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THE CIRCLE TOPOLOGY IN THE PLANL

Pavel PYRIH

Ahstract

We atudy the rcivle fopelogy in the plenc | which 15 somewhene
hetwreen the fine fopology Mmom the polential theory {derived from the
ingarithanie pofential in the planc) and the {ordinaey ) density topology
in the plame, We show Whal this Lopology is nol pormal,

1. Totrodnchion.

Nindying Lhe sense preserving mappings in the complex plane we mkro-
duced in [6] the s, cirele and fectm topolosges. The properties of the sun
tapology was studied in [7]. In the present paper we will prove some proper-
ties of the circle topology.

We recall the rirele fopology in the plawe, which is somewhere berseen
the fine fopology from Lhe potential theory (derived from Lhe i
potemiinl i the pline) and the (ordinary} density topology in Lhe plane (L
density al any point = is measured using the Lebesgue measure A and discs
conlercd al ).

Definition 1.1, The civele topelogy in the comples plane T s defined
by declaring a set A to be cirele open if for each © £ A there exisis a sel
D.c B, suchthat {z cC: ¢ — 3| € D, }C & and the 0 C R 15 a point of
[mﬁ.dimmﬁi;mﬂij rigghil-sided density for the set 72, In olher words Le sel
A contains with any point & cireles {nel. dises) with racdii ¢ € T and the set
P L[~ 125) 15 density open at the omgin.

W showw that the eivele topology in Lhe comples plane 1 finer than the
line: topology and coarser thal the density topology, Moreover, we show thal
the cirele topoloxy i nol parinal,

For any lopolmey (e blue) we use the torms blue open, blue Borel sed
e WiLh respect Lo this topolosy.

2. Results.

The following proposilion relates the cirele lopology o Lhe density topol-
opy in Lhe plane.
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Proposibion 2.0, The densidy topodogy o the plane 12 strictly finer than
e eirede Lopwilogry. Aregp carvle open set 1z Lebesgue measurable.

Proaf. Let the set A be circle open al . Then A s density open at =
due Lo the seb O of redii of cireles in A (0000 12;) i density open at the
oripin, when [}, reaches the right-sided hnear density g ad 0 then A reaches
the two-dimensional density g% at r}. Moreover, we see that 4 s messurahle
ithe density open set),

We ohserve that Lhe set €7 1| ia density apen at () and is not circle open
al. 0. The denesily Lopology s sirictly lner Lhan Lhe cirele topoloey.

Dasw v inbroduees Lhe fine fopalogy in the plane from the potential theory,
Il v denole [or an arbitrary poinl 2 € C  asel A CCand n e M

dafod = [pe O ks g 2}
E:II. EJI

wir eient characteriae Lhe poinls @ al which the set A s linely open as those
[ur which the series
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f ool
comverges | Wiener's fest |, where cap” denotes the outer logarithmic capacily
fsee [8], Theorem 5.4.1).

We will recall the useful property of fine topolopy in the plane (zee [2],
Th. 1014},

Proposition 2.2.0e A O and et A be fieely opene el o poind . Then
there emal arbibrorely smll e 2 0 such thaod

This statement holds m the plane. "The ine Lopology does nol. have souch
a property in higher dimensions. We improse Lhis slatement in bhe next
proposition relating the fine topology in Lhe plane Lo the cirche topology.

Proposition 2.3. The cirele topologsy is steredly fiveer U U Sl Lopology
in the plane.

Proof. Tek 0 C 13 and let & be loely open at U, Let A =00 PO B),
where P is the projection 2 +— |z onto the positive real line. Then A iy
[inely open at U due to Wiener's tesl aned Lhe [acl that Lhe ouler logarCheme
capacily s non-inereasing under contractions. Now we employ Wiener's Lesl
for the set. A, which reads

e

- T )

E _ il »
e bog cap* (AL ()]
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We recall the inegualily
H(K) = deap’ K)

which holds [or all bounded Borel suhsets of the real line (see [8], Theorem
3.3.2, here Hy is the l-dimensional Tansdor Il messore). Now wae nse the reg-
wlarity of the capacity aned estimale Che rght-sided one-dimensional density
of B2 A at the origin.

