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l. Preliminaries,

George M. Phillips {[9], [10L [11]) constructed a generalization of the classical
opcrator of Bemnstein in which the approximated function f is evaluated at intervals
which are in geometric propression. We start by recalling some results due to G.M.
Phillips containing g-integers,

Let =0 beany positive real number. For any non-negative integer 7 was mtroduced
the so called "g-integer”, denoted by [i] and dcfined by

1 g ]

[i]=1 1-% | (1.1)
I . g=1

In an obvious way were defined a "g-factorial”

[i1-]i-13-][1], i=1,2,..
[#] = (1.2)
I =0

and a "g-binomial coefficient”
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Next, for any positive integer » was constructed the sequence of positive linear

(1.3)

operators 8 [0, 1] - C]0,1], which associates to any [ =C[0,1] the polynomial

ol oy R F

ﬂ n-# 1
]x* II ¢ - °x) (1.4)

¥

In (1.4} an empty product denotes 1 and [ = ( H} :
i

Clearly. 1f ¢ =1 the operator (1.4) reduces to the classical Bernstein operator,

It was proved ([9]. [10], [11]) that the generalized Bernstein operator (1.4} has
approximation properties similar to the properties of the classical Bernstein operator,
In the present paper some extensions of the operator (1.4) to the case of bivarate
functions will be presented.

1. The parametric extensions of the generalized Bernstein operator
Let I2=[0,1]=[0.1] be the unity square and let R - Fr PR}

be the space of real bivariate functions defined on this square. For any function

fe R and any positive real numbers g, , ¢, =0 let us denote

. "y ”I ] ) fy b | ; |
Bl ¥ F PaCE | (1-¢g,'x) (2.1)
1 5D 1 | .I"I ] 5 0
and
. iy . ”2 ] : iy ry | :
B, {fix.p)= Yy pris § e II (1-g,"v) (2.2)
sy i F 7=l

the parametne extensions of the operator (1.4). Note that in (2.1) and {2,2) an empty

A (]
product denotes 1 and =) m,y fr =fl x, g
I &

[, ]
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Lemma 2.1. ([3]) The parametric extensions (2.1) and (2.2) of the operator (1.4)

are hinear positive operators on ¢ (77},

Lemma 2.2, (|3]) Let f= R . Then, for any ye[0.1] the operator (2.1)
has the following interpolation properties:
(i) By {f:0,0)=/(0,y) ; (i} B, (f:1.y)=/13) .

Lemma2.3. ([3])Let f=R" . Then, forany x=[0.1] the operator (2.2)
has the [ollowing interpolation propertics:
(1) H,f:{j'; 0= {x0) ; {ii} Hj;{__r’;x,l Y=F{x:1) .

Lemma 2.4. ([3]) The operators 8" E' commute on ' (/*). Their
product is the linear positive operator B TR 2y - (7(1%y, which associates o

any function f= ' (/*) the approximant

| | Ry Fy |
. IITI ”: H.I ﬁz r . I : & 5 : L
B,  (fxy)-Y E.Lﬂ}r . Jaf O -9 II -4 23
ry = =) -|_. 3J 5, =i ay 1)

Lemma 2.5. ([3]) The generalized bivariate Bemstein operator (2.3) interpolates
the function fin the four cornes of the unity square, 1. .

EJII_H_,(I'_'\.Q‘{] ,} —_.'ifﬂs{-]} H"P":I:f.:' GI._ I J _ll'r{ﬂ,.l _]' ’

BL ALY 0Y . By G LN =HC1, 1)

Lemma 2.6.([3])Let e, 1%~ 2, e (x,p)-x "yl (Qzitj=2,
(. tntegers)  be the test functions. Then, the following equalitics

(1) "IJ?-:,.J:, (egp X0 =gy, (X1} ]

{it) Hﬂl‘m{ffl.._,_;.r__I] =€ 5 (x. 1)
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[ili]' H.rrl_.ri-: {.IJ-fJ| .V ] 5 '.:Jlj'_|| {-r-.-.]“l ] H

(ivi B JE(EI.;x,;-‘}:u”{x_y};

My.F

V) B, leixy)=e xy)- l"l:;+—].1] :

{vln} 'H.l.' LKy l|:-"':'!I'II '.“"r'“.]"..:l - {?Ill I::'I'-_-LJ} ! F_“—il =
(Eh [ﬂ:]

hold, for any (x,y)e/?.

3. The approximation of the continuous functions using the generalized
bivariate Bernstein operators

Theorem 3.1, ¢/3]) Ler he Gy =g, (1), gy-q,(n.) and let g, ()1,

g;(n,) ~ 1 from below as n == _n,-=_ Then, for any fe (1Y) the
sequence of bivartate generalized Bernstem operators defined by 12, 3). comverges

wiformiv o f{x,v) on ¢

Theorem 3.2, (/3)) Forany feR" . bounded on F. the inegualny

| B, s T et (3.1
T 4 '||.'|II i'il. I -hlll{ﬂz]

holds, In (3.1), |||, denotes the wntform norm and ©  denotes the first order

modulus of smoothness.
Nexl, some particular cases will be discussed.

Iirst, one suppose that g, = 1 . In this case, we obtain the operator

Fi=0 py=0 Fa &

oy H, . .l - L e N
B LYY= 3% s . (-x ey I (-4 62
|
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Note that in (3.2) an emply product denotes 1 and . —_I"[ -'_| Ef‘:%l ] _
g n o [a,

As a consequence of the theorem 3.1, it follows

Corollary 3.1. Letbe g, =g,(n,) andlet g,(n)~1 as Hy =~

Then, forany /e (’(/7) the sequence of generalized Bernstein operators defined at

(3.2) converges uniformly to  f{x.y) on I

Ag a consequence of the theorem 3.2. it follows

Corollary 3.2. Forany 7o B, bounded on I°, the inequality

/-8, . (Nl 2e| L,
oL yin

holds,
Next. one suppose that g, =1 . In this case, we obtain the following generalized

bivariale Bemnstein operator

, K, !
‘E".."; Fae SRS P £, #y lr‘]

a g ! ]
Foal eyl J.

