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1. Introduction, l.et (X, d) be a metric space. We denote by CB({X) the set
of all nonempty closed bounded subsets of (X,d) and by H the Hausdorfl Pompeiu
metric on CR(X)

H{AB) = max {sup d(x B, supdix, A
xcA xc

where 4 A B(Y) and
fix, A) = inf {d(x)).

oA

Let A BeCHX ) and k=1, In what follows the following well known fact will
be used [3]: For each ac A there exists b B such that d(a.b)z kH{A_B).

Let &(ABsup{dix,y)xeA and y=B)} for all A,B=CB(X). If A consists of
single valued "a” then we write (A B=8{a.B). I &(A B0 then A B fa}[5]
Let 8 and T be two self mappings of a metric space (X.d). Sessa [6] defines 5 and

T to be weakly commuting if & (STx, 75x)< d{ Tx, Sx) for all xeX. Jungek [2]
defines S and T to be compatible if o (STx , T8¢ )-0 whenever  (x ) 15 a

sequence in X such that  fim Tx =limSx -x for some x ¢ X.Clearly, commuting

mapping are weakly commuting and weakly commuting mappings are compatible,
but neither implication is reversible (Ex. 1[7] and ex.2.2 [2]).
Lat (X.d) be a metnc space, £X-X and S:X-CBCY) single and

multivalucd mappings, respectively.
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Definition 1,[1]. The mappings and 3 are said 1o be weakly commuting if
forall xcX fSxcCBAX) and H (S, fsx) < difx,8x).
Definition 2, [1] The mapping f and 5 are said to be compatible il

limd(fy 5/ )=0 whenever {x } and {y | aresequencesin X such that

= E S " yl ! = =12
ftmfx =lmy, =z for some zeX, where (v} e8¢, n=12_

Weakly commuting mappings f and 5 are compatible but implication 15 not
reversible (Remark 1.1 and Ex. LI]I])

Theorem 1. Let (A0 d) be a compiete metric space and let 5, T (X d) ~CBrX)
he two multtfumcirons such that

d P(x Sx)+d "y, Tv
& ™x Sx)+ 8 ", Ty

(S, Ty < ¢

holds for all x,v in X for which & ™(x Sc) 8% (. T)=0 | where 0-c< ] m=1,
pz2, mep. Then S and 1" have commeon foced pomit and FES) - FOD), where
S -{xeX.xc Sx}.

In this paper we give a general coincidence theorem for hybnd contractions,
i.e. contractive conditions imvolving smgle-valued and mulb-valued mappings,
satisfying an implicil relation which generalize Theorem 1.

2. Implicit relations

Let .7, be the set of all functions  [i(r,.....1.): R’ R with f,+t 0 satsfying

the following conditions:

Ky: Fis decreasing  in  wariables £,.4; and  non-decreasing
varables ¢, and 1 |
K.: there exists k=1 and he(0,1) such that
(K ) uskt and Ituv.uv)<(
(K0 0=kt and Fle,vouv,u) < ()
implies  # = fiv.
Example 1. Fr,.00 = - el(t v )] "+ef mﬂjl;m where 0=c¢=<1,

mel, pz2. m=pand r,+;=0
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K. Obviously.
Ky let =0, u< ki and F(Luvu,v)=0 be, where 1<k=(l/c)"™ Then
u ey Mo Pk Mev” < ), Il v 0, then u=0, a contradiction. Thus
gP(1-k™cy+g™-k"c <0 whereg u/v. Let f:]0,) ~ R be the function
Ay =q™1 k™cyrg™ k™c. Then [(g)=0 for any g=0, A0=10 and
AL=2(1-k"e) =0, Let A=(0.1) be the root of the equanon  fig) =10, then
Ag)=0 for g=h, thus u = kv, where hAc(0.1).

Similarly, w=0, u<fr and Fiev,u,vu) <0 imples u < hv.

If =0 then wu < by

3 .2 ['i”? IE{EF
Example 2. F[il._...._fq}—rl Hy At ————— where O<h+c<| and [ 4 # 0.
5 . :
K,: Obviously. K. Let =0, u<kt and F{t,u,v,u,v)<0 where

1<k min{ 1/h2 1ic? 2i(h+e)}

M < () which implics I-M <.
T TR

Then 3 +r2+¢-

Then u <k« e ookt i implies #2{1 -kb2)+uv(l -2bck)-c*vik= 0.

i
I v=0 then & 0, a contradiction, Thus g =(1 kb3 1 g1 2bck) ke <0 where
g wiv. Let f[0,=)-R bethe function fig)=(1 -kb*) +uv(l -2bck)g-c°k .
Then fi0)=0 and A1)-2-k(b+cF =0 Let h,c(0,1) the root of the equation
firy=0, then fN=0 for r<h, and thus w<h. Similarly, w=0, u<k and

