Bul. Stiing. Univ. Baia Mare, 5er. B,
Matematici-Informatici, Vol. XIV(1998), Nr. Z, 191-196

First-order equilibria for an abstract economy

Anton Muregan

1991 AMS Subject Classilication: YA
Key words: game, equilibrium, firat-oeder locally consistent equlibria, fisst-order locally

congistent eroncmic cguilibria

Abstract

In this paper we give a result concerning the existence of first-order equilibrium

far an abstract economy.

1 Introduction

In a markel cconomy the prices are determined by supply and demand. When Lhe sup-
ply of commuodities from producers is equal lo the demand for commedilies by consumers
we gay Lhat is a markei aguilibrium.

In a large market economy the number of prices determined §a enormens,

Aside from the practical difficulty of computing aml comrmmicating all those prices,
how can we even be sure that it is possible lo find prices thal will equate anpply and
Jemand in all markets at once? Mathematicians will recognise the problem as one ol

proving Lhe existence of a solution Lo a set of nonlinear equations.
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A game in strategic form @ apecified by a list of strategy spaces and preferences over
strategy vectors for each player. A variation of the notion of a non-cooperative game i
Lhat of an abstract coonomy.

A first-order locally consistent equilibrinm of an abstract economy is a configuration
of atrategies at which the hrst-order condition for pay-off maximization is simultaneously
satisfied for all players,

I [H IJ"."".E,:-LI.':L frave prum"t-:lml i gt'm:rul culglenee result of a lirsl-order locally conais-
temt equilibrinm Tor an abstract coonomny and he bave cmploved his existence reanlt to
prove the existence of a first-order locally consistent equilibrivim for an cconomic applica-
tion in fnite-dimensional spaces.

In 4], we gave a resull of existence of fimt-order locally consistent equilibrinm for an

abslract economy,

2 The main result

We prove the existence of a first-order locally consistenl economic equilibrinm in a
madel of monopoelistic competition similar to the Bonanne and Zeeman’s one.

We consider a monopolistic competitive market with n price-making firms, « © /|

ontput of fivm 1 anc ¢ 15 a positive number. We assume that the firm { chooses any price
in the interval [e, ] = Ji. Set J = [L,¢; J; and J_; = [];.: J;. The price set by firm ¢
5 denoled by g, Denote by p_: the {n — 1)-dimensional vector whose elements are the
prices set by all Arms exeepl Lthe -th one. Set p = {f..',-:p_,g]- The function 0 : 0 > R s

the demand function of firm 1, and it is indicated by D(p). The true profits of firm are



Hilp) = Dilphp — ).

We suppose Lhal:

Al For every i [, funteion I is conlinnous on | and the derivative 80, /ip; : J —
R exists and i conlinuous.

A2 For every po; € Joi il Di(plopih =0, pl € LN [ B) then (G0 fp) (Pl po,) < 0
and Dy{p?, p_;) = 0 Tor every p? = pf.

Here it ia possible that for every price in .0, firm 's market demand s zero,

Remark L. We shall assume that firms maximize Lheir conjectural profic function
caleulated by faking into account the linear approximation of their demand function.

(ziven the status quo p® € J, the conjectural demand of firm @ is
Ailpip") = DWp") 4+ (0D dp Jp" ) — 7))

and conjectural profit is

HI{pe p®) i= M, 0™ — )

Definition 1. A first-order locally consistent economic equilibrinn is & vector p* £ J

such that for every ¢ £ I we have
(1) (P pm) = W (p, pT) for every pi & J;,

Definition 1 means that at equilibrivm firms are maximizing their conjeclural profi
funclion. U is easily seen that if p* is a fisst-order locally consistent economic eguilibrinm
ther:

i} Aq(p7,p*) = Di(p™), and

i) {84, /dp)(p") = (@D dp(p°).

The rondition 1) means that at equilibrinm the conjectnral demand muat he equal to

Lhe true demand.
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The condition i1) means that at equilibrium the slope of the true demand Tunclion is
equal to the slope of the conjectural demwsnd.

