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7EROS SET FOR THE SOLUTIONS OF THE
DIFFERENTIAL-FUNCTIONAL EQUATIONS

VIORICA MURESAN

Abstract. In this paper we give some proper lica for the zeros of Lhe solutions ol a

functivnal-differential equation.

Introduction

The differential-functional equations have been studied In many monographs and im

ALY papers.

The linear eqmations are & special class of differential-functional cquations. For resulis

in Lhis field we quote here [1-{4].

[n this paper we cousider a tirst order linear differential equalion willy linvar deviating

of the argument. We give some propertiea for the zeros of the solutions of this equalion

and we study the properties for regularly too.

The properties for the zeros of the solutions

We consider the following linear functional-differential equation

() () + plelu(a) + olzlyida) =0, z €08, 0<h<l,
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where pog € C[0,8] and g(z) £ 0 for all z & [0, 4],

¥We have

Theorem 1. Let y # 0 be o solulion of the cquation (1), We suppose thal zy > 0 is
the firal zere of this aolufion, Then xy can't be a multiple zero for .

Proof. We suppose Lhat z; 35 a donble zero for 3. Then yizg) = 0, v'{2n) = 0. Frem
the equation (1] we obtain thal gisgiylAzg) = 0L Because glag) £ 0, on resnlis thal
y(Azn) = 0, which iz a contradiction. Therefore &p can't be a double zero,

Theorem 2. el y € OO, b] be a solutron of the equation (1), If p,qg & CV0,b], then
y € o, b.

Proof. From (1} we obtain that ¢ € €0, 4], that is y € C2|0, 5.

Theorem 3. If p.qg & IL‘"[I.’], bl, & = 1, and y iz a solution of the equation {1}, then
y € (R0 5]

Proof. We use Lhe Theorem 2 and the induction on &

Theorem 4. Let i # 0 be o solufion of the equation (1), We auppoze that p.g &
0, A], If 2y i2 a double zero for y then Az, és a simple zero Jor g,

Proof. Let x, be the first zeto of y and 1, = 7y such that yizy) = 0, #'(x;) = 0 and
¥ (xy) 7 0. From the equation (1) we obtain that gixjy(Axr,) = 0. Becanse g(x,) £ 0, on
results that y{Az,) = 0. But Axy can’t be a double zero for (1), From the equation (1),

by differentiating, we aobtain
(2) y"(x) + plizdu() + p{=de' () + g'{=)w(Az) + Agle)y'(Ac) = 0.

We anppose thal Ary 15 a mulliple zero lor 4. Then g Az} = 0, ¢ ( Az} = 0. Let us
consider » = # in (2). On results y"{x) = 0, which s a contradiction.

Theorem 5. We suppose thal pog £ {'f![ﬂ, If:l]. Let y % 0 be a zolution af the equalion
‘1) If ) is o theee order multiple zero for y, then Az s o double zeve for y.

Proof. Let x, be the first zero for y and =, = xy such thal yla)) = W, y'(z)) = 0,
y"(21) = 0 and y"™(x) £ 0. Then we have that y(Ae;) = 0 {Theorem 4).

We take 7 = =; in (2) and we oblain Lhat Aglz )y Az ) = 0, that is y'{Aa ) = 0. Let
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us prove that y"(Ae ) = 0. From the relationship (2], by differentiating, on results the

lollowing equality:
(3) y"(e) + p{xhy(x) + 29° (=)' (=) + px)y"(x) + ¢"(2)u{Ae)+

+ 20"y [ Aw) + A”q{m]y”[ﬁﬁ:j = .

We take £ — 2, in (3) and we obtain y™(x, ) = —Mgle y"(Ax). But y'*(x;) # 0 and
glz1) # 0. So we have that 3" Ax,) #11.

Theorem 6. We suppose that p,g € O™ 08, Let y # 0 be a solulion of the equation
fi). If vy is e n onder mulliple zero for g, then Azy 8 0 n — | arder multiple zero for y.

Proof. We use the induction on n. Let 2y be the first zero for 4 and x, = 5. We
consider the following proposition:

"It xy 15 & n order multiple zero for y, then Az, i3 a n — 1 order multiple zero for

L

%

For v = 2 and n =3 Lhis proposition is true [ Theorem 4 and Theorem 5.
We suppose that the proposition FP,_; is true,

We proot that F._y implies F..

Lel zy be a o order multiple zero for . Then £ is a v — 1 order multiple zero for y,

and because of F,_; we have that Az 12 & n — 2 order multiple zero for y. 5o we have
yiAe) =0, v’ = 00w Ae ) = 0

By differentiating n — 2 times the relationship (1}, we obtain

B

-
(4] & M) 4 E (p(e) PR B ey 5 Ok (g(e)) AR (I AR)) = 0,

k=il

We take r = 2. Dut
y|:_1r'-|:| — I:I; yrl:_,.'[!]} =u....0 Iu L [‘1"1'] —_ D

-i!..l.l.li].
y{":ll'ﬁ:.l :I = |:'1 Eflz-}lf'].] — ':I:\_- gt E.lll:ﬂ I'II.-!L‘T].] — []-
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o wre have
Cnialz ) A 2y 20y = 0,
Thus 3"~ k) = 0.

Hy differentiating 5 — 1 times Lhe relationship (1), we obtain

m—]

n-1
(5) y™2) + 3 Iy ) 137 CE (gt =Bk B e — 0.
fr=1

=0

We take » = 2 in (5), Bul

M) =0, y(x)=0,... 4" ”[.r.} =10, y"N=x) # 10

and

yiAe ) =0, y'idz =0, yl”"":'[}.,rl] = (.

50 we have
(mlr., A P ':|._.:Il,h_| [n—1] A o
¥l ) + G (g{xy)) u (A} =10
Because of y™ (2] # 0 and gir,} # 0, on results that wF A ) £ 0,
S0 owe have that B, | inplies 2,
By applying the induction on n we have that Fr is lrue for alln € N, n > 2.
Remark 1. If (0] = 0 then. lrom the unicity of Lhe Cauchy problem for the vijuation

(1}, we have that y = 0.
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