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SUMMABILITY OF DOUBLE FOURIER SERIES
BY ROGOSINSKI-TYPE MEANS

Yuri NOSENKO

Abstract. Regularity conditions for Rogosinski-type (Bernstein-Rogosinski-
Lype] means of double Fourier series of continuons funclions are obtained,
These means wore first introdueed in the most genersl forrm by R.M. Irgub.
Such means depend on some numerical parameters, an appropriate borelian
measure and its snpport and a shape of & domain generating partizl sums of
Fourier series. We investigate the case when the partial sums are prnerated
by polygons {a rectangle. s rhombus,symmetric with respect to an origin|
and the measure Is nniformly distributed over the aress of correspondent
polygons,
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1. Inireduction

Let T = (—x, %), a function [ C(T?) be 2m-periodic with respect. ta
every variable,

Flzy, 9] ~ Z Exy b il +kamz) {1}
[kr.kz)

be the Iburier series for f, Uiy by D& Lhe Fourier coefficients for J in the
trigonometric system { eflb®itie)y

Lot Wh be some domain feom 1722 containing the origin inside itself, g,
he a homothetic transform of Wy with the coelficient of homathety p € R,
Loz

| 1
PWo = { {z1,23) : { it 532] € Wal.
Then for ne N

SulfiWo, 21, 23) = 37 gy pettrm Hhama)
(k&g ERIV,

are the partial sums of (1) corresponding Lo W, (or generated by W),
The means

Rulfiznze) = [ SolfiWoizi— 2o - Didu(ue) ()
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were first introduced in this most general form and were investigated in differ-
ent directions by .M. Trignb [8]. These means are known as Rogosinski-type
( Bernstein-Rogosineki-type) means, Here n N,v € R, p is finite and nor-
maliged Borelian messure on B, Generally speaking, the means {2) depend
on A numetical parameter 4, a choice of & measure and on a shape of a
domain Wy.

In a discrete case when a measure o (Xaop = 1 taking in aceount
u condition of normalization of the measure} is concentrated al Lhe points
(ta, vy} the means (2] can be reduced to

Fke i

Rl fi 2y, ma) = Eﬁn{f. W ) ?15‘-?2 o (3)
k

Lhe partial sums of the series {1) correspondent Lo W5, can be obtained
from (2) or (3), say, by putting v = 0 or concentrating the messure al the
origin. In our results 7 # .

We state here and investigate Lhe problem of regularity of Rogosinsli-type
means, Le. convergence of such means to a generating funclion. In our case
it is a convergence of H,(f; . 14) to Slay, xq) itself in the uniform metric,

Twe special classical cases of the means (2) were first introduced and
wvestigated by W. Rogesinski and S. Bernstein in a case of homosenecusly
distributed measure at two points {see [6] for reforences) in one-dimensional
situslion (& measure 1/2 is concentrated al every point, these points are, of
conrse, different for classicn] Rogosinski means and for Bernsben Means).

Regnlarity and approdration properties of these classical means and
some interesting generalizations in hoth one-dimensional and multiple cases
wore investigaled by different authors (see for example 18] for referemcos;
another interesting generalization was proposed by A. Kivinukk in [1]). The
means (2} and (3) were investigated in these directions as well. Regularity
conditions of Ry(f: 2, ) were obtained in different cases of homogeneous
and nonhomogeneons, diserete and continmous distribntions of & measure [sne
[3], [5], [6] for results and references),

The means (2] can be represented in the eguivalent form (]

= kv kp (kx| &
R“I:_I"', £, :r:&} i L d}[_ ;‘:I'“h .kgﬁi[ 1y | i-asa}l {4)

LR e

where Z? is an integer-valued lattice in /2 and

‘?H:‘I"I ; I?.} - I'L'Wc.l:mﬁ 2 1.3.} fﬂ{l £ IrNI:-WI.I.H-a::“l:I'i|||-£'{'1':': E::I' {5}

Here xy, is & characteristic function (indicator) of Wy,
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The necessary cendition of reguiarity of (2) in C(T?} for measurable n
Jurdan sense domain Wy is (AW, is the boundary of W)

= S g irmutmlg fa, v) = 0 (6)
for every point {2y, #;) € W, (s0e 16]).

