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THE HARDY SPACES OF SOME AVERAGING OPERATORS

Gheorghe MICLAUS

Abstract. In this paper we determine the Hardy spaces for averaging
operators, and for the averaging integral operator {10} we obtain the Hardy spaces of

(" =Jfele...el},
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1. Introduction

The notion of the averaging operation has been introduced by 5.5 Miller and
P.T. Muocanu [4] and is a generalized complex-valued version of the First Mean-

Value Theorem for Riemann Integrals. Recall that in the real case if f and ¥ are
continous on [0,1], with A(x) =0 then there exists ¢ €({), x} such that

M) [ @iy de= fio) [ heya.

Tf we let {x) = g'{x) with ;{ﬂ} =1}, then

@) [ fygeydr = f(c) e F(O.1])
g(x}y

for all x e[0.1].
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In complex - value analog of (2) is
1 ¢ , :
(3) —[fmgwydwe )
glz}y

forall ze {7, where fand g are analytic on {/ and satisfy some simple conditions ([
is the unit disk).
Let H be the set of functions that are amalytic mm &7 and let

Hy={he H |k|::ﬂ} =0}, If G is a set then we denote the convex hull of G by

Colr.
If we denote the integral in (3) by [[ /] then (3) can be rewritten as
(4) e A1)
This turn imphes that _
(5) HAU)eCe FIU).

This generalized complex - valued version of Riemann's mean value theorem
be analyzed here.

2. Preliminaries

Definition 1. If X < f and if an operator [ K —.}H satisfies
(6) ILFIU)cCe f(U) with I[f}0)= f(D)
forall f & K, then [ is said 1o be averaging operator on K.

A simple characterization of such operations is given with support of
subordonations.
Definition 2, If [, F analytic in 77 then function f is subordinate to J,

writen [ <For f(z)=<F(z),if F is univalent, F(0)=r(0) and
ftNc F(7).

Lemma L. ([4]). Let { - K — H savisfy I[/](0)= f(0). 4 necessary and
sufficient condition for I to be an averaging operation on K is that for ali convex h
77} f<h=1I[f]<h.

If 1 is an averaging operator then condition (7) is immediately, Next suppose
that condition (7) holds. If (= f(L7)=C then condition (6) holds.

If Ce f(L7)# C then there exists a convex function h:lJ — o f(I1)
with #(0) = (0) and A(L7)=C o F(U1).
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Lemma 2. ([4]). Let p € © with Rey =0, and let g € H,, with

Rem:a O in '

&(2)

If Fis defined by

rm 72 =~ [ Oz @)
glz)" 3

ther 1 is an averaging operator on H.
If we set ¥ =1 in (8) we obtain

o V1) =——[ fg ) deeCofU).
g(z)y

This is a generalized complex analog of the mean-value theorem of real
analysis as referred in (2).
For g(2) =2 in (9) we obtain

(10) 1)@=~ fOdteCof@)
Q

that is, the "average value" of lies in the convex hull of f{I7).
This operator is similar to the Alexander operator

¥

) w@=[2a

Howewver, this operator is not an  averaging operator. If we set
z 4

F(2)=I[f)z) and f(z)=z2 +5’"E_, then F(z)= z+z? Since F(1)< £(1),

=)< f(-1) and the functions f and F are convex, we have
FN e f(U)=Ce F{U).

For fanalyticin [fand 2z = re'

¥ we denote
| ix T, E
MN)= g 1|70 a8 fr 0< pcen,
i
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M(r, f)= sup ‘f{m'ﬁ]r, for p =0

Ne@=ix
A function is said to be of Hardy class H® Dcp<e, if M(r, f)

remains bounded as ¥ —1". H'™ is the class of bounded analytic functions in the
disk.

3. Main results

Theorem. 1. If [ is an averaging operator on K < H | then If1eH?, for
all A <1 andforall ek .

Proof. Let /: K — H be an averaging operator, From Lemma 1 we have
that for all & convex function and f e K with F=h=1[[f]=<h. Applying the
subordination theorem of Littlewood we obtain

Mf{r,}'[f]}ﬂﬁ-\rfp{r,fr}.
la [2] we determined the Hardy spaces for the class of comves functions and we
abtain that hr& H*, A <1 Hence I[f1e H*, A <1. for all fek.

Corollary. 2. [f ye R, gZe ﬁ*, where S is the class of starlike fimctions
and | e H then for the averaging integral operator I defined by (8) we have
INfleH?, A <1,

Because gre S we obtain Reﬁf%} 0 and for f & /| the integral aperator
gz
defined by (8} is an averaging integral operator. Hence we obtain the result

Theorem 3. Jf f & H with C= f(U) = k(L) where kix)=a+ P -

-— zﬂ"r d

a.beC relk kis the function of Koebe), then for averaging integral operator |
defined by (10) we have:

®  I/ND=~[fOdeH poran f e H
“0
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i)  I'[fleH ", for all nel.nz2 ad for alf
" —
JeH (I"=sflele...s1).
"

Proof. i} From Theorem 1 we have that feH* 1<] Because
Ce f{U)# k(L7) we obtain J[f]= g, where g is a convex function and is not
the function of Koebe. From the subordination theorem of Littlewood we have
M(rI[f1)=M(r,g),and g€ H' [2] Hence /[ f]e H .

i) If we denote with F(2) = [ f(€)dt then [ f] and F have the
{

same class Hardy because:

F—]

: o T e e 1 S
lim M (r,7[f]) = lim ——HF{}"E ]| dg| =
r | 2Py

it NP, Y= Tt M (r.F).

r=l" F F—l
On the other side if we denote /[ f]{z)=@(z) then from the integral theorem of
Hardy-Littlewood we have:

#(z) = [p(ydt e H*.
i

Hence we obtain that fl[_f_]E H*
Applying the method of induction theorem for ne M, n 2 2 and using the integral
theorem of Hardy-Littlewooed we obtain the result.

Corollary 4. If [ is the averaging imegral operator (10) and [ € H , with
Cofek(L) where k is the function of Koebe, then I"[f] wransforms all
Junctions of H imto the class of bounded functions in the wnit disk, for all
neM,nz2.

63



Corollary 5. If feH and Cof2k(U), Cof=C, then for the

2%
integral operator of Libera: 1| f|(z) = —J- S dt we have:
z
i

i) I[fleH forall feH :

i) I'[fleH” forallne™ n=2 wlal feH.
Because the integral operator Libera is 2I[ f], where 1[f] is defined by (10} they
have the same class Hardy.

Remark, In [3] we determined the Hardy classes for the Alexander's integral
operator (11,
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