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MONTE CARLO SIMULATION FOR PRICING OPTIONS
USING PVM ON A CLUSTER OF PCs

Adrian RABAEA, Eduard-Marius CRACIUN

Abstract. Pricing oplions oflea regquires use of Moote Carlo inedloda
in financial induseries. We deseribe and anelyze che performanee of o
cluster ol permennl coomiles dedicated Lo Monte Carle simulation as
L evalieating of Anarecial deriwtives. Tseally, Monte Corlo simulntion
[MOE8) requices woo much computer taoe, This cequireasent Hazits st of
MCH Lechuiguen Lo uge gupercoan puters, swdlable anly ot suporeompoter
cantberd, With tie rapnd dewelopmient and low crst of POs, PO eluseers nre
avaluated sz b viakde low-onst opton far scientific compating. The Fes
implementation of PYM is used on fast stherwst based systenns, Secial
amd prraliel simulabione are perlocmed
MBSO 65005, 65Y05 !
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1  Introduaction

Armong dhe differeat niemerleal procedures for valuing options, the Monte Carlo
simulation is well soitable R tle construction of puwarful pﬂn:nn;g modeks, [t
iz especially useful for single wwrinble Buropesn options where, as a result of &
non=slandird pry-out, & elosed-form pricing formols sither does oot exist or b
ditficalt o derive, In addition, the price of comples oplbons M eometine difficale
ter mxpluin imtoitively and a simolation ean often provide some insight into the
fwerors that determine the pricing,.

The commonly msecd bonke Cardo sioolation procedure for opgion pricing onn
be briefly deseribed as follows firstly simulate sample pathy for the nnderiying
psset price: secondly compule ity orresponding option payolf for each sample
path: and Gnally, average the simolated payoffs and discount the average Lo yield
the Monte Crrlo price of an option.

An option is n eontract that gives vou the right to buy or sell an weet for
n specified thme at & specitied price. Thie nssel cnn be a "real” asset such sy
reil eslate] pgricultural products, or natyral resoiarces, or it can be & * financial”
weset such as stock, bood, stock index, forelgn currency, or futures contreel.
Essentinlly, by buying the option, you transler your risk to e entreprenenr
sulling youw the optione.

Therefure, an option is a contract hetwesn two parties: & boger wnd nseller
{or oplion writer), The buper pavs to the ssller & price called the premiom, wod
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in exchange, the option writer gives to the buawer the eight to boy or sl sene
underlying mescurities st some specified price for some specified period of tlme.
An nption to boy i s call option, Aed an option to sell 18 & put eption. The
ppecified price i called vhe suike or exerciee price;, and the option’s life is called
the Lirse to maturity or time to cxpiration, IF the right to exercise s "any time
untldl matarity” then the option & called an Amerian option, I the right to
exercite i "al lune of matucity™ then the option is called an Burepean option.

2 The Black-Scholes model

We demote by S(t) the etock price ar the time &, Tn the cercainty case, the stock
price at the time of the oplion’s maturily 1, equels the hatare mloe of the
stodk price S{0) when continoously componnded as the risk-froe interest rate +,
8{T] = ST, One way to chink aboat thie i3 that the future value i che end
result of A dynamic process. That ks, the stock prive starks al 5000 al the posent
irrne B, awnd evolves throwgl time to it Banire valae,

The formel expression that describes how the stock price moves Ehrough
Liene in Uhe corlaintby cose sz d8/dt — r& (this snvs that the rate of change of the
stnek priee cver time s proportional to the stock price at tioee £}, The esgprees oo
above dedcribes the d]-"ll.u.lr.'l.il‘: slock pried prodess in o warld with reTtwinty. We
chan rewrile [he equation s d508 = raf. In this form, 7 5 the instantameois
tata of stock’s return {F i ablso called the dedft rate of the slock price proomss).

