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APPROXTMATION OF FUNCTIONS BY
GENERALIZED RIESZ MEANS

Yuri L. NOSENKG

Aamansky-type results are obiained lor peneralized Ricss-mesns of
Fourier aeries of integrable funetions, More exoctly, the deviation of
snch a function and its generalized Riese means is represenled with
the help of improper integral of approprisle order difference for given
function and the remainder. This remainder is estimated from shove
in terma of appropriate crders modoeli of smocthness Tor given lunetion.

1. INTRODUCTION
Lol f e Ly (1 = p = oc) be a 20 periodical fimetion and let

fle)~ 3 o= 3 A W
he the Fourier series for f{x), let
Fle)m—i 3 sigm kA(z)
i o
be the Fourier series for conjugate function [ for given function f.
Tet

AL fle) (:_".; = ﬂ'{ﬂ':_ljrﬂ'kfl::ﬁ] = _l"(:r; -+ 3) ! (.-r.' 2))

Le Lhe synunetric difference of f of order 5 € N with the slep & al a point =

sl

"'-"-"a'lr.f: h‘} = -lﬂ-fﬁi.rbll‘ﬁ'gf[m}”

be the modulus of smoothness of [(#) of order & and step & . Here and belows
all the norma are in Lthe melrie of the space L.
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The generalized Riese means for (1} are called the means

Be(rin) = ¥ (1- (L ]j Az, 2)

|k i

Both reductions of (2) 75! and B2 are known as Riess means while forther
reductions Bl = o, are known as arithmetic means of (1).

The deviations f(x) — B2'(f.x), flz) — Bl (f.x) , were investigated
by some anthora in different directions, One of these directions i3 so called
Famansky-type formmla which represents these deviations as the Improper
mtegral of appropriate difference Tor _|'|:r] and the remnamder wath the esti-
mation for Lhiz remainder in berms of meduli of smoolthness for f{2). Namely,

clamsical resull due to M. Zamansky for o subelass of the dass of continuos

[unclions i [1]

flz) — onlfiz) = —% r i‘ri:l I_f[:r}:'.‘ﬁdi + Tl i x),

where

. ol
|Twtfs@)||e < Bun (.l': T 1)” (3]

for some B = 0 which is independent of [ and n.

Zamansky-type results were obtained for different means with Hieses [2],
Cesaro (£, ) [3], Borel [4], Fuler [4.5] among them.

Another peneralization of Zamansky-lype results gives bilateral estima-
tiom for 7.(f; %) in (3) from both above and below (exact order) either in
terma of sccond order moduli of smoothness or in terms of higher order mod-
uli (e [6] for the results and the references).

2. MATN RESULTS

MNowr we will formulate the appropriate Zamansky-type resulta for gener-
aliced Riese means [2), These results are given for odd and even indices s
separately. Constants 7 depend on mentioned paramelers or are absolute
constants, They are different. at. different. cceurrences generally speaking,

THEOREM 1. lor J & [ [1 < p = oc), ¢ > 1 and odd 5 > 1 there
exipts poslive comnstant O which depends at most on p, 2,0, such that

Hz)— Ige(fix) = - | .l%;l"l:.:l,}i =L 4
; i 1
izl |Imalfimll = Cuwsy (f n+ ]) h (4)
whoere & = {—lje_ﬁﬂﬁ_l . Ii= I3 sin" T""_—'
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THEOREM 2. For f = LT- (1= p= o0), ¢ = 1 and even s there exists
a posttive constend O wlech depends af most on pos o, sy fhat

flz)— By (fiz) = f"flm"j‘"yfr:”- M+ (fi2), lralf )] £

1 1
< Clwaa(fig) tmme(F.=5)), @)

where F'~ s the conjugate function for the prnmmtive I of [ and o —
(—1)ah 2,
3. COMMENTARIES AND REMARKS
1. For Riesz means L)% x) Zamansky-Lype resull was oblained in the
form {3) with the remainder estimated from both above and below. More
exactly, there are posilive constants £, Oy being independent of f and n
such that

e (_.I’ = j"_ 1) = |itelf; )| = Caws (f ﬁ) :

Theorems | and 2 give the estimale for the norm of remainder ||, z)|| in
ease of generalived Hiess means only from above, It 1s possible o prove thal,
the estimate from below in this case is impossible in terms of the modnh of
amoolhness [or f{r) of the same orders as ahove.

2. Zamansky-type resultzs are different lor generaliaed Hies means in
cases of odd and even values of indices s

3. Every improper inlegral over (1, oc) can be rewritten over the interwal
[A,20). The results remain the same and constants C will be dependent om
A among other paramolers.

4. PROOFS

First we will formmulate some acdhary resalts and wall imtrodoee some
anxiliary nolations which will be needed [or the prools of theorems.

The proofz of theorems | and 2 are based on the comparison principle
for linear means of Fourier series proposod by B, Trigub (see [8]), classical
results on the approsdmalion properties of Riesz means, and the appropriate
theorems on mulliplicators.

Tt ns starl with the comparison prineiple for linear means of (1), Given
a matrix A = ||,1.§:'"]||1 whose clements depend on n (8 € 2o & N) we will
form the linear means (operators) for (1) with the help of this matrix

Tulli A) = mal(fi A, 2} ~ i Aﬁ;'].ﬂ.kfﬂ:]

ke —on



and we suppose Lhat Lhe lunelion v, f; A, ) with given Fourier series belongs
.
The norm vpA) of this operalor is known as Lebesgoue constant for Lhe

correaponding matrie.