Conditions of regalarity of {2) in C{T?) ean be divided in three main
Eron ps;

1) regularity of (3} for a discrete distritmtion of & measure p both home-
geneous or 40N hormogeTecils,

2 regularily of (2] for nniform (continuous) disteibution of a measnre
alomg perimeters of different curves in W,

%) regrularity of (2) for uniform (continnous) distribution of & measure p
alomg areas of different figures in Re,

The problems of the first group are practically sohwd as eonditions of
regularity (both positive and negative) for (3) are obtained for arbitrary
bl right polygons centered al an origin as Wy and for practically arbitrary
polygons (positive only) as Wy in 12, [A]-

Rut & situation remains different for groups 2) and 3) as there are only
separate solated resunlls for these groups (say, Wy as & unt circle o a5 & unit
square in 6], see also [4] for other results and references).

2 Main Results and Commentaries '

We give here some positive results on regularity of Bernstein-Rogosinsk-
type means (2] in a case of homogeneons distribution of the measure j& over
areas of some polygons, Here measure supports W* and figures Wy generating
partial sums of (1) are both polygoms (& rectangle, a rhombus). These results
(theorems L and 2) give further extension and generalization of appropriate
theorems 1 and 2 from (5],

These results including therem 3 are anified with the main idea — idea of
*perpendicularity” in & certain sense of Wo and W7, This idoa first appearesd
‘1 discrete case for Wy as a parallelogram in [2]). We formmlate this resnlt
here.

Theorem A. Lot Wy be a parallelogram which is symmetric with respect
to an crigin. The means (3) are regular in a case of a measure suppaort
consisting ot less then of four points. In the case of four points the means
(3) are regular if and only il these points are vertices of new parallelogram
W*. Marover sides of Wy and W* are mutually perpendicular, a messure @ 18
uniformly distributed at these points and a ratio of a product for lengths of
two nonparallel sides of Wy and W* iz equal to a ratio of two odd numbers.

Thia idea of perpendicnlarity for Wo and W* works in the case of reg-
larity of the means (2). We demonstrate it in our new renlts. Now we will
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first state these results (theorems 1-3).

Theorem 1. Let a function f € C{T?) be 2r-periodical with respect
to every varable with the Fourier series [l:l Let Wy be a rectangle with
sides 2a and 26 parallel to coordinate axes and symmetric with respect to
an origin. Then the means (2) are regular only if & measure w is uniformly
distributed along an area of a new rectangle W with sides 2¢ and 24 which
are parallel to coordinate axes, In this case a ratio of a product for towo
mutnally perpendicular sides of Wy and W is equal to & ratio of two natural
nurnbers and v =T forn € N,

Theorem 2. Lot the fanction [ be &5 in theorem 1. Let Wy be & rhombus
with diagonals 2a and 2f and with vertices on eoordinate axes. The means
(2) are regular only if the measure p is uniformly distributed over an area of a
new thombus W which is like bo the rhombus W with the likeness coefficient
P, is rotated by 3 with respect to an origin, and v = % for n e N.

R.M. Trigub in [6] has proved that for f € C(T?) with partial sums of
(1) formed with the help of a unit square (W) and a support of a measure
i as a perimeter of Wy (W) the means (3} are irregular. One can extend
Lhis result very easy [rom s unil square o a rectangle which s symmetric
with respect to an origin with sides parallel to coordinate axes (the means
(3) remain irregular),

Taking 1n account these considerations and our theorem A we come to
the conclusion. Let Wy be a symmetric with respecl. Lo an origin rectangle
with sides parallel to coordinate axes and the support of the measure u be
another rectangle W* then Bernstein-Rogosinski-type means (2) or (3)

1} ean be regular if the measure is homogeneously concentrated at the
vertices of W* (theoremn A,

2) are irregular if the support of the homogeneous measure s a perimeter
of W~ [5],

3) can be regular once again if Lhe homogeneous measure s concentrated
over an area of W {theorem 1),

A problem acises. How one can reduce the measure support [rom an area
of Wy in a direction of its perimeter the means (2] to remain regular? Or
how one can extend a measure support from a perimeter of W in a direelion
of an area of Wy the means (2) to became regular?