If instapotanseons Teturn B ¢, 62 logarithon 5= a contimeoisly compoamles)
return. For s cese ol mo uncerlainty, the drift rete for the bgarithm of this
process s bhe same, but in nn oncertnin world this s oo the cose

In & world with uncerte'nny and rak-averse investors, we expeclt that the
indtandtanesons retorn from the stock, noted g will exeend the instantaneoes
risk-free: rate of retorn (i, p > r], We must add & source of randomness Lo
the: instanbaunesis tate of return which hay statietbeal properties thal oaplure
ihe lacl that olesrvesd stock pricess wary, and thit o typicsl stock price path has
vnrinnee which incresses with time,

Black amd Scholes [2 assume s model for stodk price dynamics Chat s formadly
dercribien] as groowtric Brownian motion, This model bes the following form:

a :
?_;uthiH’ » EEID,T] (1}

whers the patameters u and ¢ are constant with reapect to & and 5. Here there
are two faetory thet affect the instantanecns rate of return on & stock. The first,
one 18 the tioee, Owver the pericd of vine 42, the stock's resurn cheoges by the
amount wedd, The seeond foetor s uocerbainby. The sensitivity Lo Lhis sooeme of
uneertninty i raptured by the term o which is the volatility coefficient for the
stock prics. The net effect of adding e terim odW to Lthe certalioly mode is Lo
crente: o stochustic path for stock pricess around the certaimty path, Uncertainty
in the model is pdded e kee the model bester satisfly properties eschibited Ty el
world stock grice.
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Let f{8,¢) denote the valne of any derivaLive BECURLY (e.g. a call oplion) m
time ¢, when the stock Price Is S(t]. Uning Ito's lemuna,
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Opion: the strike Price K, the time ko expiration ¥, the underlying wbock prio
5, the volatility of the siock i, aml the prevailing imeresd TR P,

In somme cuses, Lhe brpe of oplion is so eoliplicated (for exampile, in (1) o
oF o are rendom) that the solution of the PDE ks very diffiegls t3 he fmd
When this ix le s, it i nearfy nlweys possible to obtuin the option P
by an approdimation USiNg an ppropriage . muyvhe eompad ationally inteng o -
muserical methad. The standurd methods are discissad in [3].

methods are used (o5 0 iy Famupesn options and varions exotic derivati vIE).
But, becavse such kind of Probdemy are very eomplicated, the MCS wlgorithms
becomes too computn tinnal “expensive”, On the oblher hand, due to the inherent
purallelinn mnd Inose dats depeadencies of the shoye mellioned probleme, Monta



- for the life of the option, simulste sample paths of the underlying stace
wnrinbles in the pricing roodel,

— for each peth, caleulate the diseainted cosh foors of the ot ion

= take the sample average of the discounted cnsh Hows over all sammple paths,

For pricing European calls, we hrve to compute E(S[T)—R", where {81 -
R = max{ &1 = K,0}. Then, we compute the call wine €7 b

= exp{—rTIE(&T) — K1Y . (3

A we plrendy have mentioned bn Section 2, the ssseis follow & Eenielrie
Brownian mothon amd the stock price ${#,£ € 0, T are log-nonmally distribated,
For a given partition 0= £y < & < .. < iy = T of the time interval [0, T|, a
dizerete wpproximekion to S{t) is a stochastic process 8y satisfying

_,';'_k+, = 5y exp|[r — ]Eaz]ﬁ.t - r.r\"'ﬁiifl ] [4)

fur E=0,1,... N = 1 {where we used the sulweript & instond of the time step
sbeeript £ ], with 80 = #y ) — b = TN, and initlal coasdikion

S0} = 200) i5)
where

= oy £y £y are independent slandard normal random variables, and
— o/ fESy represents a discrete approximation o an incTement in the Wiensr
process of Ul assel,

The coll price estimate is 1hen conputed wing the discoant formds (3). Afer
repesting the above sirmalation for n |;|.;rg1_': mmber of time steps, the initiel call
value is obtained by compiting the svernge of estimates for each simnlation. The
disadvanlage of the Monte Carlo simulation for Europenn options'is the nesd of
A large mumber of trials in order to achivve & high level of accarecy.

4 Cluster Architecture

Chesters of computers (workslations) constructed from los-oot plad foems with
coninwality procrseors are cmerging as & powerfol bool in computesional seienee.
These clusters are Ly pically mtorconnocted by standand loval anes networks, sach
ns switchod Fast Echernet. Fast Eihermed is nn attrective option becauss of ils
Iow cost and widesproad pveilability, However, communication over Fast Eth-
erned inenrs relatively high overbead and letency. But, for our above deseribesd
problem, the commmnication requirements are insignificnne,

We wod & chister of 20 POs, 10 of them having Compag Deskpro Intel
2HMHe Pentinm-MMX processor, with §&4MB of RAM and snother 10 of them
having Dhgitel Venturis FX 5133 Intel LIIMHz Pentium processar, with 3260
of RAM. For the Fast Ethernel networking we used a 300m Fast EtherLink X1
1071008 TX (Frhernet NIC 30905B-TX) PCT network cnrds and & 3000
Super Steck IT Baseline 10100 Switch 30164644 switch.