¥We have

Theorem 1. D'nder Al and A2 there erisls o fivst-order lneally consistent economic
equeidihrinm.

Proof. By selting X; = J; and z; = p;, 7 £ [, the industry we are considering reduces
to the game T considered in [4]. Under Al and A2 the game ' has clearly a hrst-order
locally consistent equilibrinm &* = (#*)icr. Set pf = 7, i € I. Thus, to prove Theorem 1
it 1s suflicient Lo prove thal il (] her is a first-order locally consistent equilibeium Lhen it
satisfies condition (1) in Definition 1. We have to congider three possible cases:

alpi=F, bpl=w, c)pei\0J i1,

Case a) pf = . Assumplion A2 enanres that [ (p*) = (D, /dp:)(p7) = 0. 1L follows
thal Aglp, o) = 0, g € . Therefore U7 {p! ™) = HI(pop®) =0, pig S

Thus, the condition {1) i Definition 1 is salisfed.

Case b) pf = ¢;. Two case can occur:

bl} {28, jopHpt) = 0;

L2) (D H: o ) (pT) # O,

In the cage hl} it ir not possible that [(p*) = 0. In fact, if it is so, one has Lhat
(O f3p)(p™) = IH{p*) = 0, which is & contradiction. If D;{p*) = U then Hx{pt, p*) =
H(py,p*) for p; € J, since HNpl,p®) = Dand H {(pi.p®) = (30 /e (0" M — pt ) Wpe —
c:) < 0 because pf = o, and (&0 {dp )(p™) < 0 from assumption A2,

In the case b2), then by the fact that p™ is a first-order locally consislent. equilibrinm,
it must satisfy the condition (I {p* )4 (2L, fdp )0 Mt — ) )0 — pf) <0, & Nieg),

where N} Is a right neighbourhood of ¢;, Because pf = o one has D5(p"i(m — o5 <0,
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pi € Ji. This implies that D:{p*) = 0, and therefore by A2, that (00/8p){p*) < 0 and
that D, 92 ) = 0 lor every g2 J: 8 {a )

We shall prove that K (pl,p*) = H{p,p*) for p; € Ji In facl, HE(p?,p") = 0 while
Hi(pi,p*) = (Dilp™) + (80(8p ) (p* )pe — pE )0 — o) = (8D0:08p;)(p* Wpi — e} < 0 for
every p € & {e}. [rom the above argument, Thus, also in this case condition (1) in
Delemition 1 is satisfied.

Case ¢) p; £ J; '\ ;. By definition of ficst order locally cousistent equilibrinm, ane
sl have (80 dp ) () =10,

T'r'r'L'l LAy URLIl eCU U

cl) Di(p™) = 0, and

c2) Di(p®) = 0.

In the case c1) by noticing that (AH; /@p; Wp*) = 0 implies (802 /8p:p*) < 0 and that
(B H [07) (1 5") = ADD;/3p)(p") one can conclude that (841;/@p)(p”) = 0 implies
(@*H: fapdipt, p7) < 0. Thus the condition {1) in Definition 1 is salisfied,

In the case ¢2) if we prove that (@D /3p)(p"] = 0 we have completed the proof
because in this case H(pl,p*) = HX{p,.p") = 0, p; € J.. Suppose, on Lhe contrary, that
(@D 3pa)(p") < U, then (GH, [8p)(p) (s — 1) = (Dilp") + (@03 ps) (5} (pt — o5))ps —
prh = (0D dp(pT et — e)ip, — pt) = 0 for pe < pf, contradicting the hypothesis Lhat
p” is a first-order locally consistent equilibrinm, Thus, also in this last case the condilion
(1] in Definition 1 is satisfied.

Remark 2. In [2], Bonannao and Zeeman have provided a general existence result of a
first-order locally congiatent equilibrinm for an ahatract game-theoretic, and they employ
their existence resull to prove Lhe existence of a irst-order locally consistent equilibrium

in a monoepolistic competitive industry with price-making firms.
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