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ON SIMPLE n-SEMIGROUPS

Maria S.POP

Abstract. The following paper is concerned with vanious theoretic aspects of
the i-simple and simple n-semigroups. Many of the results are peneralization of known
theorems in the theory of binary semigroups, but it 1s interesting to mention that in
contrast with the binary case where exists simple semigroups which are not i-simple,

for m=3, isnecessary that to be every simple n-semigroup 2-simple and

(n-1j}-smmple.
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1. Preliminary notions and resuolts

All over we will use the following abbreviated notation

SEGUENCE X\ X, |, uX, Jor i<y

.-‘I. - 4 . 2 s
X; Y i 1o
Epry Sequence for iy
5 L %]
I x,=x,=..=x,=x, then x" willdenotedby x . For k=0, x 1semply.

1.1. Definition |2]. A sel A together with an n-ary operation () A" - 4 I8

called n-semigroup if forany 7= {23, n} andall x" =4, the following

associativity laws hold:
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The unit in a semigroup allows several pencralizations: we ¢ile here two uselul ones;

-an element ¢ c A 15 called r-wmir funne) ifforall re 4 we have

ir-11 L .::-.
[ € X, & J =x (lorany ie{1,2, . . .n}

1

-an (n-1)-ad w' " ofelements of 4 is called righy flefi) wnie it for all x = 4

wi have

| 1 .
(x,u '}, -x {or (w ,x}, =x respectively).

The element - ¢ A of an n-semigroup is said i-zero (Zero) element 1 for all x," = 4
we have
(x| hogh )=z (forany ie{l1.2,..m})

Obvions, if zero element exasts, then it 15 umique,
Recursivly, one may also define

[nj o l:'.l'.' 1%
[ G T R I B ;-1""“‘ _1{-[.&]]_. ¥

An n-semigroup (4, ( ) :I is called surjective if A0 =4
1.2. Definitions [7]. Let (4 ()] beann-semigroupand 7 {1.2...n}.

(i-1) imod

Asubset [c.4 1s said to be an i-ideal fidealy of A0 { A T, A ? )= {ifTisan

i-ideal of 4 forall e {1, 0} )

I_'::ll in |__| i H |_'I in-11 ':\.II] in |__|

Byconvention, (A ./, A4 »=(I. 4 ) . (A 0, 4y=(4 .I}

(0% LN

and (A . JA)=1.
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The smalest i-ideal {ideal) of 4, contaming an ¢lement a4 | called the
prmeipal i-ideal (ideal) generated by a, will be denoted  (a), (respectively fa)).

Constructively, the principal i-ideal renerated by a, is given by

[i=1% =il

{m._.nunxp when X,=fa}; X, (A X, 4)

T |:.-"-T A ” Is an surjcctive n-semigroup it s casy (o see that only a finite

|

number of the terms which appear are actually distinet, respectively e
[n-Ll,7-

The following theorem showes that these various notions of i-ideals are not
independent.

1.3, Theorem |7]. Let {:’] N }J he a surjective n-semigroup. If the great
common divisor of (i-1) and (n-1) divides that of (-1} and (n-1), then  (a ), = (a), for

ecach asA ., and (a). s aj-ideal of A.

1.4, Corollary |7]. Let {4 .( “:IJ he a surfective n-semigroup. The following
statements hold.

1" Every i-ideal of 4 is a j-ideal if and only if (i-1,n-1)=(y 1,0 1},
In this case (a), - (a), foreach acA.

2 I n is g prime number, then every i-ideal is also j-ideal for all

O S N T

FHF i=2,.,n- 1, then every i-ideal of A is an (n-i+1) -ideal and

copversel)s

4&° Fveryi-ideal §=2,3,...n- 2 iscontained in some 2-ideal (and hence is

some (n-1J-ideal). Moreover, every 2-ideal is an i-tdeal for each 1=2.3,....n-1 .
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1.5. Delinition. An n-semigroup {:1 L)) is called n-growp if for any

; - N L .
ief{l1,2,..n} adall a"cA, theequation (g ,x,s,) =a, hasaunique

[w-l1
solution in 4. In an n-group the umique solution of the equation { o ,x) =a 15

called the querelement of ¢ and it is denoted by @ .

