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1. Introduction
The concept of a topogenous space has been introduced in the monograph
{[1]) in order to give common generalisation of the concepts of topological space
ancl proximity spaces.
2. Preliminaries and basic definitions
2 1. Definition. A topogenous order on a set X is a binary relation defined
for the subset of X denoted by < and which satisfy the following conditions:
a) <@ and X< X!
b) A<B implies AC B,
¢} A<BcDimplies A<Dy
d} Ai < By, Az < B implies Ay » As < By Ba;
e} Ay <B, Ay=Bs implies Ay ' Az < By Ba,
3.3, Defimition. A topogenous structure on X is 8 topogenous order on X
that is idempuoient.



2.3. Exemples.

1) If 7 is a topology on set and we define A<.B if and only if A—intB then < , is
i topogenous structure on X,

2) 15 is a proximity relation on X and we can define <5 like:

A <5 B if and omly A 8 (X — B) then <; is a topogenous and structure on X

2.4. Definition. A topogenous space is a pair (X, <} where X is a set and
< IS & topogenous structure on X,

2.5, Definition. If (X,<;) and (Y,<;) are topogenous spaces and £ XY
13 an application, then § is named continuous if and only if A<;B implies
A £ (B).

2.6. Notations. Let us denote by TPG the category in which the
topogenous spaces as objects, and (<, <) — continuous maps as morphisms and
by TOP the category in which the topological spaces as objects and continuous
maps and morphism.

1.7. Definitions. The topogenous order < is perfect if and only if:

A, <B(icJ) implies U{d lic/}<UlB lics)

1.8. Remark. The category TOP can be isomorphically embedded by
means of 2.3. into TPG. A topogenous space (X, <) is an object of TOP if the
wpogenous order < is perfect.

2.9. Definition. Let (X, <) be a topogenous spaces and A 3 family of
subset of X. The family A equipped with the order < is named topogenous —
order. The family (A, <) is named m - inductively order if any subfamily of A
have a minimun,

2.10. Notation. If (X, <) is a topogenous space then we denote with
Dt- the family:

Dz, = {GlG<G} Gex



3. Topogenous spaces and topological spaces

3.1. Proposition. Let (X, <) be a topogenous space and S a family of
subset of X closed with respect to the intersection. Let § = 5 OeDy and F
(0, 8} is the finest filter on X with respect to the property:
1eF(0,5) implies O <5,
If S~0r =8 and F (0,5) is m - inductively ordered the there is a
tamily F (G, H), where G & Dt-and H e S, that such:
1} (F (GH), = )is m - inductively order;
2} Gis the minimal elemnt of the family (F (G,H), <)
Proof. Let O = D | § & § and F (O, S) the finest filter on X with respect
to properties: F (0, S) is m — inductively order and O = F (O, §) implies O < 5.
Considering the family:
J={F(0,.5.) <Nae 4}
ordered through inclusion, where O, Do, 8,2 Sand I a subfamily of 1]
totally ordained so:
J={F{0,,5,) <) beBc 4}

Let:
G=Ulo,peB} ~|peB)=m
From
F=0, €F(0,.5,) (Vibch
0, <8 8,
we get
b0, <5,
and hence:



FeF(0,.5,) (¥}pecBc A
Fram the definition of the family F (G', #') we deduce that the inclusion:
Fl0,.8,)cFlG, H') (vheR
will take place and using Zom's lemma we deduce that the family J has a
maximum element { F (G, &), <) in relation with the inclusion and which is m —
inductively ordered, 1.e. 1) was demonstrated.

Lel TE[F‘ f_f:',H}, {} and considenng the family {G. T} Taking into
consideration that (F [G, H], <} is m — inductively ordered we deduce that |G,
T} has a minimum. If T< (5 then having in view the relation G < W and 2.1. (b)
and ¢} we deduce that T < H. We may write:

T<H (¥)TelFIG.H) <)

If T=He(F{ H)<) we obtain the relation H < H will take place,
hence HeDr. On  the other hand HeS§, hence He S~Drt., therefore we obtain
5 D # 0, which 15 not true. Hence G is the minimal element of the familv
(FIG.H) <)

3.1. Proposition. Let (X <) be a topogenous space and S a family of
nonemty subset of X such that for any S8 and OeD1.- the family (F (O, 5), <)is
closed in relation with the finite intersection. Then the following equality takes

place:
E(0, nO,,5)F(0 n0O,.5,)=F[0 0,8 nS5,)
Prof. From O, ), <8, O, (), <&, and 2.1. (d) we deduce that
Ol < 8 8, We obtain the inclusion;
FlO, nO,, 8 )~F(O, r.ﬁJE,SE]Ef{D, 8 N )

From ) ), <8 8,8 we get that 3 ¢}, <8, and we may

Write: F{q 'ﬁqf'i f\i}f;F[q r‘Q,S}}

el



but this shows that:
0} 2, <8 8, =8, implies O O, <5,
Tn conclasion:
Flo,n0..5, ~8,)cF0,na,.5;)
and hence we deduce:
FfO, ~0,,8 ~8, )= F(0, n0,.5)nF(O, ~{,, 5,
and the propozition is proved.

