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Abhsatract

A biloeal singulurly perturbed problem is solved using Cialerkin's
methad in s space in which the test fanetions are weighted primitives
of wavelets. This method provides a " poew]” murnerical ecdution of this
problem.

In the study of convection - diffusion problems, the following boundary
value singularly perturbed problem Appears:

P —au (@) + a{xu'(x) = Fiz), for xe{0,1)
(F) w(0) = u{l) = 0

where ) < 2 = 1 afx) > a >0, 1€ 10,1] and functions a and [ are
sifficiently smouth.

The exact solution of prablem ( #) has a bonndary layerinr = 1. Because
of its presence, certain numerical methods (finite elernent method, centered
finite difference method) lead to numerical sulitions with vecillations in the
area of the boundary layer, abnurmal from the physical puint of view.

The piecewisze pulinumial test functions are replaced Ly wavelets, within
the finile element method, in the work of Glowinsld, Lawton, Ravachal and
Tenenbanm [2]. Many examples provided show the preat potential which
wavelels have in the nmmerical sulving of differenrial wguations, Unfortn-
nately, sume disavantages mayv ceenr : the weak regidarity of wavelets does
not allow the use of small order wavelsts; orthogonality of wavelets does not
play a significant rule.
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Disadvantages in the nse of wavelets can be partislly eliminated if prim-
itives of wavelets as teat functions {[4]} are used

In the present paper, Galerkin's method 18 not applied, for problem (17
(in the space Hy[0,1]). First, Lhe space H}[0, 17 tnms *convenientlv” intu the
space (11;[0,1], which is the image of HI[0,1] by C'w := nog, v € HJ[0,1]
and g - [0, 1]= = [0, 1] with g{0) = 0, g{1}) = 1 and A = 0. sch that
0= ¢'(w) = M, vy € 0,1. Problem (P) is transcribed in G'H|0, 1] and
Galerkin's method is applied in order to solve the new problem. Weighted
primitives of Haar's system are nsed as test functions (weighted primitives
of Daubechies wavelets of the first vrder).

Accordingly, the problem in 7] 0, 1] will have a Galerkin solution with
attermated oscillations In the area of the boundary layer, Getting back to
problem {(£7), it becomes ot that a very good solution from the numerical
point of view, is obtained. The numerical example fairly confirms it.

Ve consider the standard spaces, Let

.i'F[E]: 1] := {#: [0,1]- = & } v is measurable, and :|:|.'|§12|D.h: < och,

norm on L0, 1] being:

T
ol = [ et de)”

et
Y0, 1] := {e e L2[0,1] f v* & L0, 1] for k = 0,11,

with norm

el == (J{;I 1-_1|::,.;:||1 e + .;: |v'r[J.']I|?:fr.l:)li: .

1
1 5
;4
| e U v {x)| n:ir)
]

Hi,1) := {v € H'[0,1) / w{0) = ¢(1) = 0}.

ard serninoern

and subspace
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Seminorm ||, is nuem (equivalent to ||.|, ) on the space H1[0, 1],
Let g: [0,1]— = [0,1] a differentiable function on [0, 1] so that:

g(0) = 0.g(1) =1,
M > Oai0=<g'(y) <M, for ¥y e |0, 1]

We note J{y) = ¢{y) and we define (FH1[0,1] tu be the image of space
”:H"l I] by transformation (Y = u o .

Lemma 1

TOrTE
"F"{L'HJ ot i mh ()" dy

ig norm on e space GH) and the following ineguality takes plaen -
|'!'"1m'-|11| =sup{lvy): 0 <y <1} < o lezar) for Wu € (GHy.

Prouf.

Becnuse fur ¥ o I!"-r_.l'flglﬁ}, ]_.]1 Ju = Hull:[_] ]:I = that 1_|:y::| - u[},-;.[_f;l] e
have

g i 1 i A
|f.'||c+frg.;u.|] = (fru mh'h’ﬂ 2"*{3‘) = (J:; Jiyh |u {.I‘J'{!!J:':!“!II) = |4

50 "':Ef-'H-Lui':'-l} is nurm on space (7},
Let v & GIHG{0, 1) = v is absolutely contimions, and t:|:I:.I_] = (I, thus,

__ﬂllj -H."'_;H‘ e
i) .I.: P {Ljd.’.—j:; W (t) fﬁe {t) | dt, for ¥y < [0,1].

By use of Cauchy-Schwartz ineguality, we obitain

i
]

1
1 1 ; i
[y} = (L J[{]dr) ( o T GE gii") = ||%| i - 1ed,

For the sake of simplicity, we consider ﬂ|:$:| =1 in (P) and cunzeqnently
we have the following singularly perlurbed problem :



€

(ppy | oW lE) +ed(e) = [iz), for 2 & (0.1),
-L!-{u':' u{ le = [).

