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B-CONTINUOUS FUNCTIONS OF n-VARIABLES
Dan BARBOSU

Abstract. The notion of B-continuous function was introduced by K,
Bogel [3],[4] and studied by M. Nicolescu [7], E. Dobrescu [6], I Badea [1].

In the present paper one extend the notions of B-continuity and uniform
B-continuity to the case of n-variate functions. Then, one establishes an important
properly of the n-vanate difference operator.
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1. Preliminaries
Let ] © R be an interval and let R be the space of all bivariate real-

valued functions defined on the square [,

Definition 1.1.|3] The operator A, : R" 5 R"

Alfix yistl= f(s.0 = f(s.0) = f(x0+ [(x.9)

defined for any function f-ER‘J and any poimts M(x, ¥),M(s,)ef* is
called operator of “bivariate difference™ or, simple, * bivariate difference”, It is
well known that A is a linear operator,

Definition 1.2. [3] The function [ € R‘r: is B-continuous in the point

M(x,y)el* fandonlyif lim A,[f:x, y:5,1]=0.1ffis B-continuous
Y (e Hey) ¥

in any point A4(x, ¥)€ I*, then f is B-continuous on /. The space of all B-
continuous functions on 1 is denated by €, (7).

Definition 1.3 [7] The function [ € R” is B-bounded on I *if there
exists a positive constant K so that A, [ x,_}-;:f,,.rﬂ < K , for any points
M(x, y).M'(s,)el’



Theorem L1 [T} 17 = R* is a compact set and. | € C (1), then f
is B-bownded on I*.
Definition 1.4 [3] The function f e K - is uniform B-continuous on J°
if for any & > () there exists a & = &(£) > 050 that for any (x, ¥),(s,0) e I*
satisfying the conditions |x — 8| <&, |y — 1| < &, the inequality
|f_‘i.:[f;x,y; 5,1]| <& holds

2. Main resulis
If 1 € R is abounded interval f €2 let us denate

21) ALIMM =4, [fix]=7(s)-F(x) -
for any points M (x, LA (5, )e ] Letnow f e R ben bivariate function and
let sy A be the parametric extensions of the operator (2.1), L.e:
(22) SALLMM = f(s,0) = F(x, %)
(2.3) LALLM M= f(x,5)- flxx)
for any points M (x,,x, LM'(5.5,).
It is immediately that the bivariate difference of [ & R r 15 the product
(“tensorial product™) of the parametric extension (2.2) and (2.3), i.e,
A LFMM)=(, Ae 8)]fix, 5], for any M(x,,x,),M'(s,8,)el’.
Definition 2.1. Let 7 < / a bounded interval,
" =Tl .LfEH‘" and let §A,---5_A be the parametric extensions
of the operator (2 1), The operator A R" 5 R” .
24) ALAMMI=4, |, [fix.x]=(, 800 A)(fix - x)

is called “n-variate difference™. In (2.4), M(x,,....x LA '(5,....8,)ed".
Remark 2.1. It is immediately the following representation
25) As,,..5,[fi%,..5,]=

- f(slv-"ﬁsn)_ Zﬂl .f {Il"'"IJ--I*'TI'ﬂ'""'t"r)-l-



* Zf(:x]:l-"'1'rf-|:‘Epl"r.|'+]l-"':I_rr[:"i"rm-rj+l?-..;_rn}+ ar-.’-{—']J-ﬂf.(.r],q--.-,Iﬁ}
1, f=]
le f

forany f-€ R and any points M (x;,....x LM'(5,, i 8 )EF",

For 7=2, (2.5) reduces to the classical bidimensianal difference operator
Definition 2.2, The fiunction FeR” is B-continuous in

MQx,. ., x Ye ™I the equality:

(2.5) limp. A [Fe s Te ik

':"I--- r"r;:'_"{:"'lr--:rr.:'

Ifthe function f is B-continous m any M{I1 e, JEI™, then fis
B-continuous on 7" The set of all B-contin

CLIm,
Lemma 2.1.1f £ € C,(7"),then g € " defined by
(2.7) 2(%,....8 }= ﬂ'r..----f.. Lf;.x],...x,!]—t- Flx )
15 continuous on

Proof. Clearly, g(x aresy X )= TAX o) for any X YET",

uous functions on J"is denoied by

Next
Em :'E'F]:---afjﬂ=

':-‘I:- --"n]""": Sy |

SGsn)t A [firen]

Chv g )wm,.. x,

:_Iir('x 1'l'!'T,g ): bmm f@],....f.ul]]r—]}l;li'l.---rﬂ]ﬁg'h“_rﬁ [-Vf.;'rii""xﬂ:}: [}?

Fbeing B-contimious on /* |t follows that g is contimuoys in EVEry point
A X, )E T and the proof ends.

