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ON A PROPERNESS METHOD FOR FREE
VIBERATIONS PROBLEM

Cristinel MORTICI

Abstract. This paper i concerned with the eastence of nontrivial pers-
odic solutions ((ree '.'ii:rratin:lnﬁ:l of sermilincar wave equations of the form

thy — tee + gt 3w} = fi1, )
w(t,0) =l x) =0, feR
u(t + 2w, x) = ult, x), Lef

where {1 = (0,27} = {0,%). IL s used Liapunov-Schmidt method to ob-
tain solotions of this problem as a limit of solutions of related problems
in some finite dimensional spaces which can be sodved. This problems will be
comsidered with approximation schemes and corresponding mappings called
approximation-proper operators.
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1. Introduction

Let X he a real Banach space and X* the dual space of X, i.e. the Banach
gpace of funclionals on X, Demole by ¥ — "and"” — 7 the strong, respective
Lhe weak convergenoe on X,

Let L : L) € X — X* be a linear operator, denscly defined and let
5 : X — X* he nonlinear. We are interested in approximative solving the
semilinear equal lon

(1] L = S(u)

using the Lispunov-Schmidt method. We associate to equation (1.1) a sa-
quence of related equations defined in finite dimensional subspaces of X,
then the solution of {1.1) can be ohtained as the limit of the sequence of the
solntions of associated finite dimensional equations.

In fact, the approximation-solvability of the operator equation (1.1) is
equivalent to its finite dimensional solvability whenever the given operators
salisly some properness conditions, as we can see nexd.
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The theory of A-proper mappings combine pure existence resultz and
constructive solvability of operator equations in a Banach space, via finite
dimensional apprescimations,

Finally, we use these resnlts to establish some existence thearems for Free
vibralions prohlem.

2.The Results

Asanme that N{L) is closed subspace of X, dimN(L) = oo and R(L)
A" i also closed.

It P: X — X bas projector, that is a linear, bounded, idempotent
Capemator.

Lemma 1 The operator £* 0 X — X* ginen by
< P2 g >=<z* Pr= T EXT xe X
i projector,

Proof. The linearity and boundedness of P* follow from the fact that P iy
finear and bounded, Then « PPIa* r 5= P'2* Proee &, PPy »me
. e idempaotent and conscquently, projecior. W

We say thal the pair of operators (£, P*) is ewact with respect fo L if

R{P) = N{L) , N(P*) = R(L)

and
A=NP)eaN(L), X*= H(L) & B(P*).

Lemma 2 The reatriction I, - DIL) N N(P) — R(L)} is invertible,

Proof. Indeed, if Lu = 0 with « E INLYN N({P), then u & N(L} and
u & N(F). It lollows u = 0 becanse NL)NN(P) = (0}, =
Now, let us denote

H o= {Llﬁ[L]r:an"]J ! =P,

where I is the wdentity on X*. K is called the generalized inverse of [,
Obviously, K is linear, and if I is closed, then K is continons, accordingly
to the closod graph theopem.
Further, we 1ise Ligpunow Sehmeds method, therefore we apply £* and J—
g : : ; P S(u) =0
B L] R : Hy ' F -
£71n (1.1}, Weobtain the equivalent e,}rst.um{ (I~ Pyu = (I - P8y

P8u)=0
{ "= P‘I:]I + K§(u) thus @ = T(u), where

Tiu) := Pu+ KS(u) - 2P S(u)
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and Z : R{P*) -+ N{L) is linear, continous and injective.

Now, let us consider an increasing sequence (X, )new of [nite dimensional
subupaces of X and let P, : X — X, be projections such that fre — 7, Yr &
X

T each m € N define P : X* — X, hy the formula

< Pt e=<a, Pa>, 2 X, r€ A,
It is easy to see thal P are projections and moreover,
Pt —x, Vr'elk,

Under these assumptions, the scheme T = {X,,, P, X3, [} isa cormeplete
projection scheme, namely the following properties are satisfied:
(n) dim Xn = dim X,,-
by B i X = X, Fg : A% — X* are projections such that Foz — x and
Pz —z*, Vee X, " e X"

We give the ollowing resule for existence ol existenoe of a complete pro-
jection schemme:

Lemma 3 If dim{L) = oo ond the pair (P, P*} is exacl with respect to L,
then theve exisls a complete projection scheme I,

Proof. Let {[7.}een be an increasing sequence of finite dimensional sab-
spaces of N(L) such that [J, . Un = N(L) and Eq : X = U, denotes the
corresponding projections.

Now, define X, := Uy & N{P) and the projections Py, = E, + (1 —
Pl : X — X, Similarly, we consider an increasing sequence { Volnen of
finite dimensional subspaces of f{F") with dimV, = diml, and |J Vo =

n=l
R(P*). Let I, + X® — 1 be the corresponding projections and define
Xt =Vo@ R(L) , F:= Fo+(I—PF): X — X, In conclusion,
T = {X,, B, X, P} is complete privjection scheme for the pair (X, A7) ®

In case dim N{[) = 0o, we consider a kind of convergence defined in 7],
8] between the weak and strong convergence, called I-eonvergence.

We say that a sequence {ulaew © X I8 L-convergent to u € X and

denote 1, L owif
Py, - Pu vand (I = Py = ({ = P)u.