The F-n!]mring theoremn 18 vehid 1 this direction.

Theorem 3. Let a function f be as in theorem 1. Let Wy be a rectangle
with sides 2a and 2h, W be & rectangle with sides Ze and 2d and at last W#7**
be a rectangle with sides 2{c — ¢) and 2(d — ¢}. The sides of every rectangle
are parallel to ecoordinate axes and every rectangle is symmetric with respect
to an origin, Let further the messure u is uniformly distributed over the
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area of a fygure W7\ W (a union of corresponding strips). Then the means
(2) corresponding to these f, W, and p are regular if a ratio for products of
mutnally perpendicular sides of Wy, and W* is rational,

v=2 (v="4)

" e
forn e N, k€ N and ab last ¢ is rational multiple to ¢ or d.

It is easy lo notice that one can take different values for e, i.e, theorem 3
remains valid for different values of ¢ along differemt coordinate axes (say, £,
and €z }. These values of € are not arbitrary in this case, of conrse,

J. Anxiliary Resulis

Let us take a matrix A =| Ai‘:*l',;:*] | with elements depending en m ¢
Nne N, Let us formn now the linear means for (1) using Lhis matrix,
namely,

Toal FiA) = T n (i A, 2y e ) o~

ol

L2 3]
2 TR o, gy A ) (7)

g = e g =

. It is well known these means are regular if Hmyoon .__m;ll.i':',::} = 1 and
corresponding Lebesgue constants (norms of operators (7)) are hounded in
e and n uniformly.

To check regnlarity of the means (7){the means (2) or {3) are the special
cases of (7), see (4)) we will use two results due to R.M. Trigub 6] and V.1
Zastavnyi |7]. They are formulated here as lemmas 1 and 2 respectively.

Lemma 1 {Trigub .M. ). If the clements of the matrix A are the values
of the finite fanction (i, v) for u = B 4 = B with the support (—1,1]"
and: 1} & € Lip (3 +ele > 0 in € in u (unilormly in v); 2) the same
in v (unifermly in u); 3} ¢ as a function of v has bounded in v number of
pointe of infllection; 4] the same for ¢ as the funclion on v, then the Lebesgue
comstants, corresponding to A, are bounded in m and n.

Lemma 2 (Zastavnyi V.P.). If 4 i= & finite complex Borelian measure
in H? with a complex support then for every a > () functions Re glx, ) and
Im giz, y) where

glz, y) = fm e~ Ut i, ),

Laken over [—n::,uﬂ.j2 as Lthe himctions of r and y have bounded (with respect
to aother variable) mumber of Zeroes,

4. Proofs of Main Results

To prove theorems 1-3 we will first use the condition (6) and find Wy
and 7 satisfying this condition and only then we check the boundedness of
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corresponding Lebesgue constants for obtained shapes of Wy and values of +
using lemmas 1, 2.

Proof of theorem 1.

Let f, Wo, u, W" be as in theorem 1. Evaluation of the integral in (6) (we
will omit some technical detailes) in our case gives us

I = (cdv*zi14) 1a~i-r+{*rz:1c]3-én[f;e1'gd}.

