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1. Introduction

Let C be a population (collectivity) and X a common property of hers
clements. We want to study this collectivity relative to this common prop
erty (characteristic) when Sx = (X3, Xz, ..., X is a N —dimensional sample
vector which corresponds to a sample 8, IV is the size of this sample.

Formally, the process of sampling may be defined as a procedure for
selecting a number of elements {constituting a sample) from a collectivity
in such away that any particular property of the sample will corresponds as
clogely ns possible to the true value of the property in the collectivity.

Because X is a random variable any statistical imvestigation of hers deals
with a collection of the results of ohservations (£, ¥, - 2y Topresenting the
values of the random variable X when the size of the sample is N. More pre
cisely, {1, 2, ..., £n) is the value of the random vector Sx = (X1, Xz, 0y Xi¥)
whoae components are independent identically distributed according to the
ramlom variable X.

Also, if we consider a random experiment A, conmected with this random
variable X and if we make N independent repetitions of A, (that is, if we
take & sample of the size N from the population C) then we shall obtain a
sequence of N observed values of the random variable X. A such experiment
(this sample of size N) must to be _representative” of the all population,
that iz, this sample must to satisfy the following conditions;

_ the gize of the sample N must to be large;

- the callectivity (population) € must to be hornogeneous relative to the
commaon property X
— the sample must to be a random sample;
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— the probakility of being chosen is the same for all elements of the po-
pulation .

Therefore, a representative sample must to have and the property of the
homogenous.

Contributions to messures of the homogeneity of a statistical population
have been made by Kapur (1986), Kullbak and Leibler {1951, Rényi {1961),
Theil (1986) and Vaduva (1987).

In this paper, we consider an informational characterization of the ho-
mogeneity of a statistical population relative to a common property of hers
elementa.

2. Generalized probability distributions

Let (£, K, ) be a probability space, that is, 1 an arbitrary nonemply set,
called the set of elementary events; K a o—algebra of subsets of 12 containing
£1 itself, the elements of K being called events; and P a probability measure,
that is, a nonnegative and additive set function, defined on K, for which
Pl =1.

Let

N
ﬂ;ﬂ' o {P = {?"1:-?2-. '":-FH:I;- P >0, i=1N; Ej}i - l} [2.1}
=1

be the set of all N-component complete probability distribations with positive
clements associated with a discrete finite random variable X,
Rényi [5] introduced a generalization of the notion of a random variable.

Definition 2.1. An incomplete random variable random variable X is
a function X = X{w) measurable with respect to the measure on K and
defined on a subset {3 of 3, where £} C {1 and P{f}) = 0.

The only difference between an ordinary random variable (X is an ordi-
nary or complete randomn variable if P(€) = 1) and an incomplete random
variable is thus that the latter is not necessarly defined for even w € {1
Therefore, an incomplete random variable can be interpreted as a quantity
describing the result of an experiment .4 depending on chance which is not
always chservable, any with the probability 0 < P({};) < 1.

Definition 2.2. If 0 < P({};) < 1, then the random variable X, defined
on 1), is a generalized random variable. The distribution of a gencralized
random variable X will be called a generalised probability distribution.

We denote by
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N
w(P) = Ej}f (2.2)

Lhe weight of the distribution P.
Using the above definitions it follows that.:
— if w(P) = 1,then /* is an ordinary {complete) probability distribution;
—if 0 < w{P) < 1,then P ig an incomplete probability distribution;
—if 0 < w(P) = 1, then P iz a generalized probability distribution.
Also, we denote by

Ap = {P e {plﬁml PN B =0, i= l.l.j"r'.' 0<w(P) = 1} {13}

the aet of all finite discrete generalized probahbility distributions.

3. Informational measures of the homogeneity of a statistical
population

Let P = (g, 2, .0 o), P € AY be the probability distribution associated
with a complete systemn of events Sx = { Ay, 42, ..., Ax}, where

A=PX=x)=PA4)>0,i=1N (3.1)

and X a discrete finite random variable which represents a common property
for the all elements of the population C.

Definition 3.1, [5] The amount of uncertainty of the distribution F,
that is, the amount of uncertainty concerning the cutcome of an oxperiment
A, the possible results of which have the probabilities py, pg, ..., pa, is called
Shannon’s entropy of the distribution P and i wsually measured by the
quantity

n
H*(P) = H'(X) = H*(A) = = }_piloga ;. (3.2)
i—1

In connection with the notion of uncertainty we also have to mention the
concept of information. Such, H*(F) is the information contained in the
values of X or the amount of information contained by the random variable
X generated by a random experiment .A and we may write H*(X) = H*(A)
instead of H*{P).

