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SOME NONCOMMUTATIVE DIFFERENTIAL FORMS

Laurian PISCORAN

Abstract. In this paper T will present some aspects about the forms in the
noncomutative geometry theory. In the first line, I will present the form called De
Rham Commutative form, after that T will present Noncommutative Te Rham Form
and finally T give a concrete example for this theory.
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L. Introduetion. I will start this presentation by remembering some aspects
about graded differential algebras,
Consider a manifold M, the K-algebra unital, | being the element one, of

smooth differential functions € (M) and the € (M) ~module (M) of veetor
fields, & 1-differential form over M is an element of the dual module

Hom. (M), Co (M) = p(M) which is usually written 0, (M) itisa

symmetric C (M) -bimodule through : (fa)(X) = fa(X)= (X} f

Definition. A differential is then a K-linear map :

d G (M)~ (. (M)
Fevilf

defined by: (df )(X') = Xf and as it has the property that for any a, b e (A,
diab) = (da)b + a(db) it is 8 K-derivation of the K-algebra Cx (M) with values in
the C (Af)-bimodule (0 (Mf). Usually we put € (AM)=0" (Af) so that the
differential d is a K-linear map & = o” 0L (M) — O (M)

Definition The n-the exterior power of Q. (AMf) is, forany n=0-

L {M}=qﬁ]ﬂiﬂ”}
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Definition The exterior product of a two forms: & = a, Aond, e0E(M),
B=firn. rB eiiM)is anfB=a . rna, B, N,
Definition A graded K-algebra is (07, (M) = E]in;:w}

And the last definition for this introduction part:

Definition A graded differential over the graded R-algebra 4° = EE'” ol

with Z as the grading set, is a R-linear map 4" : 4" — 4" with properties:
L (@ od"Wa)=0 foraec0'(4)
2. diab)y=(da)d +{-1)"""a(db)y forabec A*

2. Commutative De Rham Forms

Let R be an unital commutative ring and let be given an associative and
ambidextrous R-algebra A, the algebra 4 ®, 4 is a A-bimodule for the left and right
actions given by:

ul[x@_}':l = {m}ﬁ_}' L {.r'El_}J}h =x® f_}-'u:]
The multiplication map u: A®, 4+ 4, that is given by ula®5)=ab is himodule
morphism and we have homogeneity:
plalx @ y)b) = pllax) @ (vb)) = (ax){(yb) = a(x0)b = au(x @ y)b
the kernel of 4 is T, and assuming that R contains Q,we obtain , if a® ke, ie.
ab=0, then:
alEIb:-; ((1©b-b@1)-(18a-a@1))
so that 1is generated by elements of the form 1@ a-a®1 .
In general the multiplication map 4 is not an R-algebra morphism, because:
pslla@b)a @b = plaa’ @ bb') = (aa" BB
la®blula’ ®B") = (abXa'b")

In the case if the R-algebra A is commutative so that then I= ker gz, is an R ideal
of 4@, A and taking the ideal I’ the quotient is a symmetric bimodule, suppose now

that the R-algebra A is commutative and unital and contains Q, with element one 1.
The application

.I'Jr:..d—} ;Ig
a—=18a—ag®l
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is the universal derivation. We put (2] = 1/ . . where the letter a is for the abelian

g
and call its elements the commutative de Rham I-differential forms over the
commutative unital R-algebra of A,

In general the commutative De Rham n-differential forms over the
commutative unital R-algebra A are defined in this way:

2 ()= AQL(4)
and it can be shown that this bimodule is generated by elements of the form
a,lda, } ...~ (da,) and we can define a product:
(e, (e, ) o (i V) o G, (e, Y (B, 1)

This way we get & graded R-algebra: Q%(4)=®_, Q1(4)

Mow we will define a map in this way:
d - 0%(A) = Q7 (A)
d(a,da, ).~ (da, )y = da, )~ (da )~ ..~ (da,)

and with this definition we obtain a graded differential R-algebra £2%(.4), called the

E-algebra of commutative de Rham differential forms over the commutative unital
R-algebra A. We have in fact:

L @™ ad"Na)=0 foraeQ)(4)
2. digs B =(da) s B+{-1)F" a ~ (dF) Jor a, f c (1 A)