Making Lhe change of variable & = g{y] we obtain:

(P2) — Iiﬁ.!.-r[y]:]f + v/ () = ) ly), for e (0,1),
% () = v(1) =10

where Fiy) = f(g(y}), and viy) = w{g{y]).
Problem {F1) has one solution,

N w e H3(0,1), such that
ot g fi ezl {z)de + [§ o (2 wix)de = } flelw{z)de, Yo c HL0, 1).

and problem (2] will have une solition,

(2 v € (GH}{0,1),such that
I e B sttty + 3 (ohelyddy = 3 Flu)(ghuly), e € GHYO, 1)

(see [3]).

We will describe further the approximaorion scheme of the solution of
problem (2).

Let £ = 0 fixed natural number, and 115 : 0 — Mo < th < ... <yw=121a
uniform division of interval (U, 1], where & = 2¥ and g, = ;}:u < g < 2L We
define set ¥ as being the subspace of (7H) ., which contains those functions
w satisfving,

¢
1
%) (mer[y]) = U where gy < 3 < gy for each 0 < j = 28 — 1.

In VV* we consider the system of functions:

’ ..I?l'I o ':"'-’]JLL.-':—1 ':’J]ff-‘i _I';I.'r --"{H];IU,I,.L-I::;:IAI.'-.'
4) @, = o e MR | Tl ir LI b i e
l;. ,:I 1ol {y,:l _|r|'lj '\.II:_-E.:IIJ..F: 1 |:.::.].|'_!,q J;}_:h:' q] :'fb.#l:'q:"'i""

for 1 < k < 28— 1, where ¥ 1k 18 characteristic function of interval Eﬁ %.E] .
Qbraonsly @y, © Vifor 1 <k <2 —1and Py k(0] = @7 e{1) = 0.
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Becanse in addition,
Bp i) =ty | <k 2 1. 0<'§< 25

every functivn ¢ € V¥ can be represented nsing base {':Ii;,la.,}:LT] thua

alb_q
iyt =3 glw) o v}

k=1

Consequently {$,, 1,1 <k < 2" — | form a base in V1,
For v & I f_[]: 1}, we define the interpolant « from ¥ oas heing the
unique element from VL which satisfies

iﬂl{y}j = frli:u;r):l, <= it

Lemma 2 Lef v be the solutton of problem (P2) and be w} the unigue T
interpolant . Then,

-:":"..'.rl_ = L.
wi{r)del, 0= <2 L.

Ty

L = 0l gy g1 = P (65

!r.l.llu.“i"-!.' Irn'- — :.':Il'-"'{j { {ﬂ.j‘ i‘l.]‘l I::| und .1:_1 s q.l::,u-l;l f'n.r, ﬂ ':_-\-- _'J "_-\. E.I'. i 1.

Prowl.
Consider a certain interval [y;, 1529, 0 < J < 2L — |. Becanse wy =
cancels al the end of this interval, we obtain, integrating by parts :

241 - h 3 . R | - :||" :th' y P dt =
,f Ty L) — Y de = 1 Fig) M0 o O] () - v (8)] e

ey {t) — w"(£)] [w], () — wit)] |._‘E:" - f > L{ﬁ o3 (£) — u’[a.]]} [ (1) — vt} dt =
because wi {4, — vy} = 0, wiyis)—v{yj-1) = Dand v, wy € GHJ(0,1) =

Ju,uf, € HG(0,1) so that vy) = wigly}), wily} = vilely)) = v'iy) =

Sl (alw)) wr(u) = T (g(y)) = 75 ki) — o] = Jly) luilgly)) — o {gl))]

l
~ Jit)
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— z Ih' / _“I‘ oli il L ; r ; I B
= fj (I{ ]'i' dt ) g (£} {l']_].t-’f.+./;j [Jmt Lt}-l [ () — w(t)]dt =

e o (2 — Tt | pwses " (E) —
G e 0 R L g [ U5 [ SN
1L L= T i 4 1
For ¥y = [yﬂ;,yﬂ;_,fj D= <22 1 we have :
wilp) vl = [ ity —vla = (70— () - ] de <
M H "I'I ..irl:t}
3 i

s N ot il ;
=l 2 {7 0 {55 k0O ]

