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A CONTRACTIVE METHOD FOR THE PROOTF
OF PICARD'S THEOREM

Cristinel MORTICI

Abstract. fu this paper we give another way o establish the wnigue locally solvability of
ihe Canchy problem

}_, : :_jlr.[_'ﬁ' ____I-".}
(4 . =

VIX,) = ¥,
asking the same conditions as v Picard’s theovem, namely continuity and lipschizianity with respect
the second argnment for 1 We prove that the differeniiation aperator LYy — v' defined beiween

some two Banach spaces i inversable and we write 78} as i fixed poind problem:

v(x)=flx, D7 v(x)),

with v=Dy <= v =D v which is stuched wsing the comtraction principle of Banach. In some

CASes the Corresponding approXimaion sequence is easier fo celowlaie than the sequence from
Froared's theorem,

Let A=-{{x)eR*||x-x;|=a,|y-¥|=b} be a rectangle,
f7A - R beacontmuous tunction satisfying Lipschiz condition
| f(x.y)-flx.2) | «L|y-2]|,

foreach (x.v). (x,z)e A andsome L =0,

]
Fs

Let us choose <€ < min {r.‘]'._ i} . where M- max | fi{x.v)| and denote
R T |



| 8O

I=(x,~&,x,t€).

For the beginning we assume that  p, - 0 without losing of generality, as we

can see later, et us consider the Cauchy problem

| ¥ - f(x.3)
(2} -
| ¥ (x50 =10
The space defined by H:={ve |y (x,) =01 1isaclosed subspace of
(/). hence W endowed with | |=,,, 1s a Banach space. First we give the

[ollowing:

Lemma. The operator D2 W-C(IYy, Dy=y" is lincar, ome-to-one and

orto. [is iverse 13 1 C (1)Y= W is linear, contmuous and

) | D YWlzy, SENVIzy,, ¥ veC(T).
Prool.let v, .».c W besuchthat Dy, =Dy, = ¥ =¥y = -, isconstant.

But y (x,)=)(x)=0, thatis p, =y, .

For everv ve( (1), there exists p= 0, y{.r}:=fv[.r"}u’! such that

i
f1y=v . Moreover

!.'l.
PRETES -:Jf.,;{r} dt| < |x-x; | sup vt} cs€lvimy. O
tof
(R

The Cauchy problem (2) can be equivalently written as
(4) Dyi(x)=f(x.y(x))
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with yeW. Ifweput Dy=ve ([} = y=D 'v_ wehave

(3) vixy=7f{x. D vix)).

Let us consider the operator S: A, (0} - B, (0},

(6) Sv(x)i-f(x,D 1 v(x)),

where B, (0)={vcC(I)| |vir,;, <M} . S is well defined because f and
D! are continuous. Moreover, il" || v |-, 7, £ M, then

A

(D Yeixy| sl vl g — A =B
{l ”'Ill:lh_.l'l_.f 1

thus (x,0 'wi{x))e A, (¥) x=/. Nowwecan seethat (3)is equivalent with the
[ollowing fixed problem
{7 vix)=8v(x).

We shall prove that § is a contraction. Indeed. for v, | g FM[{]} . we have
S {x)-8vy(x) | = | flx. D7 v (x)) -/ (x.D Ly, (x))] =

<F D7) =DM (x) | =L | D Y (€) v, (x)) | s Le v —w |
We obtained
(%) ISy, -8v, | cecly, - v, ¥v,vneB, (0),
with ¢:-Le<] ifwetake ¢ *Jrl .

From contraction principle of Banach it results that S has an unique fixed poini

denoted by ve B, (0)=C(]):

(9) o B R T T

ar
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(10) ¥ () =1z, ¥ (x]),
with v =2 "ve W, Thus »:{x, £.x,+€)~ K is the unique solution of the
Cauchy problem (2). [

MNow we consider the general case when  vix, ) -y, .

¥= ()
(11}
."'I [:'J:I_'l} i -!"Il'_:
Ifwedenote z: =y, then : satisty the following Cauchy problem
iy o
(12) i
yxy =0

where pix.z): = fix.z+x,) . Obviously, the problem (12) has an unique solution

as we have proved above, because g has the same properties together with £ Also (11)
has (locally} an unigue solution

A NUMERICAL EXAMPLE.

Let us consider the Cauchy problem

jL =x+y
(13} .
[y(0)-0
which 15 4 hnear dilferential equation having the unique solution
(14} yix)-2e*-x*-2x-2. xR .
In this case fixp)-x*+y and | flx,3)-f(x,2)|=|y =z , that is

lipschizianity with respect the second argument. The operator S is now defined by

(15) Huf.r}-xf-fv{:}m_
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Using the above theoretical results, we obtain that (13) has an unique solution
y=D 'v, where v is the unique fixed point of S, Morcover, v is the limit of the
sequence (v, ) .. defined recursively by

M

(16) v, {_r}_.x“+f1-ﬂ{r}cf: :

m

where v, is arbitrary chosen. If we take v, -0, then

o
-

ul{x}:_rz, 111(.1.'}-_1'3+f.f3.:4’£—x:'+%~ :
] =

4

of o 2 x'  x
volx)=x2+ | 2+ o § Rl il e .
3 ) f[ 3] =g eea

It is easy 1o see that

.J.'1 .';-:.'I]

A

(17) v (x)=xZ+2_+ " : . wad
' 3 .34 3-d4- _<(n+l)
or
el 1|_l.:-

(18) v.{x)=2- — 2x-2.

' =u k!
For n-«~we obtain
{19 vix)=2e*-2x-2

and the solution of (13)is v=1 'v | namely

¥
}'{x}=f1:{r] dt=2e -x2=2x<2 0O

Remark. The successive approximation sequence from Picard's theorem is
given by
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v

T ) [ J'_,f’l:_'.w,_pnlf.w}}d.w 2 D

<t

{20))
'I;'.l

In some cases the integral from (200 15 more difficult 10 caleulate than the integral from
our method:

{21} v (x) :.j-l x,f v (1)t

because the mtegral sign in (21) appears only in the second argument of [
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