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On Dynarmics of Solid-Fluid System

Diarm FILIP and Petre BRADEANU

At roet

The exislence and uniqeencss of the soltien for the problem-of solid-Huid small
poriurhations from an ymiform potations] mntion arommd a horizontal fixed nxis AT
proved. Tuis used Lhe orthogonal projection method on closed anhapaces, more precisely
on the solenoidal funetions space and the potential funelions apsce, reapeclively.

1 Introduction

The following subspaces used in Lhe hydrodynamics of the ideal, incompressible fhaid are
defined [1]:

1) = {Tr‘ & Fal@) |7 = Vi, w € H'() ) (1]
Jolf) = {_:u.j e I dive =0, u, (= Wgy A)=0 on {"H'!} (2)

where H'{1?) is the finst order Sobolev space, div T is the gencralized divergence and iy,
is Lhe geperalized componenl. defined by Green type [ormulas (7 - the trace opurator [or
e i)

f - . THA0 4 j & divPdl =0, vée Q). (3
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(E’ e La(ft), divu € Laif?), vf = HVE B, u, £ 1 ‘-"E{HT})

Using these formnlas, the decompeosition ol the space Lu() of square integrable voctor
fanelions in an orthogonsl s, 15 proved:

To (60} = GH(52) e Tp(12)
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The equations of the small motions of & solid-luid system ormed on a solid {in particular
a plate! having a cavity {2 completely fillod with an inviscid incompressible fluid are i
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i 12wy W — x T =—"Wp+ F(F.L, div. i =0 _in . £} i}
i i i

T 4 Tk (PN 4 T (0T & [ [T x w0 )+
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with the initial and bonndary conditions:

ty =0 on 00, w(T.0}= wa Sy = i

where W7, 1) the relative velocily in the fluid and &) is the angular velocity of the
solic-fuid =ystem.

Considering & system of Carlesion coordinates fixed on the solid, namely Oayz, J is the
moment of inertia in Qzys, op is the angnlar veloeily of the system {around a ficed acis).
p is the dynamic prossure I:J:-'I:?:,.!':l = M7t Tl 1‘"}._ P - the pressure in the lnid, py -
the pressare in the unperturbed state), Tt is admitted that &, &, p and the foreo T AL
first order small quantities {in the perturbations heory semse).

2  Small perturbations of the fluid in the case of a plate
umiform rotation with the constant angular velocity
around the horizontal axis Oz,

{Lhe case when W@ = Wy is given)

In the unperiurbed state; the mviseid duid s moving in the plate cavily £ like a rigd
solid. "The velocity and pressure distribution are [2]:

? T
. PelE ) = —pgr + Em:éu” + ') + pa

T=?“}f F

(pe = const, = pa(0, 0]
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The perturbed motion which little goes out from the uniform rotation (unperiarbed
above-rnentioned) is represented Lhrough linear egquations (the unknowm fanetions are o
and p P {the finid pressure) =g Fp )

Ty

G —.-L,u[ﬁs: XU = ;’_ ——Tr-' diva =0 in Op={0,T)x 0 &)
: P

—_—

e =0 on M2 (o ity = 0 ome OET), E}[ ) = {"}[ )

'I'he: enthegronal projection method on the subspacee JT.;; (1§ (with the operaror 1 } and on
the snbapace (L0 (with the operator £ | is applied and the followi i abstract ﬂpFTa’mTiﬂ.'I
cequadJony nre obiained:

T _ AT = H.Tr vith A = 255 [L,-,-.;.{T 3 k":] .o, 0 = wt
P (9)
— 2w ( w =k =5 f — Jl?

;J]T iV e Jo(8) and £ V=V Ve G, B{¥ xidg) = Vi, T X g =
Bw = ap) + P = wg) = (0 = wo) + Vi and f w « VipdQ = 0). The potential

component of the foroe ) il" has no influence on the ve lm HLy 5 T

The propertics of the Coriolis operator A .I'.;.[ﬂj e }'._-.I:Q1 are proved. The operator 4
iz antigymmetric and bonnded.

The absetract solution for a first order evolution eguation {Cauchy Problem) with the
bonnded operatar A and H,T - & continuous function is obtained wusing the theorem of the
solntion existence and unigqueness:
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Remark 1 Considering that f {7, ¢) = 0 and compieres Hilbert spaces, the solufions for a
given problem are warled in Hhe natural oseillifion form fur, FKT] j'J{_f"'J - unbreoin:

E’l:?,.l':l =TT, p[] ) = I-'[ :l (L1}

Bl

With these solutions, the equation (#] in projeciion on the subﬁlm--;ﬁ:[ﬂ}: give the opera-
torial equation:
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AW =W, T E Jy(D) (12)

Tt follemrs (ame i is demonstrced) Lhat tle spectrum of the operator A s pure imaginary
and fills the inlerval 25y, 2iey]. The proper frecvency are real and Jw| = Hug.