Using this and inequality {5), we obtain:
& " ok o [ -1 ar(t) — J(t) p
s}, = | Ft g il = (JL J{f—jifﬂ) jh. - —"dt| = hg (£;)

’ £
where b=, £ € (g, 0i41) and 2; = gliy;) for 0= 7 £ 28— 1,
Let wiig(y)} = wil{y) for ¥y £ [y;, ¥;41]; then, we have

j:J” u”[;r}:i;ri :

e

(i) — welx) = ulgly)) — welalu)) = vly) — wily)

= |u(x)} — wi(z)| = [v{y) — wily) < |I'i' | Lo oy g1

W
f u'{z)dx
M

| et = AL, r ! i
= Joax  fu(z) —welE)l < v = Wil sy S 2(G)



and, therelore,

| W= "lr:'-"-llf_"\-':_r‘;,ﬂ:l- 11 = h'gj{'if':' ! q"?"d'

W41
f chid I::r;:l.':?.ﬁ:
i

With a view to obtain an evaluation of approximarion error by Galerkin
method, we will compare Galerkin approximation to the approximation by
VE - interpolant of solution of problem (P2),

Theorem 3 Let v be the solution of problem (F2) | let -u_nf ke the Cadeviin
approvimaelion of i, and w} its inferpoland in space V. Then, the following
inequalitics

# _—
— 12 | L2
”wL T'|= L < 2|lwg — 1| L]

halils,

Proof, We will use the facl that on every interval (3, 3529),0 = j < 20—1,
the functions from V" satisfy the differentisl equation

]' ai ll_
(--’Er.r]'%[y]] 2

Let My = f3 {ﬁy-]-u-'ffy]"l'ﬂ-.:k'{ﬂ\.' + ()P (y) — F':_?:":"I[L’]'q"r..k{ﬂj}dﬂ: 1=

k< 2L _ 1. Becanuse

1 1
L {mvriy}‘l‘i.k{y} + o (B piy) - !"'[H}J[y]'l'z.:.-{m}ffﬂ =0, 1<k <21,
it results that

1
(6} M, = J,ﬁ { Tliiy} [y Car) = o/ ()@, ) + [ () — 27 ()] ﬁ’L.k{ﬁJ}d?f-

Similarly, we have

[l
fn {jliﬂﬁ:f‘{yf@l,#[m +up (s (v — F{yJ-f{;rfo-Tu.#[y}}m =1,

thns
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i ko ; i a5
(7} My = Jﬁ { Jw}lm‘r.’ () — wp ()] x(w) + [wE () — wi L’y]lﬂm_rfy)}cfy.

We alsu have

1 ,
fn Ay wg () — o ()% ()dy =

i gy Cwxeely)  Jwlxeaeaiy) 3%
f Fegtet) =) [.ru‘ Hayxealslds  Jo J{s]xm_l{s]dsl o

3 k-1
T2 R/ — 'Oy 2" g ) = ¢ (u)ldy

[2% H(a)dd S T(s)ds

[w}.(y) — viy]] %1 [wiiy) — t_-{y}]l}é‘l

- B — - — =],
'r'}f.'l J(#)ids JIT'}: J{z)ds

and nsing this in (6}, we obtain

1
(8] My = ]; [ (4r) — o () |R e (o ey

2l -1
Considering w) = 37 uldp i, and 1'1.';:!_é e Trf'ﬂl"fﬁ,_-} from {8) we obtain ;
k=1 k=1
21 _ 2" -1 o
S (o — )M = 3 (0 — ) [ bty — o ()] oy =
=1 =]

B i
' J'E 3 (g = g ()= w) | @ (y)dy = [nl“-'T:[H]—ﬂ-'E'[?-‘I'll‘i'ﬂ}f{;ull—v' () Jedy
i k=1 ’
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and similarly, using (7)
It

(9] EIZT:.L ul WMy =
- |

we find

ﬂ’ |
= Uy :'_" { "'l“r["’-’]‘ — " ()@ e () + [wg () - Jf!ﬁ']]‘;’fe.#fxiﬂ}dﬂ:

o j: {j{lyj T () — T ()2 4 [ () — o/ ()] s () — u‘f{:ﬁ-‘ﬁ}dy
From {B) and (9] it resulls :

1 .
L [} () — w ()] [ (w) — o/ ()]t =

R i Lo . T
= [ iy — vy + [ eti() - o Gl s () — w )y
do ) o

Tt

I
[ i) — w0l ) — wf iy = 5 wifo) — ()],
L . ) 1
= [ i)~ wf i) — oy = [ sl @) - w Gy