Reductions and extensions play an imporiant role in the theory of n-ary
structure. In the sequel we bricfely present some of the mainly definiions and
theorems.

1.6. Definition, l.et (A, ]:| be an n-semigroup and u" ~=.4  arbitrary,

fixed elements of A, The algebraic structure (A*) where x=p = (x4 v,

is an semigroup called the binary reduce of A with respect to the elemenis ul =, it
is denotes  red (4.0 ).}
I

1.7. Definition. Let (4.-) bc an semigroup, ced.  and

e ind(Ad,-). The structure [fl ) } where n-ary operation () ;A" -4 s
defined by
(x7) =x <l )y e ) e
is called the n-ary extension of the semigroup A with respect to the endomorphism
and the element ¢ A; ilisdenoted by exr, (A,- ).

In |6] is proved following important results:
1.8. Proposition. [ (A, ) is a semigroup, ¢ A and we Ind(4 .- ) have
the prroperty

' (x)a{c)=cral{x),; Vxed,

them ext, (A, ) isann-semigroup.
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1.8, Thearem. |6]. Ler w' = be a right wmif n the n-semigroup (A,0))) .

i e:A-A; w(x) —[n Xy ‘l:l. and ¢ = u'tl then ais am endomorphism of therr

n-17

hinary reduce, red (A .( )} ) and

ext, tred,:(4,() 1) -(4.0}) .

2, i-Simple and simple n-semigroups

lLet (A,()) bean n-semigroup without zero.

2.1. Definition. The n-semigroup (A, ( ) ) is called stmple (-simple; ¢ 1.2,

. m) Al i possesses no ideals (1-ideals) except lor itself,
2.2 Remarks. 4) Every i-simple n-semigroup 1s simple;

b) Every i-simple (simple) n-semigroup; - 1.2, 1 18
surjective, because the subset AT is i-ideal (ideal) in A, which according to
i-simplicity (simplicity) mplies A" =4 |

2.3. Theorem. a) The n-semigroup (A () ) is 1-simple (n-simpie) if and

onrly if
(m-1) B
{x, 4 )=4,; {({ A ,x)=4); Yxed (1)
h) The n-semgroup A is i-simple, i=2.3,.,n-1, ifand
only it
| TUE WY (A{n-rik, (e L) (-1t
LJ{ 4 x, 4 ]U({ A ;x), A :Iﬂ-fI, v xe A (2]

k=1 "

where (K(i—-1)}, k(n i) respeciively demote  k{i-1), kin-i) reduced

modulo n-{;
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c) The n-semigroup (A ()Y is simple if and emly if

U ("4 u[ (IJIIA”._."{:]r.Mlt'-IlIJJ -4, Vxcd (3)

|_:l-i'—':':-.I

Prool. a) If 4 is |-simple n-semigroup, then because [.r A} s

Lo 10

L-ideal of A, it resultes that {.r | } -4, v xcA. Conversely, il (1) holds and

Lme-1Y}

{15 an 1-ideal of 4, then forall xc ] wehave A - [.x, A ] =fc=A, therefore

=4 and it follows that A is 1-simple n-semigroup.
by If A is i-simple, then 4 is surjective and the principal 1-ideal
penerated by any x4 coincides with 4. which according to his gived

constructively way, implics the relation (2.
The COnverse statement 5 true: if (2} holds, then

A=ANJAR = AT 400 = U anditresults A" = A, thatis 4 is surjective.

14 11 L)

If 1 is an i-ideal in A, then for all xc/ wehave | A4 .x, 4 | =/ and by

(ECH-17 (ki{m-1]} LI MR 0
suTjeClivily A x; A ) —{ A wx, A .:I ~ ! too.
In the same time, by the corollary 1.4.3", lisan (#-i+1) -ideal too, 50 thal

we have

-

(-1 in-11 (il =10 n=ij, [i-1} {H il =17,
(f A4 .x), 4 ] —( A gy W J el A" F o e
By (2)we have A4 =(x).c/=A, therefore /=4 and Ajsi-simple,

¢} If 4 is simple, then A is surjective. Let -4 ~ P(A) bethe

mapping



A0

The subset 1) is an ideal in 4 because forall 7 -1,..,n we have

|rl'_|l' 1} L -1, (e f-2]) (2 i)

