._l.ilé;&efﬁnl:P;?ﬁ;L | = 3w, ()M (Fr)

For o € O and for = & & we see that
Min)= Mo ) = Mox)e] = ale )M {o].

Henee, i
0, f o edi, a#£]l;

At _{ 1, if o =1,

Tt is ohvious thal 5+, € &, n & IV, Therefore, for n € IV, we bave

(5) M) _{ 3 £ AT E 0 BE R TR

0, otherwise,
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This means that, if v € {4, € G: ke W] ool er) =1y, rJ:I.J-*'.,.h-f_Ir.']. where p e IV
15 such thal + = ., while in the other case, c (e v 7] = 0.

We similarly deduce that e (#) has the saane value to that of {1+ ),

Hemee, ome finds that the measures # and r+ 7 ave in ap{ &) and they have the same

Fourier-Bohr coefficients. It follows from Corollary 8.2 (2, p. 140] chat v+ r = 8. 0
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