We conclhude that A s densily open al 0. We koow that B contains all
circles with radii in A M EL. Hence A and D are cirele open al Lhe ongin.

We obscrve that the set O {2 2 O 1/]z) € AN} iw obviously circle open
al. Lhe origin and is not finely open al the orgin due Lo Wiener's Lest {the
excluded cireles {1z & €1 1/]z] — n} have the logarithmie capacity 1/n). The
vircle topoloey is strictly finer than Lhe lne opology in the plane,

Let Sue and green be two topologios on o space X, We say that the
topology blue has the green & - insertion property if for each blue open sel,
& and each hlue clased sel F with & T JF, there is a set & of fape green (7
such thal G C  C F [[3], pp. 39 - 40].

From [, Theoren 2.2 we recall the follovwang

Proposition 2.4 Lei the lopology blue be finer than the fopelogy green
on X. Lef the topology Wue have e green Gy - ingeriion properly. Suppos
A and B are disjeint blue closcd, W and V oare dispomnd Mue open, A < U
and B < V. Then there exist A and D of igpe green B, osuch fhat A © A,
B B, A s disjoind with B and B is disgjeint with A.

MNowr we can provi

Proposition 2.5, The circle fopology v nol noerml,

Iroof. Let the circle topology be nonmal. Let O be the Cantor [mmddle
thirds) set in [0, 1], Then lor cach & & ', the sets o and b Y a are
(disjoint} cirele olosed sets (O Is a Lebesgue mll sel). Normality implies that
there are disjoint circle open sets 4 and [, 0 C A, 0 Z B, The sets a and
b are densily closed and A and 17 are density open due to Proposition 2.1,
The sels o and b are densily separalad. The density topology m the plana
hees Lhe Fuclidean €7, - ingertion properly | [3], 6.A4.10 for the linear case, Lhe
proof in the plane 3 the sane). Hence Proposition 2.5 applies. There exdsts
F of type Fuelidean b, such that ¢  F, I ia digjoint with b,

The mapping o +— F is an injective mapping [we see that £ N C = a})
from the potential set P to the colleclion of all Eochidean Borel sels,
henee Lhe cardinality argmment applies. The cardinality of the collection of
all Fuclidean Borel seta is o whereas the cardinality of P{C) eguals 27 - &
eontradiction. |'he virde topology s nol, normal.

The following problem for the civele topology remains open,
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Question2.61s the circle topology (oompletely ) regulory

W prove bwo wselul properties of the circle topology

Proposition 2.7, The cirvile Gopelogy Tues e followmaug properiaes:

(i) the civele topology fulfills the essential radivs condifion. #his means the!
Sor vach ¢ & C and each civele neighborkood I7 of x fthere i3 an Yessential
radius” vz, U) = 0 such (haol

|z — y| = min(r{z, ) vy 0= U, 0L, £

Jor cvery cérele neighborheods UL, U, of 2 and y in T,

(iis the cirele topology haz the Fuchidean (7, - inserion property | s
means that for each oircle open asf G and each eircle olosed gel Founih
G F, there i3 a set {7 of type Buclidean {5y such thal § C G C F,

Praal. Ted 17 be a eirele neighborhoosd of 20 Due fo the delinition of the
cirele topology there excists r{x, L) = U sucl Chad for sy = (0, vz, U7)) there
excisls  wuch that 9010 < ¥ < rand {z e C: |g- 2| =} V. Then
i, 1) s Lhe cssential rudios and the essential radivs condition obrionsly
holds. Stalement (1) holds, Now (i) holds doe to (i} (see [3],2.10.16,p. 66).

Oiher rmslerial oo this subject can be found n [, 1], [3], [6], |7] and [
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