Note that I-convergence is weak convergence and if dim N (L) < o, then
L-comuergener s in facth strong convergence, To an equation

(2) Tup=f, [€X"
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where T : X — X*, we associate a sequence of approximation-equations
() Tn{un) = 537,

if T = {Xg, B, X, B2} is a complete projection scheme for the pair (X, X*)
and T, = F°T, w, € X,.

Definition 4 We say that the equation (2.1) is alrmosi solvable with respect
lo I if there erisla ny € N such that for all n = ny, the equation (2.2) has
i sobulion w, € X, ond the sequenee E"'"}"?".r af approzirmative solutions is
L-comvergent tou € X and T{u) = [

Definition 5 An operator T : X' — X" is called Ap -proper wilh respeel o
I if the restrictions Tg 0 X, — X2 are continueus, for all n, and if T, iz a
subscheme of I' and {ug, |um € X} is o bourded sequence of solulions with
Tty = [ i X* if resulls uy, L u, al least on a subseguence and Tu) = f.

We give the following result concerning the almost solvability of a semi-
linear equalion.

Theorem 68 Lel X be a real, meflevive Banach space. Assume that K is
compact, 5 ia bounded and the equation (2.1) is solvable in any finite dimen-
sioral subspace of X ond the solotions remain in a bounded sef 8 © X, Then
if L — &5 is Ay -proper, then the egquation (2.1} is almest solvable.

Proof. For n > ny the approximation egquation
(4] Lntin = Sn(ta)

hes s solution w, € (L) N XL, 182, because [2.1) is finite dimensional solv-
able. We can suppose that w, — u € D{L) N X, N0 because X is reflexive,
: i g1, J Fadlum) =0

Let us consider the equivalent form of (2.1): (1= Pia, = K"

Because K is compact, ({ — Py~ (1= Plu, eventually on a subsequence,
But Pu, — Pu, therefore w, L—u.

In conclusion, (L - S)u, — 0 and from the fact that the operator L — S
s Ap-proper, it follows: Lu = S{w). B

3. Application

Let us study now the existence of nontrivial periodie solutions (fres vi-
bralions) of semilinesr wave equations of the form

{ U — Gizr + {8, 7, 1) = f(t,7)
) w(l,0) =u(l, w) =10, teR

u(t + 2m, 1) = ult, z), tell
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where £ = (0,27) = (0. x). Denote by C? the space of functions v(l, z) of
class C?, 27-periodic in t such that v(t,0) =vit,x) =0
In I‘E{QL the [ﬂ]“il:‘? {wni::l[ﬂ-i}r_-]'ﬂ':'!ﬁ[: gi:"-"l'_‘ﬂ'.l l’f
}I.I'Esj.nfu;ain ki nitleN=xN
VoplF, 0} = ¢ lsinna neEN, k=0
ﬁﬂinmmkt neEN,-keN
is an othonormal basis,
Chppg = (0 = k)0
Define L : INL) — L*), by

3 m I+ u]

=" 3 (v — k) (o, foa s

M=l k——mc

where

DL} = { LM Y Y (¥ — k) (i, $ou) P < o0 } -

=l b——m

L 18 densely defined, selfadjoint and R{L) i= closed,
"The generalized inverse K of L is compact, Tndeed,

¥ L {.u' ﬂl'lni.'-.} 1
Al = L my ik -
kakn,
Assume that g : @ — R is a Caratheodory function and there exist
e =0, go € L*£2) sach that
lgit, = u)| < c|u| + golt, =)

for all (f,z) E.ﬂ and u € K. Under these assumplions, the corresponding
Nemifki operator of g, §: L) — L2(Q), given by

(Sulit, &) = glt, &, ult, z))

18 bounded and continons. We say that w € L*(01) iz a generalized solution
of {3.1) if 2
(h) (e, 1 — v ) + (S, v) = (f,9), Yoed?

Now, the equation (3.2) can be equivalenily written ag
Lu+ S(u) = f, weIL}D)

and we can apply theorern 1. In conclusion, eguation (3.2) and cotsedquently
{41; have solutions in generalized sense.

75



References

1] H. Amman, Lausternik-Schnilermann Theory and Nonlinear Eigenvalue
Problems, Math. Ann., 119(1972), 5579,

(2] V. Barbu, Wenk Solwlions Jor Nonlinear Functional Equations in Banach
Spaces, Math. Ann, Pura Appl., AT(1970), 87-110.

(3] F.E. Browder, Nondinear Figenvalue Problems and Galerkin Approsima-
tioms, Bull. AMS, T4 1968, 651-656,

[4] M.A. Krasnoselski, PP Zabreiko, Geomelric Methods in Nondinear
Analysis, Springer Verlag, New York, 1084,

[8] L. Ljusternik, L. Schuilermann, Methodes Topologigue dans les Problemes
Viriationelles, Hermann, Paris, 1034,

B] C. Mortici, A Topologieal Degree for A*-proper Mappings Acting from a
Banach Space inio its Dhuad, Bul. St. Univ. Bais Mare, 15(1999), nr,1.2,
139-144,

[7] D. Pascali, On Muppings of Type (5), An. Univ. Ovidius, 3(19957.

(8] D. Pascali, Klliptie Faigenvalue  Variational Inegualities, Lib. Maih,,
12(1992), 3056,

(9] LV. Slaypnik, Methods for Analysis of Nonbinear Elliptic Boundary Value
Problems, Tranal. Math. Monographs, 13%(1984).

Received: 26.02.2001
Valahia University,
Department of Mathemalics, Bd. Unirii 18,

0200 Thrgoviste
Ermail: emortici@valahia, ro

76