This measure H*( P) iz additive in the following sense:
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H(P +Q) = H'(P)+ H*(Q), (3.3)

where

PrQ={pg | Pag) eQc Ay (3.4)

iz the direct product of the probability distributions P, @ £ A},

There are also and the other messures of information which are often
considered. These measures have been characterized by different sets of pos
tulates by choosing proper alzebraic properties satisfied by them. One of the
algabraic properties ghared by all thess messures s the property of additivity.

Definition 3.2. Let PQ © Aj two ordinary probability distributions,
that is, w(P) = w(@) = 1.Then, the directed divergence [4] or the gain of
information (5] is defined as

N
DP Q) =1(P|| Q) = Emmgg%- (3.5)
i1

Notice that the quantity (3.5) is defined for two finite discrete probability
distribution P, € A% only if g > 0 for, # = 1, N, and if there is given a
one to-one correspondence between the elements of the distribution  and
7, which must therefore consist of an equal number of terms.

The gain of information is one of the most important notions in the
information theory; it may even be considered as the fundamental one, from
which all others can be derived. The quantity I*(P || @) = D*(P; Q) give
us the gain of information resulting from the replacement of the probability
distribution # by the probability distribution &,

This measure is additive in the ollowing sense

DHP; @) = D*(Py; Gh) + D (P Q) (3.6)

whera
P.lr-FErQl!Q'J{: ﬂlT".‘l ) {E'T}
P=PsPaQ=0+Q,P.Qe Ak (3.8)

and the correspondence between the elements of P and § is that induced by
the correspondence between the elements of P) and @ ,and those of Py and

o



Definition 3.8, (1] Let P £ Ay be a generalized probability distribu-
tion, that is, 0 < w({P) < 1. The generalized mean value of the generalized
probability distribution P is a positive quantity M, [P], defined by

N
£ rwoee)
MPl=¢" 15— (3.9
£ f(p)
where the weight function f and the representation function g must to satisfy

the following conditions:
1) f is positive and bounded function on the interval (0, 1];
ez) g is & strictly monotonic and continuous function on the interval (0, 1).

Definition 3.4.[2] The quantity

Ho(P)y = ~ logy M, [F], (3.10)
represemts the generalized information of the Dardczy sense if the generalized
mean value M, [P|, satisfies and the following conditions:

c3) My [P], depends only on the probabilities py,i = 1, N;

cy) if P = (py, P2, ) @ = (g1, 90, o gw), P Q€ Ay,
Lhen

MF[PFQ]IZMFIPII'MR[Q]jh (3.11)

whaera the distribation

P+ Q= (pgu, . 1OV, - PNGL, - PN € Dpm (3.1%)
is the direct product of the distributions P and &.
Now, if we consider two peneralized probability distribations P,Q =
Aoy that is, 0 < wip) < 1,0 < w(@) < 1,then according to the Definitions
3.3 and 3.4, we obtain

D(P;Q) = log M, 1P | Q) (3.13)
.ﬁlﬁm}g(z)
MP|IQl, =" |—5—*|> (3.14)
£ 1)

where
dy) g is continuous and strict monotonic for pogitive values;



166

dg:] J is bounded and positive in (D, 1],
dy) f P = P+ P oand @ = @ # Q2 and the elements of P and ¢
correspond to that of P and ¢ respectively, then

Mo [Pye Py | Qe Quly = My [Py | Galy - Mo [Pe [ Q] . (3.15)

Now we present a measure of the homogeneity using the notion of the
directed divergence.

Definition 3.5. [7] Let P = (py, P2, ..., px) be a complete distribution
asaociated with a discrete finite random variable X which represents a com-
mon property for the all elements of a population C. Then, the informational
measure of the statistical homogeneity, relative to the complete probability
distribution /7, is defined by

. D (P;Q) .
"= —=, S3.16
[. ;I H;,I: j:] { :I
whera
H*IZP,' U:I - H’{ﬂ} H*'(P), {3.16&}
N
H*'(P) = - pilogap, H'(U) =loga N (3.16b)
i=1
1 1 1 N
U= (s vy ) P = Bupnonpy), OPEBy.  (3160)

Theorem 3.1. The measure I*(F) has the following properties:
1° I(U)=1;

20 (V) = 1, where V = (0,0,...,1,0,...,0), V € A}y

P (Py<i

Proof. Indeed, from the relation of the definition (3.16), we obtain
H(U) — H*(U)

IR== (U} g

DUy logg N

V)= "1y ~lomN

1,
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and, from here, it follows and the property 3%

Corollary 3.1. If the complete directed divergence D*(P;U) can be
write in the brm

P Uy = HY(U) — H*(P) = log, N — H*{P), (3.17)
then it induces a measure of the statistical homogeneity collectivity relative
to a common property X, where X is a discrete finite random variable and
H*[X') represents a measure of the amount of information contained by this
random variable X,

Roemark 3.1. Tf in the relations (3.13) and (3.14) we consider that the
functions f and g have the forms

fix) ==, glz) = 21, (3.18)
where & == (0, # 1, then we obtain a new quantity
A
D“{.Fil:?}_ﬁlﬂgz T_P:I InﬁW{P}Z{L {d.lg}

Theorem 3.2. The quamtity D,{FP;Q) representz the measure of the
peneralized directed divergence of order o of Rényi.