The Windows 08 distribution was nsed.



5 Parallel Imp!nmeututinn

The Monte Carle method for pricing derivatives an idexl candidate for (he
e of PVM enftvare, Ax stnted nhesey, the Monte Carlg tan take up to hours te
run, Using PYN (1], [8]}, this disadvantage cun he elirninmted.

We implemented parailel Monte Carle simulation on g chagter dercribed in
Sectinn 4 bafore undar PVM andd we apphied maester sinve appronch. Ay we Lnyve
klrendy mentioned in the above Section 4, the MCS for pricing option allowed
1 0 heve minimal COMMIACAtbon, i g Pasd to each prmcsssop vnly the pa-

= 80 = {nitiy] u.u:!u.*r!z.rin_g shock price,

- K = sirike price,

= & = volatility of the stock,

- "= previiling interest Thke,

- 8t = length of interm) n unifiem N-pepind bartition for time T
T = Lime Lo expiTalion,

- NSIMP = punbee of Momte Oarlg strmlations per Prodessor,

ter rum the wgorithn i parallel on each processor by tompnting the oplion's
value for ¥ 9lare simmlaliony and, at the end, to collpee the results from glavey
withoul any COmMmAication hetwesn tending the parametors ang receiving the

Implermentation.

Thie: algorithem v impleinented using the PYVAL MASTER/SLAVE msde],
The MASTER program is respoisible fop eending /receiving prrametars to from
alaves and Fomputing the Hoal wilise. Esch SLAVE receives from the MASTER
program the perameters it Tevads o Eemputation, computes and sl ok the

M. The MASTER Prigram
1. The MASTER process bend Lo all SLAVE processes the puraimsters: 0,
K.ooor b8, T NSIME which are hecesary for enleuluting
2. The MASTER Process receives from cach SLAVE process the computad
value of 7 ;
5 The MASTER proves cornputes the fin) optiog price.

5. The SLAVE Program
1. Fach SLAVE Brocess receives parameters from the MASTER Prescess For
compiting imitinlization:
2. The SLAVE process performs ity locs)] oompertation (to evaluate ¢ urinE
(3). {d) nnd (3} 3 ;
3. The SLAVE procsss gsends the resnlts hack to the MASTER proces,

45



6 Mumerical tests

We perlocmed n simalation study wsing the Black and Scholes model, The Monte
Curlo option price for & given NSTMP and p processors can be computed pe-
cording Lo alwan: alporithonm,

The numerical teste wens made on o cluster of 20 PO, ander FVM, fr r =
007, S0 = 10000, K = 9500, 5 = 0L20 and T = 0,25, The theoreticn] wlue
computed according to (2) s ST = B.056. We tested the metheds in the Enropean
cane becanse the troe price can be analyrtically determined.

For #t & {107%,107%} we generated Monte Carle option price estlmsies.
These: prices were compauted with 107, ..., 107 zample paths in order to examine
the impact causesd by ditferent mumbers of sumple pathe, For exch test we priced
optiong i computed the srmr — theerefioal malue - Wonde Carlo simedation
vedue, The pumbers in Thble 1 and Tabde 2 represent the erroes for & = 0,001
aned &t = (L0, respoctively. Tl finst colomn in both tables mdieetes the pumber
of silation stepe per processor,

Table 1. Erors for Monte Cacke Simulation wsing 8 = 0,00

b 1 2 3 4 3 B T & 8 10
NETM

100 TG 1212 2127 0000 0,453 0,610 010 +0.067 0078 <1758
WP A T6H 0227 0U0RK 0305 001 $0.057 S3AT4 0,01 0230 00T
WY 0030 00T 0054 <0127 40011 S0048 40,057 +0087 S0.190 40,071
W 062 0084 =00 L 040 0028 0002 00K 0001 DA -0.020
10" 0.007 +0.02% +0(H05 0,008 -0008 +0.007 +0,001 <0001 1014 +0.001
10° +0.003 40002 0001 -0.002 0002 OB -0.004 0008 51008 +0.001

