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On the r-convergence orders of the inexact
perturbed Newton methocds

Emin CATINASG

A hstract

The inexact perturbesd Newion methods recearly inteoduced by s ars
vieriant. of Mewnon method, which assume thal sl mach step the Fnear
svetems are pertiurbed, aod eo ey wre only approsimatelr safved,

The gcorsergenes oidecs of the derates were charneterized wsing the
results of Deanles, Empstal and Steihaug on incxact Newton ieechiods,

In this pote we deduce. in the sarme manner, che characterization of
Lhe reonnvergenen arders of these iterates

1 Introduction.
GGiven an apen sel 2 C B and P D — E®, che Neoroon met hod
Te—j =TJ:—-I-"-'.|:TI?:::'.: Fleze), k=0,1,..., me D,

is a classical way which allows incorcain ciroumstances the approximacion of &
sdution = of the ponlinear svetem F{x) =11
Ite local convergence ia usually auidied in the felloering hypothescs:

(1) ther exisls o* & B® siwdy that F (o*) O

(i02) the mapping F s differentiable on a neighborhood of =* and F° 55 oon-
titneoua at ozt

(C3) the Jecobisn F7 271 is nonsingular:

(C4) the derivative &' is Holder continucus with exponst g (1] ut 2™, ic.

for an arbiteary Gxed noren |- || on BY chere esxdst L, 2 2 0 swch that

[P {x) — F(z*)]] = |z - z=||*, when ||r— 27| < &

Before enouncing the known monvergenee results concermimg che Newrton it-
erates, we briefly remind the definitions copoermng the convergenes orders of
1l sequences, A arbitrary soquence (ve, ., © B i= said that converges g-
supcrlinesrly co its lmit i < E™ if

o lyrss — #l :
litn =, wheny #u &= &,
k—ee ||y #l

Y AME ﬁul:l_il"'l"'l Clasailiention. GEH1
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] with g-coovergenes order o = 1 if
i sap llrat gl o, owhen gy £, 2 Ry

The aecquiencs (g 1., © B is said chat converges e-superlinearly to its limic
ve R

. 17k
lim 1B — i'n'" =1,
B oo

and wicth r-comersence order o > L if

limenup iy, — ::,'.||'-""L b when g # 7, k= &y,
ks
These definitions are more rigorously treated in the classical book of Oriega and
Rheinhaldt [12, ch.4] (eee also [15, [14])

Conditions [C1-(C3) assure an witraction theorem for the Newton ites-
atow: there odests £ > 0 such that for any initial appresdmation = © £ wich

#y —2°|| = =, the Newton iterates (2], are well delined, remain in Lhe

Budl of conter o* and radios e, ad comverge g-superlinearly toor® (see 12, Th,
1012.2]). Under the whditional copdition (C4), the coverpenee is with g-order
1+

The r-ronvergence arders are maore general than the g-oonvergence ordears, in
he mense e o seguence comverging g-superlinesely comverpes also e-superlinessly,
and when it comverges with g-order o > L, it al=o converges with r-order o (the
comverse being not true a5 & renersl sffirmation). Therefore, in che conditions
ol the ahove attraction theorem, we aucomatically cbtain r-superlinear conver-
grnce, resp, convergence with rorders 1+ ool the Newton ilertes,

2 The r-convergence orders of the inexact per-
turbed Newton methods.

When uwsed in practice, the Newson method results in the following algorithom:

Choose an initial approcdmation oy © L0
Foe e =10, 1,. .. wnlil "eanvergencs” ¢o
Solwe: F' [xy )y = —F (i)
Szt | Te | S
Each step requires the solving of & linear svstem, which is usnally & difficult
tisk.  These exist bwn main approachess in onder o overcome this ditficuley.
The Gt one: consiles some linsar svalems easier o solve, by perturbing the

matrices; che resulting ierations are called guasi- Seweon methods,. The seennd
approach considers thet the lincsr systems are not soboed cxactly;

Choose an initial approximation oy © 0
For & =1 1,... until "eonvergence” do
il s anch 1hat FF I'.'.".'ln,-'l sy = —F I'J'!_n_-:l + 7

Set rpoy = Tx + 5



T

The errar terma (the vesiduaie) vy, represent the amounis Tae which the solutiones
8; fail to satisfy the exact linear svatems  Dembao, Fisastat and Scoiboog
characterizas] Che ronvergena: arlers of the mesoace Neveon (1IN method above.
We remind the result desling wich the r-comverpence ordera.

Theorem 1 7 Asswme thot conditiona (OF }-(C4 ) hold and the TN termles
(g Jpg cnueme to . Then the cmeerpence o wmth r-omder of least 1) p if
amul omdy of T — 0 with rocomeergener omfer 1+ poos & — oo,

We have recently proposed in [4] a new model for the Newinn meshaods,
which meflects the different situations chut wsaally arise in proctices
(R () + D) = (- Flm) =&+ 7y
ey =Tp— &g, k=01,.... mzgelL
The matriees (S o © B represent perturbations to the Jacobians, the
vectors (fi), ., © R perturbations to che function evaluations for - £'{we),
while 7, are the residuals of che approvdimate solutions s, of the perturbed
linear systema (F' (20— Apla = —F (a0 + f. These iteralions were called
imemact porturbed Newton (TPN) steracions, and o the mentioned paper o

have characterized their g-convergence orders.
The rwonvergence niders may alao b characteried in the same manner:

Theorem 2 Assame thal condilaons (O -G ) holid, Fe matrices Sy, o
choacn such thad the perfurted Jocobions F'ice) + S are snveriible for &
0.1, ... . and et the JPY Serales converge fo o', Then the convergence ia with
reoeder wb Jeost |4 o if weod ondy 4

A (F7 () = 8007 F () + (4 — 8 (F (reh+ Ag) ') [ + 1'-.,,}” 1l
with r-arder 1 - ¢

Proof.  As for the g-ronvergence orders discussed in (4], the IPN can be

vieved as nn IN method:
s = —(F (m)+ Ax) 7 Flze) = (F (xe) + Ax) 7 {6k 4+ Fe)y
Fr [J'Il'.] Sy = —ﬂ.g: &g — F [.i'f_l_- : =+ g 4+ !-'p
= —Fir) = A (8 () + M) F ()

Ap (F (2} + M) (e + Fe) + 6o + e
Fioy) + & (P (ma) 1 Ax) F F i) |
[;I — Sy [F (e + &-,}_':I (O = Fi}.

1remoting
re = A (F (i) + A) T F o) + (T = (P () = 807" ) (B +5a).
the assertion follows from Theorem 1. I

It ia interesting to note thet there edet teracions with convergenos orders
ter T salywed and characterized, as we shall see in & fortheoming paper.
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