Proof. Let P be a generalized probability distribution, that is, 0 <
w(P) < 1, associated with the peneralizsed discrete finite random variable
A. Rényi |5 has defined the measure of information of order «, associated
with the peneralized probability distribution P, in the following form

N
1 Py
”-“{.P]'=m]l:lgg m =01 [3.2':'_}
Using tha relation
loge A = logg -log, A = k- log, A, (3.21)
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"
13§ 3 i
Hy(P) = — log, ':EP} =k-Ha.(P), k=logye {3.22)
where
N
H.{P) = oI il (3.23)
a Tl e I.I'.I[:.P:l ) '

MNow, it is easy to see that to prove the Theorem 3.2 is equivalent with to
prove the following relation

D[P 1) = Ho(U) — Ha{P), (3.24)
reapectively, to prove that

D, (P;U) = k. [Ha(U) — Ha(P))]. (3.25)
Indeed, we have
N N
= ~ 1 E (Fj 1 EPF
Ho(U) — Ha(P) = 1 —u:]nh = LB | 1 —cr:l“g‘ ;{P]
Ly
= w
>
- e _ _ &~ i=1
1 — lﬁgﬂ H l — log, w({FP)
; ZF?NH_
™ e "E{P} ' (-36)

Therefore, we have the equality
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- N Ili] f:'p:}ﬁfﬂ—l
k [H.,[U} — Ha(P)] = =il "=1w—[P}- a=0a#l, (327
respectively, the equality
Do (P U) = Hu(U) — Hol P), (3.28)

and hence it follows that indeed the quantity (3.19) represents just the ge-
neralized directed divergence of order o of Rényi.

Corollary 3.2. The measure of information of order o of Rényl, asso
ciated to the uniform probability distribution U7 = (Tl:,r'-%'- ,%}I , has the
following value

H, (L) = loga N, (3.29)

Theorem 3.3. The informational measure of order o of Rényi, for the
statistical hornogeneity of the collectivity, relative to the generalized random
variable X, has the following form

I.(P) = log, .H;‘{P} l, a=>0a#l {3.30)

Proof. If we have in view the Definition 3.4, we obtain

Lal )= HoAP)  HalP)

jl"r
logg w(P) — log, E;pf) + {1 —a)logy N

N
logy (Eﬁ) — loggw(P)
= logg NHZN(P) ~ La>0,a # 1.

Corollary 3.3. The measure I,() has the following properties:

Fo{l7) = 0~ the total homogeneity; (3.31)



l«(V) =1 — the total non-homogeneity, (3.32)

0<l(P)<1. (3.33)

Theorem 3.4. The measure T, (F) satisfies the following relation

lim H,(P) = Hy(P), (3.34)
whars
'l

1 >0 =

Ha(P) = 7 log, :EPJ = k. Ho(P),a > 0, £ 1, (3.35)
N

~ 2
He.(P) = i log, w(P) o =00 # 1, (3.36)
Hy(P) = k.FL(P), (3.37)

i 1 X
()= -5 3_pilog v, (3.38)
k= logge. (3.30)
Proof. Indeed, we have
5
pf'
EIE'.I. H, (P} = lim T log, ilPT - (%) =
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Thoorem 3.5. For the measure D, (P; Q) we have

lim Dol P3Q) = D(P;Q),

where
N
o -1k
) Emtﬁ
W{P {-D:] _ll'agz 'I.I'.?[:P:] |ﬂ-} Ulu' :.'é I'I
N
DP; @) = E 1*352—

=1
Proof., We have

Da(P;Q) = k.Da(P; @),

D(F;Q) = k-D(F;Q),

where
N
. Yo mw "
Du(PiQ) = o log, | S| @ > 0 # 1,
P, Q) {P}Zm
-

From (3.45), when take the limit, we obtain

||rr:| f}&{.f-" Q)= EP ).

and, hence, we find just the equality (3.40).
Corollary 3.4, We have

t]li_]_"r}fm{P}; hL{P),

whers

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.49)

(3.49)
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LY = % (3.50)
1{P) = UJE,T;} (3.51)
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