3. Noncommutative De Rham Differential Forms

Let R be an umital commutaive ring containing O and let be given an associative
and ambidextrous R-algebra A, the kernel T of 4 A®, A - 4 is a A-bimodule ,
and the element 1®x—x®1 generate T. We use the notation 0! (4) for that
bimodule I, where the letters na stand for non abelian , and we can define a
derivation of A with values in €2_[4) through:

d: A€ _(A)

a—318a-a@i
gelling this way a universal derivation.
(¥ (4) is called the A-bimodule of noncomutative De Rham differential 1-forms
over the unital algebra of A, and now we can write the left or the nght action of a on
O [(A4).in the next way: a{dh) = adb and for the right action we have:
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(db)a = diba)— blda)
where for a{dh) we write a & b - ab @1 .
We can rephrase in this way: (12, -0E1a=12a-0&a.
The fact that 02! (4) is a A-bimodule allows to write for @ e €' (A4)
almh) = (aab .
More generally the noncommutative de Rham differential n-forms over the unital R-
algebra A are defined through the n-th tensor power of the A-bimodule €' _(A):

@, ()= B, ()=, (DO, .8, Q,(4)
Let analyze the case n=2.
In this case the generators of QL (A)=0QL(4)@0Q.(4) have the next

form: a, (da, } & b, (dh, )}, s0 we can write:

ay(da, ) @ by(db,) = a,(da, )b, @ db, = a,(d(ab,) - a,(db,)) @ db, =

= iy (dayh, )@ db, — (b, ) @ db,
and we remark that €2 (4) is generated by the elements with the form: ¢ de, @de.,
in general " (4) is pgenerated by the elements with the form:
code, Bde, @ Sde,

Now we define 2 product inQ® (4) = @i'ﬂ" (A), where Q) {4)= A with the

folowmng motivation: to mubtiply a 1-form by a |-form we could proceed the product
n this way.
(ayda, Wa,da, )= (a,da,)a, & daﬂ -
= ({E[,chh}ﬂj :l:} @' dﬂ::l = {]ﬂd {ﬂ!ﬂi } @ da-:l . ﬁnﬂﬁiﬁ!: @ m?:{
Mow for the product of a n-form by a k-form we define their product as a {(n+k) form:
(a,(da )& .. S(da J)a,, lda Y& Si{da_ )=
=3 (-1)"'ay(da) . @da, @da,, Bda,, ®. Sda,,  +

+{-1V'aada, @. . Sda,,
For the particular case =1 and k=1, and g, =a, =1 we get dada, = do, @da,.
More general, we will have: a,(da,)...(da, })=a,(da )@ .. S(da ) .
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Moreover we can define: d{a, (da, ). .(da 0= (da, )da,).. (da,)
And with this definition we have:
(d"" A" Nex)=0 for a L) (A)

dlaf) = (da)f+(-1)""a(df) forae,feQ (4),
50 we get a graded differential R-algebra called the R-algebra )% { ,ﬁI} of
noncommutative differential forms over the unital algebra A with the
differential

d Q0 (A) = Q' (A).
4. Example

In the next lines T developed one particular example for this theory:
We consider the quaternion algebra:
H=R+iR+ jR+iR
where i = j' =k*=-1, ji=k=-}i, jk=i=-k, ki=j=—ik the
element x =, +im + ja, +ka, it is called quaternion.
We consider now one model for the quaternion algebra:

¢
¢[H}={| j:‘: ;} ah EG} = M, (C) where ®:H — ®(H) with this
i

consideration we can associate to cach quaternion x < H, the following:
& |f a b +oq, + +

¥ =| 37 =T T, ra,q; oG,
b o) i

, (1 0% ‘i 0 0 g (0 i
with E;Iru*|ﬂ ]__.'i: QI:LQ e g, = IR Y "i'rzlf 0
', N

We denote with /', the @, matrix,
And now we can compute for this algebra the differential 4f | in this way:
df =1 f~ f &1 and we will obtain:

fa & 0. D
-b a 0

1® [ =
/ 0 0 b
L0 0 -b a
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and after this we compute

(d‘ 0 b DW
0 a O &
®1= 5 o
f - 0 a 0!
Ln -b 0 EJ

0 b — & 00

] ~P g 2
andn::rwwnul:ltajnthe:malnremlt;cjf:]@_f-f@]: R e U_ X
h 0 a-a
Qazhi -8 0
¢ b i d
Taking 2 matrices f,g € ®(H): f=| © _] and g=| T 2| wewill ger
.l_—El' EI'.__. ,h—ﬂr E‘__,l
bd bed b(c - ¢) - ad m*]
o ad  alc-c)+bd —bd ~ad |
ad B alc-c)+bd  ad
\ 8d -ble-c)+ad —ad b
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