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STABILIZATION OF BILINEAR SYSTEMS BY MEANS OF A PRIORI
BOUNDED CONTROLS

Dan LAMBADARIE

LIntroduction.

To get around the problem of stabilization for nonlincar systems two main strategies have
been proposed.
(i) Asympiotic stabilization by means of a discontinous feedback law -sce the pioncer work
by H. Sussmann ([1]);
(i) Asimptotic stabilization by means of a continous periodic time-varying feedback law - sec
the pioneer work by Sontag and Sussmann {21

We can also notice the results obtained by LM, Coron and J.B. Pomet {see [3].[41}1n

Im
gtabilization of affine control systems I:?Ti = ngi (%), %0 =xp € R™) , under a sufficicatly

i=l
strong hvpothesis imposed to the Lic algebra determinated by the vector fields

El.Bm . dimL(El-8m) =0 forxeRTL(0}.

In the previous paper (sec [5]) we show how such the controllability condition can be
weakned . while still providing the possibility of stabilization . Tt is proved a result concerning
stabilization with respect to a target set for affine control svstems in the lack of the full rank

condition .
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Let consider the bilinear system ( a particular case ol alline system ) :

I

(1) ;—df=zui Ak, x00)=xg £SpM = R™ 120, A; e 2(R",R™)

i=1
The goal of this paper is to show that the system (1) is asympiotically stabilizable with
respect 1o a targel set Vo 8, (00 by some admissible controls u;(t;xg) that fulfill w;exp)=C

where C 18 an a prion fixed positive constant,
L. Asimptotically stabilization with respect to a target set.

We take willxg), i=1..m as an admisgible controls if they lead to corresponding solution
%it;xg)in (1) satisfying xit;xg)= Spllh, forany t=0 and xg e 5,000 Consequently we may

conaider the o -limit get

def b
(2y yixg) =+xchkMix= Hm ﬂln;xnj.ﬁﬂmc{lnﬁ‘rmi.

T —#0
If vc Sr_,{uj-is a given sct, onc says that the system (1) is asymptotically stabilizable with
respect W the targel sel Vil there exiat admissible controls v (=g} , i=1,...,m. such that

€ (xp)cVand uiitxgy-oforany xp eV Jg=l,..mand t=0._
1L The main result.

For symplyfving the writting and for a better understanding of the control construction the
main result will be stated in the particular case m=2 and C=1 . Then lct consider the bilincar
gystem :

3 E--vu. At ug Aox, 0l =xp c B e R® 120, A Ay c R BT
3 ~UIAIRT Uz Ag p -4 7

daf

and denote tad Ay (A2 ) = ~AJAT + ATAY udkﬂ] (A7) =adA) I:ﬂdk l

AAr k=2,
The Lie algebra L{ Ay.A, ) is a finite dimensional lincar space and

g J6i K ) o1 k ]

E] = ﬁ]‘.lEI.T't{m’l Al{.ﬂz]-'}:}ﬂ!: 52 = Spam jad ."u.:l'.-’l.lj."l.'.:-l:l"

are finitely generated over R subspaces | that 1s



there exist {‘fl,. « YN, }: ﬂlz -such that

r‘I'\'-l

(VIAES] A Z‘Lk‘f’k o &R, = ed® lagas), k=15 and
k=1

there exist {El""‘j'f'”: }r_ Elz such thal
W,

(V) AeSh As Zukzk PBreR.Zk =ad* L Ag (A} k=1, N3 .
=1

Theorem. Ler &0 be a read constant, Then there exist the contral

U= | :i Jli'lu" frxg il =0 = 1.2 such that the spstem (3) i asvmptatically stabilizable with