3.3. Notation. Let (E, <) be a topogenous space and § a family of
nonempty subset of set E which is closed in relation with the reunion and finite
nlersection. For each S8 and OcDr. we defime the set f{0,5) as being the
maximum element of the family m-inductively orderer (F (O, 5), <).

3.4. Propozition. Let (X, <) be a 1OpOgencs space, S a family of subset
of set X, which is closed in relation to the finite intersection. Then the following
equality will take place:

£f0, ~ 6,5, ) flO, ~ 0y, 8. )= A0, N0, 8 ~8§,)
(w)§es (v)2 eDr,, i=12
Proof. From:
£(0, ~0,,5, ~ 8, )eF(O, 10,5 nS;)
and by 3 2. we get:
fl0, ~ 0,8 8, )eFlO, 0,5 )F(O, ~ .. 5,)
On the other hand we have:
[0, ~0,, 8 ~8,)eF0, ~0,,.5) =12
Therefore we have:
(0, 0.5, 8, )< A0, N0y, 5, ) i=12
hence we hand:
{0, 04,8, S, )= FlO, L8 ) F=12.

wr



This shows that:
10, ~0,.8 8, )= flo, n. 8 ) fl0, 70, 8,)
On the other hand we have:
f(0, n0,,85 n3,)eF(0, ~0,.8 ~S5,)
fl0, ~0,,5,)eF(0, ~,,5, A8, )
(0, ~0,.8,)eF(0, ~0,.8 ~85.)
fl0, M 0,,8, 8, )< fl0, ~0,,5,)
FlO, ~0,, 58, n.S:}I-:fl[G, r*.flz.;!!‘i]
Consequently, we have:
f0, ~ 0,8, ~§: )< f10, 7,8, )~ £(0, 7 0,.5,)
f0,n0,,8,)n fl0, ~0,,5,)eF (0, ~0,.8, ~8,)
and by hypothesis, < is idempotent and hence there exist a set
DeF(O, N0, § ~S,)
such that:
A0, n0,. 8, NS )<D=fl0. ~0,,5 )~ fl0, ~0,.5,)
Now, put:
R={LeF(0,n0,S NS (O N0,8 A8, ) <L<f(0~O,.8) S0 n0,8,))
and from:
RcF(D, ~0O,,8 ~S,)
because F (0, 0,5, n 5, ) is m - inductively ordered we deduce that R has &
minimum
Due F(O, ~0,,5 ~5,).ie
f{ﬂl 0,8 ~8,)<D, < flo, A0, 8 ) A0, 0L, 8,)
The order < is idempotent, hence there exists the set Dy’ such that:
D,'eF(0, N0, 5 ~S,)

]



0, N2, 8, n8,)<D) <D, < flO, ~0,,5 )~ fl0, ~0,,5,)
which is a contradiction. This shows that:
A0, n0,.5, ~ 8,)= £{0, ~0,,8,)~ 10, n0,,5,)
and thus the proposition was demonstrated.

3.5, Proposition. Let (X, <) be a topogenous space, 5 a family of subset

of set X, which is closed in relation to the finite intersection. Then the family:
£ {Q}I={G 0. 5)0eDr  Se 5}
is the sub — base of a topology wich is defined on E, where Q € Dr. is a given
2t

Proof. Let ¥, ¥, Q2 1(}) be two arbitrary sets. In this case we have:

Y, =0~ F(Q.5) F,=0,~F0.5,)
0,.0;.0eDr,, 5.5, €5
Y,n¥, =00, » Q.5 ) F0.5,)

Consequetly, from proposition 3 4., we obtain:

AQ.5) f(0.5.)= Q0.5 AQ~0Q.8,)=
=flo~0.5 ~8,)=fl0.5 A 5.)

This shows that £2;(() is the sub — base of a topology which is defined
on X.

3.6. Definition. The topology with the sub — base £23(0) is denoted by
v7(0) and it is named the topology generated by § and topogenous structure <
relative to set ),

3.7. Notation. The family of all open sets in relation with the topology
r2(0) is denoted by D+*{0)

3.8. Proposition. Let (E, <) be a object of TPG, § a family of subset of E
closed with respect to intersection, G € Dr’(0) and Q € Dr_. Then for every n

& N there exists the set Gie Dr*(0), j=|,_n and R; & § such that:
L)



G= ; {5‘ ~flo.R )

Proof. Let G e Drf{-l‘,ﬁ_l}l In this cas we have:

ir= -:;JI[:-_I-;.Q: e _;"{Q. -".'l',}-‘

where Q) e Dr, and § & S{.' = E,n}. By using proposition 3.5. , we obtain:

5= 9{[§Q.jﬁ'1rg1ﬁ3 ::I-I

d

Mow, put:
i) i i
O, =00, Ry=n8,
Tt is easy to observe that
. ebr,, R g5 _,i|'=|.,-?:l'
Thusg, 1t results that we have:
G:;‘:: UI 'H'-f{Q' H‘,}

and this completes the proof
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