4 f, 4 - U d s A4 _}N_U{Lﬁli'*":.r._ A |

L

and every term of this reunion is contained in fix). Indeed

(ity 2} TR I

A ,x, A4 I} c f(x) for2<i+jzn

i

(1=)-2) (2Zn-i-7), [.m 1y (n-1}

l:. A 'r} A ] = f(x) Jor i=j-n-+1

i =r-m-11 (-1 -nl}y,

I:_ A x4 J =fix) for i+j=n+2

and

(10 .IrJr-IJ _ _
([ A x| 4 J =f(x) forj-1 orj=n

fLm=p-20 (2 510, 5

A .x, A ] =4
g -1l (-7},

{4 x, A )cf(x)  Jforj=2,..n-1

Hecause 4 is simple n-semigroup it resultes that f{x) -4 forall xc A4, which
PIVEs 115 {3 ).

Conversely, if (3) holds and 7 is an ideal of A, then for % xe/ and every

i=2,...n-1 wg have

cr=1% Lw il [ L+ 4 C(H-1%
| 4 ,x, 4 ]llif ancl (I,r A rj A ] :[f’, A J]_J:_;"__

which proves that A</, hence [=.1, thatis 4 is simple n-semigroup.

For n > 3, we have more that the binary semigroups the following statements:
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2.4. Theorem. al Every -simple nesemigroup (i=2,...n- 1) s
(n-i+ 1) simple;

h) Every i-simple n-semigroup (1=3,...0n-2) is also 2-
simple n-semigroup (therefore (n-1j-simpie (o).
c) If A is an I-simple (m-simple) n-semigroup, then A s an
i-simple n-semigroup for 1-2....n 1,
d) Every simple n-semigroup is 2-simpde (in-1j-simple).
Proof. The statements a) and b) comes immediately from the properties 1.3 and
1.4 ol ideals of a surjective n-semigroup.

c) If A is an 1-simple n-semigroup, then for all xc.4 the subset

0B 1
ol ol } -i=1,...n-1 1san 1-ideal since

L7 (m=-i%

o ST

(i=1} fm-il
As A posseses no 1-ideals except itself, it follows that [ e S R }I = A

o) iy

and because the 1-ideal generated by x, (x), includes [ A ,x, A4 |, wehave

Ju

(x), =4 . That proves that A is i-simple for =2,...»n-1 .

d) Let 4 be an simple n-scmigroup. Suppose that 4 1s not 2-simple, lel |1
im=20,

hean 2-ideal of 4. 7+ A . Becausetorall xe/ we have I:.H' Jx, A ' :| o/ and

A is surjective it 15 casy to see that

s

(j,x,wf}_ _[.:r[,4,,1::[“;43"]_\”'.:1;]) clap, A7) =

{i-1) (m i) (m-2%

and similarly ( A ,x, A \Jm:_f forevery =2 .. mn-1. From [ A x4 _;.I



we have ({[ah”ﬁ.r.]]_:hl:—']“] C ( H(;ﬂ.-flﬂ,xﬁ-’l) “:f-lﬁ] :(AJ:HA:W g

n-1

El I e yim=1] Imn L}
Thus, by theorem 2.3.¢) 4 = U[ A x, A ]LJ([ A h:n:]_ A J cfcd

and therefore 7-4 .
2.5. Theorem. [f the p-semigroup (A4, () ) is I-simple and n-aimple, then

A s an p-grou.

Proof, let a,,.,a ,a&cA. Because (4, ( 3.} is l-simple by a previous

| *

in-1]
result we have (.r: A ) =4 ,% xeA . hencethere exist a,,,..,a, ¢4

1 F :
so that (a,.ay), —a. Al the same time there exist a,,...a,,¢ 4 so that

Xn

(y,a55 ), =4, ,hence (a (a Al ) nr._J_{‘ } =« . Continuing this reasoning there

15 5,0, E4; i=3,..8-1, s0 that

n=1,n

(a, (s o 3, B3 ) 03 ), =

-1 -1,1%

Therefore, for each set of elements a.a’ €A, asolution exists for the equation

1

{a; " .x), =a . Inthesame way, because A is an n-simple n-semigroup, a solution

I

' . =1 . -1 .
exists for equation (x.a" ') —a andalsofor (@ .x.a }-a.i=2,..n 1.
Sl | T | st el i