3 The perturbed motion of the gyrostat

plate-HIuid, 2y = wy .E'r, s .....llln']T j{near the uniforn rofation)

Lest suppose that & little perlurbation for the uniform rotation of the plate+loid system
(with the angular velocity @y | nrouwnd the horizontal fixed axis, is made. Tt W=t
Zf'rw,: be the anpular velocity of the gyrostat and w1, 1) - the relative velocity in the
fuid from the cavity 2. Supposing ithat ?I.,__,_,- = j[n‘,‘l {huving Lhe fixed divection ﬂ'::l: kh'}
1, w7, 1) and ?I_fT’.f]- are small quantitios (in the small perturbations theory sensc), the
couations of the unknown funetions w, w, and p ave:

o n l:‘r : i

B8 ozow e 2w Palopgr FIF, deT=0in 0 (13

i et i k :
do 8
: } — T ox uwdll = Mot F14)
fd.! | T p[ T ® udf ot 4]

0 [ i

The sealar equations of the nnsteady motion of the finid arc:

. | P N [T . r L
il L Tl Bz fe

Sy dugu +rlE =A% 4 f
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4 | Hapl
|:j -'t __I- o) s
.I:T:j + ﬁ P /L::m; wir)d ) = J‘I-.f.:lz-l:l!.::l
L It
with the mnitial and boundary conditions:
=0 on @ and W{T.00=w" T =TT {16

Suppesing thal the terms of the equation [13] belong to the space Ig-[ﬂ} = [ﬂj-:—la.ﬂ,{ﬂ] :
the equation {13 s orthogonal projected on the subspace Jo{f2) (of the solencidal weetor
funerions) and the ollowing equation is oblained:
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; 1T 4 BT % T + G AT = By T (sﬁ’ — iR x F}} (17}

ﬂ'l_

5 i.-,r-u,-_;p f (T % ot | = Mo, (t) (18]
i

The equation (18] results from []
bilinear form assoclated to the operator A is I:"-"?. e I (‘ﬂ',h; J;N:ﬂ_tl} with o » &'y

W % )+ YV, o e YY) )

A1 A is a symmelrie and bounded operador beeaose e

8]
(AW, v, = f[T‘ A ddi = (0 AT ) = A"= 4
[T
i (3]
. (2 ' =
| A3, _-fflpﬂ.;f; :f]| c‘ﬂdt{;/ |a'|* diudt = || |13, =
n i 0
AT :
= || A|| = max |”_;"|; <1l=o{d)=[-1,1]

T ;.J

where the spectrum o A) is continuous (fills the whole intoral [-1.1] ]
Lel be Lhe matrices:

%+ (@ x7T)

w7, {) )
v = o lw= D (1)
21 J w pf[ o W )pdf?
ik
4 AT 5 Jir'" ?[I!]
|I':r-||_| —_ g .1|5||:',|':| —_— : l!{'-l":' =
f Mo (1) W

where W[ 7. f) is a funetion which for cvery £ £ {0,#;) has values in Lhe space f.;.[ﬂj
W) — R v {0,8) — I = J(DQ) xR The space 1 is endowed with Lhe norne

ol = o [ (TR + @I, W e H (20)
i
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[ 1= Lhe density of Lhe Doid]).
Henee, the equations [ 17)-{ 18] are ahle to be written in the form of the following evalntion

]Il o

T2 Bl (D) l® (21
which has the nnigque solution:
I
wit) — et Al | f et AT p(rydr, (A= —wol :Bj] (297
i

The properties of the operators I and B are: the aperator [f are bonnded (like the
operator A } and the operatcr I is positive defined ( whick assure the existence and nnigqneness
of Lhe inverse operator f ! ! [':5_

bor prowving Lhe property of I.the quadratic form was evaluated:

|:.J.'-'|'.‘:_1:_"|:H = _f’.lf [+ Hp(w = 7)) wdfd + | Jw 4+ pf[? % W )oed | w =

i ik

- p] TlAR+p / T [ x T = Vi, A+ [f?’ X W Yo dQl + Jep® =
N n

LT

=ﬁ/ifl“dﬂ+ﬂ/ W (W % 'r"’irm+r=[7f'f?x?]dﬂ b S

't y] 2
i f T T
k)
JH? prf_'?-‘ X [@x 7)) - Fdlt = pf[E’ * ) (W xR =

o = .E-;;:' + J{f:]

The [ollowing loronulas s dedoced:



Foil= 0 f

'
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W ol ko v )| dfd

The nertia matrix for the sohd, ._T,:[-,;} s positive defined. Henoe, it follows Lhat the
operator [ is an operalor siricl posilie:

l::f-!.': 'n'-'_]H E . [_..E-:U.,'Ll:lfj = = j =0 '.'.'-:I =]

More precisely, the operator I is prosilive definesd.

4 Final remarks

Tf the ﬁillnwinE_:mmlﬂ.ium—: are fulfilled:

1) uw'™®™ g J{f), ol e B3,

21 Me(l) = a conlinuons uoction from B s

i TE'I"!’,I:I is 0 continuous funetion {which depends on { ) wilh values 1o Ly(£2),

Lhen Lhe problem (137 {l-ﬂ has an unigne contimons dillerent iable solution, { '11*|: T, 4 '.-_._:1'|:.I'.:|
1, which has the values rom the space W = -};g{ﬂ} o B
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