def
respect to the farget sef | 17 = {.l"E _"'.'r, A < Yx=0,0=1..N; :JJ,EJ-.E =0, f= .f,....’ln’_;r} i
Sketch of proof
First step: (Controls comstruction)
Tet C=1 and let T=0 be an arbitrary constant. We shall conatruct the controls on the
interval [IT(+DT]L 1e N ..
{Un the mterval [0.T] :
H -'I"I_l b |"u1 b
uixg ) = Titxg) + gy (kg valxg), where i =| by P27 gy [ RSO0
L5ed N’ 1
deg| LEE[0.T44) def| DtE(0.TI2
fip = 3-LUE[T/4TI2], Tp =« Lte[T/2,3T/4]
]_ 0t [T/2T] | - Lte[3T74,T]
def 7 e |03T/4) f'E’FJ'a. bythvylxg) =, t e [0,T 4]
mit = < i 1 twr )
VRYZOON =1 b (thvglrg) =it e @T/AT]  T2OSVIO0D = 14 e (TI4T]
def
bpek) = (exptBy ey, By = col[eg,e3,..8N : :_Ilr |, wath {gy,e7,.. EN, ythe canomcal base of
N,
RY and o! & R™Y having the components -::]-1:1 ~1,...N| defined by ad™iAqi49) - Zu%‘fl
‘ i1
defl . A, " : .
bylty = {exptBq)E , By = col[e, 63,65 2" ] with(# .-::,....:Mx'jthl: canomical base of
kY anda? = RN having the
K
components u;f., i=1,., My defined h}?,aﬂ”Ehg{h]J = ZG?EJ
" - l I'\:.
f<xg, Y13 = T A LT
daf /. xg, Yoxp = def |- K. Loxpoe

(4) [vilxg) = - valxp) = -

L R '&“H: X 1-__| | EU,EN:E.:, > |
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Denote xftxg), te [0,7] the solution in (3) comresponding to u defined in (4) .
miftxp)y st and x(T;xg)e 5,000 foras 1) sufficiently small .
Henceforth , x(T;xg) will take the place of =y . The control d(t;x;) on the next interval

|T.2T} is given by :

def
(5)  fitxg) = wit-T.x(Txg, 1[T,2T]

and it generates x(t;xg ), the sohation in (3) for 1= [T2T], ®IT, x50 < Sl and the process is
Iterated .
If xit=pl, t=0 i8 the solution in (3) periodically defined on each interval [IT.(H1T], leN

then generally the control is :

det
(6) itxpg) = we-ITx(dT.xg N, te[IT.A+ DT} leN .

Second step ; (The cstimate for the solution in (3) at the moment =T ).

T/4 T
4 2 def ;
I.at define "'-'[1 = Ih] [t) h]_ eydt }ﬂg = Jh]_r{f_l- hg ft:l dar
] T/ 4

M and My are{N | «N|) respectively (M3 « Ny positive=definite matrix .
The solution x(t;xy} of (3) considered on [0, 1] satisfics in t = I the representation :

(T} x(Tixg)=xg + £eoll Yxg, .. YN %0.Z1%00 + ZN, X0 | M vixg)+ ofefvixg)]® where

- M, +H, "vlfﬂl:l?'] . ols]
EedhI M= iy Ma L vreg e BT wixan= (sco (4 and lim —===0 .
L P 0 ¥ vaixg), ) P

Using (7) and the above considerations we abtain the estimate :

hu_']".xu}l}z < gl s Tuh{nujiz . where v =emin{yq.y2) with y; =0 is the amallest eigenvalus of

M; F1,2,
Third step ;

Bv an ilerative process one can obtain the sstimate:
En-:l;l'l';x.::.}F = fuiil - ]“.I'l‘;:-'.n.‘]ﬂ2 — yolfvixil - I}T\.H.:.El”l x

Taking the sum of these incqualitics | it follows ;
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1-1

2ol : 2

T xpH° < kxal* - vo E (LS FET N T
k=0

Comserquently |

lim < x0T kg, YX(T 2 >=0,i=1... M)

limn |5rr:':|;1'l";Jh:..r:.‘_l"I =0 Ilfm . ; :
j ‘Ilhf}nm{-"i“';x,:,}qzj}{ﬂ'r.}{g}:-=|:',_'|'-' L..M2

If x"is a limit point of BT %p .. g © 8000 , then
< x".?ix: ==0,i=1,..,Ny, r;x*,i'.Jx* =0, j=L..Nq and il follows x eV .

Finally ., we adjust the control { defined in {4)-(6) )} multiplying it on the interval
(ITDT] lel by |---lj.---uz:‘ll"l';.~uc|:|:|‘1||1 and s any point of V iy a stalionary one (sce
|'-'{.\:]L|: =0esxeV),

Thiz adjustment doesn't chanpe essentially the above results and it send vs to the same
conchision x~ =V

Any string {t, ) 3 T can be wrillen as t, =0l + t; ,ne N, t:.l e[0T and by contmuous

dependence of a solulion on parameters we get  lim x(t;xg)e V , then the proof is complete.

M-l
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