The proof is very similarly. By the theorem 1.4 [5]. (4.0 )) i3 an n-group.

in 1)
2.6. Corollary. An n-semugroup is an n-group if andonly if (A x) -4 and

oLl
[.r, A ] -4 % xed. Werediscovered so a result of S#dsz [8].
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2.7. Remark. There exists a simple n-scmmgroup, with not 1-simple and
n-simple, but he 1s 2-simple

For example, let (A.{ ).) bethe 3-sermgroup definedas A={{x )R, x y=0]

and [ )AP=Ar ({2,040 )0.00,05 ). (300500 = (5 Xadya Vi XaXy H¥aXy +34 )
He is 2-simple. hence simple 3-semigroup, because for each {a,b) . (c.d)c A,

there is  {(x,., Hx;.00c4d so that  ((x,p).0(c,d).(x,,);)) —(a,h) snce

X, 0Xy=d _ aldrey,)
Indeed, for all ¥, =0 and x> ——"+ we have
Yiexgrdx, vy, = b be
al{d+cy)
€y = 50 and ji=b-—— 1" 50
- g X,

But (4.( ) ) isnot 1-simple and 3-simple because from the equation

((1,1), (2,00 0(x5,3,)), =(2.1) rerspectively ((x,,¥),(%;.05).(1.2}).=(1.1)
we have

XXy =2
g I.'"'II -r"_l '.!'I_'!, 1._1",2 - {}
¥5= -1-yx,0

respectively

XX, =1
Lo S e
_!l'lﬁ - _] _I'l-'II.T_, < f.]

We remark that the binary reduce of 4 to respect (1.1)=4 is simple semigroup because
for  any (a.b).(c,d)e A there  exists (x,. 7 1 (55,05) E A that

(.0 = (a.b) = (x,0n) = (c.d) such that for “y, =0 and
%; '::-L(m-] +a+h+1) we have x,= € =0 and e —ff—i[ﬁ}'l +@+h+1)(),
ad "’ T oax, 3 arx,
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We will give in sequel some properties of the inary reduce of an n-semigroup,
connecting ideals of an n-semigroup (o ideals of its reduce and the correspondence
which arses between simple n-semigroup and simplicity of their reduces.

A3 in the case of (m,n)-rings 4] we have:

2.8, Proposition. et (A.()) be an n-semigroup, u] =4  and

(A, =y=red «=(A,( ). The followmg hold:
1

DI T A isan-ideal of A, then 1 is a vight ideal of (4, =). Moreover, if n,""
i a right wail in A, then the converse statement s also true;
2 If TcA s an-idead of A, Then I'is a left ideal of (A, +). Moreover, tf

Rz

uo o uy © s alefi unil in A, then the converse is also frue.

2.9, Corollary. Lei  (A,()) he an n-semigroup, u' A  and

(A, ) =red, p+(A.( ).

1) IF (A, *) s a right simple semigroup, then A w5 1-simple n-semigroup,

, g -1 E g s :
Moveover, §f w18 a right unit in A, and A is g l-simple n-semigroup, then

(A, *) is right simple.
200 (A,=) is alefi simple semigroup, then A is n-simple n-semigrouf.

Moreover, i w ~ is aleft unit in A, then converse is also true.

2.10. Proposition. Ler (A )) bhe an n-semigroup,  u) ‘e 4

and (A, +y=red A1) If (A, =) i simple semigroup then (A,( ) 15 2simple
I'-I-I %
-SRI,
Proof, If (4,+) is simple semigroup, then A=A4-4 and A+x+4-4 for

all vo.d . Let | bea 2-ideal of n-semigroup 4. By the definitions 1.2 and 1.6, for all



xef, we have,

A=A +x=4 —{1}1,1;]"-_:,.1'} iy 2 A) ={A.u ",[rr "3 I:,"':} Ave

c(d, v P LA (A a7 A) (A ! A ) T A) e (ALl A) 2,

Sothat A fand (4. )) is 2-simple.
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