I . b » .
= Jup = w0 = f k) — e )] () — o7 )y =

L)

- futly) — wf )wil) 0l — [ L) — ol )i ) — ()l -

- [ bt m-voia < ([ o) - i) ([T

l

=2 J}l“riﬂ) -
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= (700 st ) = 0P) i = vl <

B ! !j i 1 ., i & 2 i .
= (j: J{y]dyj (ﬁ T e (4] '“-‘L[H]]) W — v || 2 =

# ey |
- |w-|. Wy '|c.;r e, — ] e,y

R < || )
= |"'L.l, wy, cH) = | wy VEH 2o,

We have
lwz - 1'L=!:.E[u.:] < e, — il g 0,4]
# |
= :|1-r:,_ W zasiiia < [wg — 'itr.l’il .'«“'hhlﬁ+||w:' — | ggay = i |f g |z, —
< [l — T'L”.-_i_‘.w + [l = 2l g oL = 2 |z — | TR g.edt,

fia : SN T I
We simnilarly define space Vi ;. and within this space {®,, Lk i !3s
base, where

.rll '“::'G]IL LE— l[s}ds J-D:II J[H}xJ_1lk[-\':|f.|:H-
Ia T Fa)xrp_{s)ds ..rnf J(s)xg—1.e(a)ds

Bp1aly) =

We hawve :

Oy anxly) = HE Y8 p ey (w) + HE "D au(u) + Hi "B pann (),

where
k - 3
J"-EL—E J(s)ds ST s
L— 11,. : L-1.k . L-1k _i_
.ﬂ 2;]-_5—1-— H = J.. “’2 -— e
Jit J(s)ds J“’f T Js)ds

'f1

| H
v rE)
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Obwionsly V5! ¢ vE,
Let '*I",r_, 'I:-'EI:EJ'.:I - ‘I"r_:',u-_ﬂ:y']: k = 1.. ...,EL_.I' and

ﬁ"rL_l = Spﬂﬂ{ 'I'_L_jllll-ll'r k= 1..... Er' I].

Funcrions Ty _; (g} hove ns support the interval |:'!—'ff,:2: Eﬁ'J and obadionsly

suppW®, o [ suppW,_y, = $if k # 1. System {‘I’L_L,;;};:[_J' forms o base of
SaOe W E L gnd we also have WE 1o 1781,

We will show that VE- L@ WL — VL The fact that VI Lo Wd ' = 17
is ubwious; we will lurther prove that

'L_.rL—J 1L H_.-'.i". I_

We have

1 =] ' ' ;r;:.: A1)
f = a1 e edyy _f LU LR, L S
o ) L1l P =
2 T (Y e ST Ha)de
=T =T

L Fy

dy—

_j'af‘? * J{y) E dija
il |

J(2)ds j'f{_]; Jiz)ds

1 1

- — = = 0.

o=l e g.l':'r-'l
JEL Ttsys fE T(shds

Similarly,
1 1 ; :
ﬁ Ji.ﬂl'@”"-" Py, laday = L.

Consequently, subspaces V5! and W& ! are wrthogonal related to the scalar
product,

Lt |

ST T lulg () dy.

(J: H:I-.'.'-'H.'-, =
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which means that the sum is direct..
The procedure can continue, leading finally to decompesition of space
1*’I'r e that :

-L__-.'.- i 1-"'] {E H_.rj $ L‘I’IE$ ..-@1'1:':1."_1.
This decomposition allows the consideration of anuther bage in space V',
namely

{w;k}r_—uz' !
J=hL-1

where W (1) = @y 21 ().
We alsu have
{ Jiog Jlabpelads i E—1 F—%
- = e
.ir-'-'—}'l B T ey T

‘Dry}= -Et-:. Al alida ! .
s g IR e [%‘f’]

F& Sl (as

p i

[, in rest

where i (y] = u‘JE_f'a.i-{ZJy — k) and ¢ is Haar's funclion

lij[]if;r?-'.f:—!
1-"[;.';:| = —1 if%im{i'l

[ o Fuereest. e

Numerical example.
We consider the [ollowing problem :

—su'(zy+u'(w) = |, forx e (01)
w(d) = u{l)=0.
eorpl £ ) —enp( 2

which have the solution w(r) = —E—r% + o — 1

We du the change of variable = — g{y) where g(y) = 1 -~ {1 -yl
In the Figures 1., 2., 3. the exact solution and the approximate solution
are presented for p=0.p =2, p=4 and N = 4, = = 0L.OMNI.
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