Fit,v,u, v u)< 0 implies wzh,v, where Ah,o(0,1). Then w<hv, where

fiomacih ) and Ac(01) e Othen wzhv
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3. Main result
Theorem 2. Let (X.d) be a complete metric space. Lot fg X X he

continmuons single-valued mappings and 8.7 X - CB(Y) be H-continnous multi-
vl ned mappings such thai

(3.1) 1X)= AX) and S5(X) = g(X),

(3.2) The pairs {1, 8}t and {g, T} are compatible,

(3.3) F{H{Sx, 1), d(fx,Sx), d{v, 1,8 (x,5x),8(2v, 1)) = 0 for all

x.yve X owith & (fe,5x) +8(zy, 1) <0 for FekK,, then
1", and 5 have a coincidence point and g and T have a coimcidence point or
2 f and X and g and T have a common coincidence point.
Proof. Let x, be an arbitrary but fixed element of X. Since  T'(.X) =f(.Y) and
k=1 there exist x X suchthat y -gx e8¢, Since T0X)< f(X) and k=1
there exist v, =fx,¢ Tx, such that
d(v, v, —d (x o)<k TSk, T ).
Similarly, there exists a point x, <X such that v, -ge, =S¢, and
d(v,, vo) =d (e ) <k H{Sx,, Tx,).
Inductively. we can obtain the sequences  {x }, v | such that
(1} ».i=8%s  E I,
(2Y Voo =P o€ Ty s
(3} d(yy,, 2 Vo) s KFA(Sx, Tx, ) and
(4} d(y,, Vs, ) SKHISX,  Ix,, ), Torevery ncl .
First suppose that some n<™ , 8(% S, ) +&(gx, . 1%, ) -0

Then fx, £8,, and gv, £7x,  andso x, isa comeidence point of fand



!
5and x, ., 15 acoincidence point of g and T.
Similarly, &(fx, ..5x, .0 +6(x, .Tx, }=0 forsome mc™, imphes

that x, . isacoincidence pointof fand Sand x, |

15 a coincidence point of g

and T. Now, suppose that &(fx,  .5¢ )+6(gx, 0%, )70 for nel,

Then by (3.3) we have succesively

FUHSY T, (o S ) X, 150, B S0y, ), BR Y, 1, 10, ) < 0

(5) FUH(Sx, , Tx, 8 o Vop-i b8 Wy 1 s Va3l VapVon 1 ) AVoy 1V 211 50
If v, 05, 00 =iy, 2,00 then -'rIErJ _.HIZH-lE'q‘IEH and

1x. and thus x

£x. 2t fr“'

2nt2

- is a coincidence point of fand S and  x,

In
is a coincidence point of g and T. Let (v, ) + @00, 2V, 1) =0 for
nc M. Then by condition (K,), (4) and (5) we have

(6) A (Vo1 Vayi2) S RANV, V0, ) -
similarly, by {3.3) we have
() FHTx,,, 8 o Yo 0V ) BV 1V 2P a s o¥aisa)s BV iy ) £ 0

If dy, 0.0+ #0100 =0, then gx =f .clx, , and
i, .=gx,, i£8x, , andthus x, , isacoincidence point fand Sand x, . 18

a coincidence point of gand 1. Let ay,, .05, 5 =dl)y, ) F 0 Tor nel,

_r1I"-

Then by conditions (K ), (7) we have

(8) Yy 2V 3 S PBYo, Yoy 5)

By (6) and (8) it folows that the sequence  {y,} is a Cauchy sequence in X, Since
{X.d) is a complete metric space, let fim gx, , =lim fi =z Now, we will prove

that 7= 4z, that is, = is a coincidence point of fand 5. For every n=™, we have
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[5‘} {!‘IHIQ,,- |:-':""‘:]I = ff{,f:if-‘-’:n |Sﬂgﬁ~j H {‘I;.'-.'rrﬁ_us "-"'1:}-

It in fellows from the H-continuity of S that
(11} limH(5f, 52)=0

singe fr, ~z a8 M-« . Since / and S arc compatible mapping and

limflu}=ltmv -z where v =gx,  cSr, and o =x,, wehave

(11) fimd(fv,,5x,) = lim d(fge,, _,5%,,) =0
Thus from (9L(10) and (11) we have  fimd(fex, . 52)=0 and so, from
d(fz, 52) < d(f2 fgx,, ) +(fgx,, ;. 52) and the continuily, it follows that
d(z.52) =0, which implics that fze 52 since Sz is a closed subset of X

Similarly, we can prove that gze Tz, that is, - is a coincidence point of g and T,

This completes the proot.
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