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THE NEWTON METHOD FOR INTEGRALL EQUATIONS
OF HAMMERSTEIN TYPE

Anea MICLAUS

Abstract. In this note we shall give an application of the Newton et hodd
concerning the approximation of the soluticns of the integral equalions of
Humrerstein type. The particular form of this equation offers the possibil-
ity, as we shall soe, to oblain relative simple convergence conditions for Lhe
Newlon method. Omn the other hand, when the kernel of the integral operator
1 degenerated (or may be convenably approximated by such an operator),
then the approximation of the solntion reduees to the solving of & serqmence
of linear systemns in B", though the setting of the problem is in an infinite

dimensional space.
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1. The convergence of the Newton mwcthod
Consider the following integral equation of Hammerstein type:

b
(0.1) e =g+ [ KE9)] @) ds,

where g € O {[a,4]), k € C{[n,b] = [a, 8]}, f € C2{R), A€ Rand a,bE A,
a < b
We attach to this equation the operalor

(0.2) P)® = () - al) = A [ K(ta)f (ple))de

so (0.1) becomess
(0.3) Plgy(ty =10
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The first and second order derivative of P are given by

]
049 P =r0) - [ Kt (0 0)h(s)ds

©3)  PeInOkO) ==X [ Kl I (o () hla) k(s)ds,

where b,k € C'([a,b]) are arbitrary.

The Newton method for solving (0.5) consists in constructing the ssquence
of funetions (i, )., determined by the solving of a Fredholm integral equa-
tion at each iteration step :

(08) P () (Pass = @0) + P (i) =0, o € Cla,8]), n=0,1,...,

where 15, is known and 2, must be determined.
If we take into account {0.3), then (7%} become

0.7)

b
| -_Jlff{,,{r,sjcf_:nﬂ{a]dﬂ +Gu(t), o €C{[a, MY, n=01, ..,

where

(0.8) Kot s} = K (t 8) [ (s, (2)),

and
i) [
0.9) Gu(t)=g(t) + Af K (t,5) f (g (8)) da - Afﬁ; (t, 8} 2, () de.

et gy, u € C ([o, b)) be two arbitrary functions. Consider Lthe equation

(0.10) P (gp) () = u(t)
(0.11) R (L) — A fﬁ.’{t.s_‘]f[@“{#]}h{a}ds—u{t.} -0,
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Assume that the linear squation {0.11) has a unique solution, given by
1]

(0.12) ht)y=u(f)+ .1[ Kuoft, s)u(s)ds

"

where: Kq (¢, 8) is the Fredholm solving kernel for (01.11),

Under the above aasumpnm, with the notation from {0.10) it follows Lhat
there exists [P {g:ln}]_ and, by {0.12) we get
(0.13)

17 el ")) = sup 17 () wie)]| < 14 A(B=0) sup |Koft,5)].
Jul=1 15.%h

We shall use the following notations:

(0.14) g =1+ |A {b—a) sup |Kq(t,a);
At b
A
(0.15) H=U[ﬁ—n1 sup [K(L, Hlaup'f (£}]
P L
(0.16) B {pa:7) = {w € C([a.}]) ¢ — wall < 1}

where r € K, r > (1, and |-|| is the Chebyshey norm.
We may state the main result of this note:

Theorem 1 If the functions gy € C(ja,¥), K € Ofa.b] = [a, b)), [ &
C* (R) and the numbers o, 5 and ¢ given by (0.14)-(0.16) verify

i} equation (0.11} has a unigue solution kb given by (0.12);

i) p=apflr <1;

i) by = '?152 |P (eod|l < 1, where § =
i) g <

then !‘E‘n: ff).rﬂawmg atalementa are true
51 the sequence I:(,ﬂ"}"in is well defined:
#) wn € Bwg,7),¥n 2 0, and there crists the limit lim, = *,
@& € B gy, 1), the convergence being uniform;

T} the following inegualities hold:

iy

253"

llee” ~al = oyt L

P roof. t ¢ € B{g,, r) be an arbitrary function. From relation

[P (o)l " [P (20} = P' (5] i = ool e — @ol| < aofr <1,
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using the Banach lemma, it results the existence of the application [P ()] !
for all ¢ € B {,, r) and moreover

LRy

(0.17) I (e < L =,

Relations (7} and {0.17) imply

. . x
ler = oll = |12 ol ™ P to]| < o 1P Gl < 2 o <
e e |
Bt ="

e, oy € B (g1
Using the Taylor formula and relations (0.15) and (77) we get

Forl a8
1P Geadll < 2 1P (el < 5 1P (el

Denoting 8, = &~ || P (19,}, then the above relation beccmes
{0.18} #y < &,

Suppose that for some n = 1, the clements ¢, ¢y, ..,¢, € B gy, r) and,
EALRNR B AT
2"

1P (el < 2.

i={,n

We shall show that ¢,,,, € B(y.r) and ||P (ip,,,)]| < 2.
Indeed, |

P (el || IP (el < 820 1P (e

il';'n+l ' ';F:'Iill -E::‘—L'l ||;!:I1:I'I = "!5':“ E?—[l -l

262 26,
il il L Ll
A T e

L&, Pnsy € H (155, 7) Next, as in the above reasoning,
Iﬁﬁi 53-“ i . Eiﬁ.ﬁ“-'-:
2 g T gs
It can be ensily seen that in the Banach space (' ([a, b)) Lhe Eéqumw_'.

{¥n)nso EEnerated by the Newton method is fandamental and therefora oon-
vergent. Indeed, for all m,n € & we have

]
1P (eain)ll < S 1P eI <

| Lo
;|I§Jﬂm == ‘Fn” i'::r;l_}j ||'|l'-""n+1.+l T I'::ITF'H:“ = Er;_:'l ”P{';P““:IH = el |:'_|_ —..E1

!
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Since 8y < 1 it follows that [, ), ., 15 fandamental; denoting ¢* = lim,
we gel jjjl. . R

2. The case of the degenerated kernel

Az we have seen, the Newton method requires the solving of a linear
integral equation of Fredholm fype af each iteration step. This problem
simplifies if we assume that the kernel K (¢, 5) rom (0.1} is degenerated. In
mech & case, equations (0.7) will also have degenerated kernels and therefore
their solving will reduce to the solving of some linear systems (in A™).

Let ay, 8, € C(la,b]), i = T,p where 0y, § = 1,pand §,, i = 1,p are
respeclively linearly independent.

Suppose that the kernel K (t, ) from (0.1} is of the form

(0.19) Kt #) =1, e (t)3;(8).
In this case, equations (0.7) will have the following lorm
(0.20) Pt (1) = Ay (05 B (5) ' (9 (8)) gy () dis + G (1),

Wi make Lthe following notations:

b
:ef””’=fﬁl- (8) 1 (o ()} s () dls. = 1,

et [ askt) 3; (8) 7 (0 ()t 4.5 = T

w0 = (G080 (o )t 5 =T

From {0.20) we dednoe:
(0,21} gy () = X 2o () 4+ Gu (8), n=0,1,....

The numbers :;:E" ") i =T, p are determined from the system
b b b Y Do dsl ¥ i

where
X L (0 oot g0

F
qint1) — ( t.*r”‘l) :
s I:I;.,I e

gint1 {E'IEH' It}: E£ﬂ+1}: .._:Hi“H]}T -
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