Table 2. Errors for Moate Carlo Sirmadation waing § = 040

P 1 2 ! 4 5 i 7 i b 10
MEIM
T 10T C5TRE TEI0T S0OW 40.146 -1.6894 0958 -100F V000 1638 Ol
IF -0ELE 148 4482 40,284 <0248 0189 40,515 0,343 0223 40,214
0% 08 (107 <0173 -0.226 #4211 <0073 +0.008 0027 0.075 -0.141
10 40,086 S04 H0.042 0004 0,053 0,006 008 3007 -0.045 -+0.001
10° -0.01F <0027 0.011 +0003 HLO0L 0002 0011 0093 +0.008 0000
0 0002 40004 +0.005 +0.002 0,002 0,003 +0.002 0007 40,002 4+0.002

We can obeerve that the error decreases when the number of sample paths
increased, Unfortunntely, in the swne Lime we have to observe o disnchvwntage
of the Monte Carlo simulation for European options. This consists in the large
numbser of trials necessury to schieve & high level of woeuracy,



In &l tests we used the gasder routine for generating random deviates with &
norteal distribution {Bos-Muller method) and the psendo random geoerntor rang
i Lhe soares of uniform deviates {the long period random mimber grnerator of
L'Eewyer with Bays-Ihrham shuffle and ndded safeguards) |4, The resilty are
semsitive to the initirl seed. Figure 1 showy the resulis of Monte Carlo smlstion
obtained with randomly chosen initial sevls,
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Fig. 1. Computed aption price: with reapact bo nomber of PO, uaing MOS
mezhod [or 10 b = v o B AL ple pocha (upper: 8 = 000, dowi- 5 = o)

Theoretically, we can obiain an arlitrnry degree of accurncy, Bul, from s
practical view point, higher is the level of accuracy, bigger will be the comps-
tatiomal efford for the MCS algorithm. This &5, of poiree, due to the welllknomen
fieet that tle standard error of Monge Caglo estimate is inversely proportioo
tar the squnre root of the mumber of gimalated sample pths,

The quality of the random marmber gemerntor ie essential, We used pasmudn
random generator. This random generator often requiTes & wvery larpe number
of simulation repetitions to minimize erroes, Tt s puesible to wse quesi random
generators that nre designed simply to fill the space in an interm| mope uniformly
than uncorrelated random points.

In & more formal sense, wEng quasi random genersators wi can rechece the
error ssnciated with » simulation from O{1,/VF) to ©[1/8),
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The parallel efficlency E, nes n e that charscterizes the quality of the
poradlel algorithm, & defined a5 E = —:— y where T5 i the wlue of the compu-
tutinnal time for imelementation te alg-;mnhm on & system of p procegsors. The
parallel efffcency amd the percentages of work, random generation and Intency,
in all Monte Carlo repetitions, are given in Thhle 3.

Table 3. Computiog time and efficiency for 1000 sisulations acd 8 = 0001

Time in secopais #orondom peosraior ¥ owork % luceney affllanay
s B BH 1w T

We observe thal & sulstankind compnting time is used 0 generabe rendom
numbers, The time IBqIJ.i.['-Ed =5} PE':I‘ﬁ'.rI'I:'l'.l TILIHHI bu1.1'||]:||1: pul;.h.':: ﬂcpgm_-ﬂ on the
latemeyr of the network: ib is varialile bheopese the network i a shared resoorc.
Bk, when network is "rae” | the ].a.l.-em:}' 8 very small

7 Conclusions

The problem of precing optaons by parullel Moote Carlo mmserbss] methods is
comsiiclered, Mumerical tosts were performed for a number of POs wsing PYM on
& eluster of permal compuoters.

This study describes an applicstion of purallel computing in the fuance ins
dustre, Options are contimoously growing nxsre complex and exotic, and for an
tncreasing owmnber of pricing problems, no analytical solutions exist. This i
where the advantage of Monte Carlo methods appesre.

Paralled models are required for performing large scale comparisons bedwesn
model and market prices. Parallel models e esefn] cools for developing new
priving moceks and applications of pricing models.

In our parallel implementation we calenlsted one price of the call optlon.
Tas roanparke this price by Moote Carlo similation we nesd more computetional
power. Uding p prosessons Lhe execntion time s p times amall.
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