Definition 2.3. The function £ e k" ig B-bounded on 7" if there exists
a positive number K>0 so that
(28) R ) JE S [

for any _£1+::I'r[_'.1rj,...:,..'l.'l,J WMYs,, L5 el

Lemma 2.2, If F — R is bounded and JeC,(I™), then fis B-bounded
Proof. Immediately, by using the lemma 2.2



Definition 2.4. The function f = R'" is uniform B-comtinuous on /" if
for any &> 0 there existsa & = §(£) > so that for any
(X300, 185518, )& 1 satisfying the conditions|s, = x| <& (i=17n) the
inequality
(2.9) |AS 28, L3002, ]| < & holds.

The result contained in the following lemma is immediately and we omite
the proof.

Lemma 2.3. Let [ C /¢ be a compact real interval, £ €C,(7"). Then

is uniform B-continuous on 7"
Now, we are ready to establish the main result of the paper. It is contained

In
Theorem 2.1. Let [ & (") be arbitrarily chosen. For any positive
mumber £ there exist the positive mumbers A, = 4 (£) [.f = :[:H} st theat the
Sollowing inequality
& o P
(2.10) s L fim ]| s Y AN = )
H+ 1 =1

holds, for any points(x,,...,x_)(s,....s e /"

Proof. Because [ € C, (/") from lemma 2.3 it follows that f is uniform
B-continuous on [”, i.e.(7 ) > 0 there exists a § =5(£) >0 so that for any
points (x,,...,x, 4(5,,...5, )€ [" satisfying the conditions

|.!:?. —.i‘l.iiﬁ(f' = I'.,.r;r} the ineguality
(2.11) :'ﬁ.s]?...,.-rn[f;x,ﬁ,..,x,r]|5i holds.
n+l

Because [ & (, (/" )applying the lemma 2.2 fis B-bounded on /", i.e. there
exists K=0 so that for any{x,?...,xn M, voon8, JE T the inequality
(2.12) A8, 5, [F52 02, ] € K holds

Next, let us to separate the points (x,,....x )(5,,...5, )€ /"in the
following classes:
-points with the property |_Ir —8|< &, forall ie {I,E,,,,ﬁﬂ};

-points with the pmpmﬂxl = .sj.! <& for [n = l} valuesi € {I,E,..,,n};
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-points with the pmpmﬂ.x, - .-r‘| < ¢ for a unique value i e fl,E,...,ﬂ};
-points in with |x, — 3, <8 for {n—l} for all i e {I,?,.._,n}.

For the points from the first class, the inequality (2.11) holds.
Let us now to consider the points from the second class, i.e. the points for which

there exists a unique! {I,E,...,n}, with IJ:J - 3'_:='{-:’5'.

If j=1, then (%,,%,,...,%, }(5,,8,,...,5, ) with the sbove property,
one obtains:
(2.13) [Asy5senns8, [Fi3 2, ] S K872 (1 - 5, P
Because the coordinate  for which Ix_,. -3 ;| < & can be arbitrarily chosen in the
set {1.2,...,n}, it follows that for the pairs (s, 13, Ye 27 o which
exist one only { & {I._,E,--.,H} s0 that |I; - .E-'J_|.E &, the inequality
(2.14) |ﬂ..1-[,,,,,.s"[}’;xj,,..,xﬂ]| ZK-o 'ii[.x, ~ 5. )| holds.

=l

In a similar way, one deduces for the points [xl,...._..r,rl[.?l,,.,sn}e Ly
for which there exist only two values i,je {l,ﬁ,...,n}, i# jso that
|JrJ ‘-'-f.| =24, |’J: - .;;_!2.-5‘ the inequality

(2.15) :!.-'l‘.'l,-..,.rh[f:x“-..._,.r,,]!ﬂ K -cT'lzzH:{x, —ns,]z{:n.'Jr —sJ.)?

L
"y

Continuing this reason, it follows that for the points [.Il,...,I”},(.E'j?....’i‘ﬂ}E i

having the property !x, —.i‘l| ¢ forany i e {.l,._.,h‘}~ the inequality

216) |As,3,....5, 02,00 ]| s K67 (x, -5 ). (x=-s )
From all the above observations, we can conclude that for any

{x”.,.?xﬂ],{x, ;-8 J& 1™ the inequality

(2.17) |ﬁ.fh.__, 5 [_,!";.x, ,,,,, Jrﬁ,] <K.57 EN;(:-:, -5 ]2[:, ~ 5, y
i
Y Z[J:, —:sf.]:[rr -~ 5 ]2 +ot K5 (x - .a'l}i (x,~5,) (%, =5)
i =l
EY
holds.



Because  §,.X, € [U._,l], ['E’r}ﬁ: = L__H = |.1:_¢ - .'i‘,r| <1, for any
ke{l,2,. . n} Byusing this last observation, from (2.17) it follows:

S K '1{1 T LS }

(2.18) |As,,..0 8, [ 13, ,xn]|5ﬂ+]
(x, -5V +K-& "1{1+-:T T ;(x: -8,  +.+K-83%x -3 )

. Choosing now:
Ale)=k-6 Y+ 8% 46 + 4570}
Al =k A M B EY N *””1}

A(e)=K-87
from (2.18) it follows (2.7) and the proof ends.
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