The condilion (fi} applied for the boundary W} of Wy, namely for the
part with the equation x; = |b] gives us that #in(+dd) = 0. Arguing in the
same way for other part of W5, we have sin(vyac) = 0. Using these relations
we obtain ek n e N kE N

ge  n N
o e

Now we will prove regularity of the means (2) for our case. In sccordance
with (4], 5], {7) the elements of the matrix A which defines our linear means
are values ol the function (here . is a characteristic function of 1)

(1, Te) = X, (d 1 T14) 1H:§Ii-|::':|'I1¢'!}.5‘!:?1["r'.'I!3-d_:|, (z123) # 0,

$(0,72) = Xy, (7izz) " sin{yda,) (zz # 0),
w1, 0) = xp, (vem0) ™ sin{yexy) (x, # 0),
o0, 0) = 1.

Taking in account the value of ¢ at {0,0) we notice that it remains to
prove only boundedness of Lebesgne constants corvesponding to @z, 7)
to complete the proool of ithe Ltheorem.  Tet ns return to lermnma 1. As
|dby, (21, 20)] < €y amd [ (1, 29)] < O for (x1,20) € Wy OW, then ¢ €
Lip 1 in @) for every xy and in zy for every z;. Here ©) and % are nbsolutely
comatants, This means that the conditions 1) and 2) of lemma 1 hold with
¢ = 3. The conditions 3} and 4} of the same lemma are practically evident.
Bul to prove them one has to use lemma 2 for the function gim, =) =
Sz (X1 20} and glay, 29) = f7 . [+, 24). Tt remains us now to use lemma 1.

To prove the boundedness of the cormespondent Lebesgue constants one
can use another approach based on conditions of integrabilily of trigonometric
series as it is done in ["ﬁ]

Proaf of theorem 2.

Let f,Wo, u. W™* be as il s formulated. In this case W* has diagonals pb
and pa corresponding to diagonals of Wy, Evaluation of the integral in (6)
for these data gives us (we will omit some technical detailes) for 2:b £ £r5a

I = 5’[1 i Eiﬂ{rzm:aj}{l o Ei'."l:—ll]b+u::m.}]_
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CR TP B A
(constants {' here and below are independent of r; and 3).

A= [ = 0 at the boundary Wy of Wy in accordance with (6)) then for
Tk + 798 = ab (an egqualion of a part of the boundary) the relation (6) is
possible if €77 = 1. This relation gives us v = % for k € N. The same
situation will be for other parts of AW;.

Flements of the matrix which defines corresponding linear means {7) or
(4] in our case are the valnes of the function

P&, T2) = Cyyy (1 — eFPEIHT)Y ] _ gir(-mbrana)y,
@ ﬂ']"“?[&.?hz o EE{IEJ_I.

At the points of indeterminacy the function $(x), £3) has to be defined by
continuity. ‘I'he same technigue {lemmas 1 and 2) has to be used to complete
the prool.

Proof of theosrem 3,

Let f.Wo, , W* be as it is formulated. Evaluation of the integral in (6)
for these data gives us (C' is independent of x, and 2y and zy25 # 0)

I = Cxy'ay (sin{yzald — €))sin(yz (e — €)) = sin(yxc)sin(ya,d))
and [ is defined by continuity for mze = 0. To find v we will use (6) now.

The equations of 51, are |x;| = a, |23] = b. For these equations we have the

gvsherns
{Siﬂ{’rﬂ{ﬂ —€)) =0,
m}n.{-'jmc} = {)

and
{ sin{ybld —¢)) =0,
sin{yhi) = 0.
respectively. These systems give us
yie = wk, yae = 7wl yvhd = wm, ybe = ™

for kIl mne N,

bd m ic recd
—=—  fE=— = —
L T k T
and at last
it ik
B e—— Y S
Fxd ety

Flements of a matrix defining correspondent linear means {7) or (4) in
onr chse are the values of the function (x,xy &£ 0)

Pzy, 73) = Cyxay 'y (#inym (e — €))sin{yza(d — €))—
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sin(yxye) sinyryd).

for riry # 0 and for zy0 = 0 the definition of the function @& has to be
completed by continuity.

The same technique with lemmas 1 and 2 has to be used to complete the
prowt of Lhis theoremm,
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