”?' |
[ ']x*!-_ﬂu—yj"* £ | OE -, %) (3.4)

o

¥y U

F ¥
In (3.4) an empty product denotes | and fr‘.-r; =f [ H : _?_J )
: nl] n,

As consequence of the theorems 3.1 and 3.2, one obtain
Corollary 3.3. Letbe g, =q,(m) andlet g, (n}-1 as n —=.

Then, for any o ¢'(7*) the sequence of seneralized Bernstein operators defined al
(3.4) converpges uniformly to f(x.v) on %,

Corollary 3.4, For any fc R ! . bounded on I°, the inequality

[ e o K s EM[ I_L (3.5)
: Vi1 1'.;'”_2
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holds.

Remark 3.1. For ¢ =g, -1, the operator (2.3) reduces to the classical

bivariate Bemnstein operator [12].

4. Bivariate generalized Bernsiein operators of blending type

Definition 4.1. |7] Tet H"’:? BY

iy
-

be the parametric extensions of the

generalized  Bernstein  operator  {1.4).  The hoolean  sum Operator

BrBBY R - RY | defined by

By DE - B2l BB (4.1)

15 called gencrahized bivariate Bernstein operator of blending type.
Remark 4.1. [4] The generalized bivariate Bernstein operator of blending type

associates toany  fe BT the approximant

) moom a |l N, <70, +
(B OB Fix)=Y % shpt IT (B
T R LI |I:'| ] -""3 w =l
13 Fy- ]
- I a-g* 0 47, L) (4.2)
: : - { In] 5 . [r:]
[n {4.2) an emply product denotes 1, f -f L) 2, —=
b Y L ]
"1 I
'f;'qu-- ='-’f‘ [ -l * _]
[m,] [n.]

Mote that (4.2} is a pseudopolynomial in the Marchaud Sense [1].
Remark 4.2, For g, - g, =1, from(4.2) one obtains the classical bivariate

Bemstem operator of blending type, first studied by E. Dobrescu and 1. Matei [3],
Using the expression (4.2), it follws by direct computation
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Theorem 4.1. (4] The generalized brvariate Bernsiein aperator of Mending
type BB B, interpolates the function fe R on the bowndary of the wany

sguare, 1.e,

(B, DB0.0)=7(0.0) 5 (BFOBYY(/1.y)=f(1.p)
(B, ©BY(fix,0)=f(x,0); { BEBB A2 1) =1k 1)
foranmy (x,y)ef?.

5. The approximation of B-continuous functions using the generalized
bivariate Bernstein operators of blending type

The notions of B-continuous function, B-bounded fimetion and the relationships
between these notions were mtroduced by K. Bogel [6]. A Korovkin type theoreme
for the approximation of the B-continuous functions was established by C. Badea, [
Badea and .11, Gonska [1],

Theorem 5.1.[4] Let G=q, 00 ) ga=g, () andlet g (n) -1, g, (1, )1
from below as m —ew, n,-=. Then, for any [« €', (/) the sequence

VB DB converges to £, uniformly on I

FL;

Remark 5.1. In the theoreme 5.1 (", ({?) denotes the st of all B-continuous

functions on £

Theorem 5.2, /4] Forany =R | B-hownded on F. the megnaliny

: : ' | ! :
S BieBNYWNIL<La, ; (3.1)
' 4 1L|'I[ﬂ|_ r ILI'I'E_H_} ]
holds. In (3.1), |- | denotes the wiform norm and w I8 the mived modulus

of smoothness [1].
Next, one suppose that ¢ =1 . Inthis case, one obtains the approximant



[, L ol e '”I . H:‘. . Rew ¥
|f.f§ﬂ|$.l‘5-‘,;'>;|{f;.r,,1»'] —E E A1y ry 1 1 q.° )
d o Pl =00 . .l"l Fa 2,0

L o -f L) (52)

In (52) an empty product denotes 1, f, f[ i*J’J > --.i"[Jf..——hlzJ

£ _.}r.[ % lr,]] |
St R[]

As consequences of the theoremes 5.1 and 5.2, it follows

Corollary 5.1 Let g, - g, (n,) uandlet gy(my) =1 as n,~= . Then, for

any fo O, (/*), the sequence { {H”’T G'B,j:;l{f ]} defined at (5.2), converges to £,

uniformly on I
Corollary 5.2. Forany f= &' . B-bounded on F, the ingquality

s s Yoo 9 ] ot
Hf E lllﬂl'h T "; ] { f}l‘ % E O i _u": ¥ .1_ {:‘-J}
LI L
holds,
If one suppose that ¢, = 1, one obtains the approximant
4 . : mooA H, _ﬂzh 2 o e L :
B2 BB ) frxpy=) W xyti-pyeet 1 (1-47 5y
o L R S L L i 0
& A el S 0 (5.4)

By applying Theorems 5.1 and 5.2, it follows
Corollary 5.3. Let g, =g, (n ) and let g {m)~1 as n —=_ Then, for

any feC,(/%), thesequence {l!lﬂ,,‘l"%ﬂ"){f }} defined (5.4), converges to T,

Kby

uniformly on I,
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Corollary 5.4. Forany /e B, B-bounded on I, the inequality

I ]

Jmd

”'f' {H,;T IIB‘B,;.': _]{f}i‘% < :_gi mmm,[ (5.5)

holds.
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