With the help of another matrix A = | 3"

of (1}

|| we will form another means

""1'.[:.Ir5 ’ill} = "'n|:.|r: JII';-"*']' r Z 5'-';_1]-"1.,1;“]
k——oo

and let the function 7,(#: A, 2) belongs to L, too,
THEOREM (Comparison principle by R.M. Trigub) In the nota
tions abowe (for £, A, 7/ the follmming inequality holds

|l f; A, )|} < inf r{;‘L‘J§|Tﬂ{f;:;§., x| (6]

where T(A%) f# the norm of the operator defined by the moertic A® = |I.-:|I.:I:ﬁ] Il.
tn) pie : :
J‘v.:[“:' - ;—*;, . anf (infimen) o Goken for the values of froctions E if theve are

.t-
such fractions,
The matrix A*is known as Lhe transitional matrix for the above ineguality,
Starting the prools of theoremes 1 and 2 we will introduce the notations

> odon 1 ool
I, = }l"" aanTr—, 1) _f ain® —t.
Jo g il "

The: reprosenladion
- TIL - kh
A {x) e (2] E a1 i A,
k

15 well kmowm.
Using Lhis represeotation and changing the variables mn the improper -
Lewral we have

[7 A P =
a1 y

p=1) Eya= = k® : 'EE "
{_1}1 1)/ 2ga+] kE_m( s — i’ﬂm}) A{z).
T obtain (4) { theorem 1, #is odd and sis greater Lthen 1) we will prove
Lhat
If (e} = BRt(fix) 4 [ A [l dt|, < C)|f (=) — Bt (frx}]l (7)

w1
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with the constant Cheing independent of f{z)and n. Then it remains only
Lo use well-known elassical estimate (from above] for the right member of {7)
in terms of moduli of smoothness for [z

Bul Lhe right mermber of (7)) can be represented (without Lhe norm-symbaol
and with «*as in the statement of Lthe theorem)

Iir oy [ L} jE;'q
|- |1 = HEFST S0 &yl op o RS URUNE ; UMM SO Lt N
|-'|ZI.( ( (”_IJ ) =l (L’f¢+'l:|"'.'-!“ el '“n-!-L}J)

Aglz) + z (l—'_'f{_l}";:iﬂ“ ({Llan — gy : 3)) el

T (re +1)*2# n+1

The expression k(7 4+ 1} here = Lhe same as |80+ 1) - The matnx
defiming these moeans s Lhe vadue of the Dunction .-"le'iu',] with w = |.I!i:||."ll::'i'!- - l}
whiemro

AMu) =1 — (1 —ua+ (1T 201, — e (—1)"F 2004, 1 (n), w £ [0, 1],

4 ) y
Mwp= 1= 22 [ i o 2w (1,20,
The correspondent function defining appropriate means in the right mem-
ber of (7} is Afu) = v and Aln) = | for w € [0, 1] and » £ (1, 50) respec-
tively.
In accordance wilh (6) the transitional function for {7) is (transitiomal
matrix can be obtained [rom Afe) putting u = JH—}

nll
Aty =u? : |:l —[1—u")*+c I:—:I_.:lq-ﬁ-_lu-“.{g|'| - r_"’|:_.1_‘l|ﬂ$'l'2“ M ,{w.}:] ;

] i 5
CEIL a1 ol
mret p——

g td

Affu)l =1-

I_5+1 i

for u € [0,1] and & € (1, 00) respectively and A%(0)} = —55 (we will
complete the definition ol Afe) puling A"(0) = lil‘ﬂ.-i{'!t] provided u ends to
o).

Tt is easy Lo cheok that A7 () is continmons and bomnded over [0, 0o}, Some
additional elemments of behaviour of A*{w) are needed Lo be used to check that
Arbelongs to B ) {class of Fowrner lranalorms of messures bounded over R}
(see [8, 9]). This anthomatically means (taking in accoumt (6)) that (4] is
valid,

Then it remains Lo use an estimate from above for | f(x) - 82 )| for
evrem Ineliees Iihc'.n'. s+ lis EVED ).
Theorem 1 i proved.
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Starting the proof of theorem 2 we will nse Lhe same noledions as above
with e"this time as in theorem 2.
To prove (3] the neoguality s needed o be proved [(sis even)

I£(x) — (w7 G flete * el < 1f ) ~ R'(f: )

Transitional function for needed inequality in accordance with (6] is the
function

Ay =u] {I — (1 = )" + 20*(— 1)1, — c*2" '{—1}“*rﬂi,_l{u]}|

& ., owd e L dw
Afu)=1- ;I j__:.m i Ii'lt""' :
for o £ |0, 1jand u € (1, 20)and A™{0)as in theorem 1.

Arguing in the same manner as in the case of theorom 1 we will conelude
Lhe proof of theorem 2.

For the inverse inequalitios [or Lhe remainders in (4], I::T,'- transiticnal ma-
Lrize will the elements lj'lg‘jare needed wheres .l:::;]im: Lhe elemenls of tran-
sitional matrix for proved inequalities. Bui the function Afu)in both cazes
[lheorems 1 and 2) takes on zero valnes inside [0, 50). Lebesgue constants
for such the matrices are unbounded. Inverse inequalities in (4), {5) for the
remainders (from below) are impossible.
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