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ON CONGRUENCES ON n-SEMIGROTUPS AND ON THEIR
BINARY REDUCES

Maria 8. Pop

Abstract. Tet (A, ().} be an n-semigroup n > 3 with right unit «{ *and
2 an equivalence relation on the set 4

L. pisa congruence relation on the nsemigronp (A, {).) iff for all a,be A
and for every soquence of ™! over & the lollowing siatements hold:

apb == (e1,0 G Joplen b 5 ), and (a 68 Vaplb 2 V), ;

2. moreover, if w, 147 “is left unil in A, p is & comgruence relation of the
n-sermigroup (A4, ().) iff for all a,b € A and for every sequence of 0 over A
apb = (g a, 08 g (e, 5,85 Y.

If p is a congruence relation of the n-semigroup (n-group) (A, ().} ther p
15 A congruence on binary reduce red w2 (A, () WredeA; £ € A). Marcover if
lis & right unit in (A, {),) and forall a, b= A ;
aph == (1, _y, &, u] ") plun,_y, b, (e, a,F, n::'l}nlp{f.', B E, “-:_':-R]z.:l
then the converse statement is alseo true,

This results generalize and improve the result of Tsan [8],[9] for n-gronps.
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1. Notafions. The sequence @y, oy q, ... Jir; will be denoted by 22
For j < i, 2] is the empty symbal. The sequence T, ... T will be denoted
1
i
Ly {::1’_

A sel A together with an p-ary operation (), : 4" — A is called n-
groupoid. An n-groupoid (A, ()] is called n-semigroup if for any i € 125500, m}
and all @y, %9y 1 € A (as in [f] we shall use Lhe sbhreviated notation:
Rl = A} the [ollowing laws hold:

1 In-—1 2 i—1 £ofa—1 n-1
(6 ). = (e ), ),
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An (n —1)-ad u} ' of elements of an n-sernigronp A is called a right
urtif fleft wmat), if for all = € A we have I:_T.I-u?—-"] = .m[(u’]‘—l::;:] = &
/ - Loy
respectively ).

An n-semigroup (A, (),) is called n-group [1] if for any 4 € f1,2,:...n}
and all af € A the equation (ﬂﬁ"j,.ﬂ,u}ﬂ_l)" = @& has & unigue solution in A
] {n=1)

In'an n-group the unigue solution of the oquation { a x| = iz called

the querelernent of "a” and it is denoted by & In this case the (n— 1)-ad

I:iﬂﬂ 7 mc.al} i= a right unit and a left unit, for e & A and 1 = 12, ...im}

Let (A, (), )be an n-sermigroup and up * & A arbitrary fixed elements of
A. 'The structure (A, -) where

Ty = |'::|:-, up ”_.y]l (1.1}

=

15 & sermigroup, called fhe binary reduce of 4 with respect to the clements
ul * (73], [10]); 1t is denoted redys s (A, (),) or simple redyn 24

The binary reduce of an n-group A with respect Lo the elements I:’L-Eis:l i
8 a group denoled by red, 4, All the binary rednces of an n-gronp are
somorphic.

Let {A,+) be & semigroup, ¢ € 4 and o € fing (A,-). The structure
(A, {),) where the n-ary operation (), - A* = A is defined by

() =2y - elry) - .. afz,) - (1.2}

1 called the n-ary cxtension of the serigroup A with respect to the endomor-
phizm v on the element ¢ € A; it is denoted by exl, .(A,-).
In [3] is proved that if

o (x) o) = ¢ ofm), Ve € A, {1.3)
then ext, . (A, ) is an n-sernigroup and moreover -
Theorem 1.1.  [3] {[2]).  If u? 'l{hnH} &) 5 a right wnil in the n-
semagroup fn-group) (A.().), ¢ = (I'r-;;]ﬂ 1) for o= (':::EJ) 1 and
a4 - Aafn) = {u,.. 1585 2] !)_3':'3"1' wir) = (ﬁq: inuH}J . then o is
®n endsmorphism faulomorphism) of the binary reduce redyn 1 (A ()} (of
redy (A, ().)} and

ezl . [?"{H’.{“_In—ﬂ (A, 03] = (A, I:_}.:J - (1A)
':m"tm': (red, ["1.- '[}'._-.]1-' e [*’1- [ ol -
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2. Let {A/().} be an n-groupoid and p an equivalence relation. If
asph 1 =1n == (a]).p(b}). then pis called the congruence relation of n-
groupaid. The following proposition is true: g is o congruence of n-groupeid
if p s equivalence relation on A and

Ve TlA, (aph) = (o} 'acf)op(c be? V)e; i =Tom.

A congruence relation g on an n-groupoid (4, ().} is said to be normal iff
Lhe following halds

Yae A Yhe A, Wl e A (g et '1','|._.,|:+I:r_"l'1-@.!-!;*:“'”]'}-b = apl, 1 =
S

Usan [B] showed that if {4,{} ) is an n-group, e : A2 & A its {1,n}-

nentral operation 6], f: A" — A its inverting operation [7] and 5 iz
congruence relation of the n-group (A, ()], then the next statements are
aquivalent:

1} p is & normal congruence on the n-groupoid (A, ().) for every n > 2

2} p iz n normal congruence of the {n—2)- groupeid (A, ¢) for every n = 3;

3] p is a congruence of the (n — I }-groupoid (A, f) for every n > 2;

4] p 1 & normal congruence of (A, f) for n = 2,

1

In the present note we shall study the congruence relations of n-REMIgroups
with a right unit and the connection between them and thase of its binary
rednces.

Proposition 2.1. I (A, (),) is an n-semigroup with 7 ' a right unit
and p an equivalence relation on A satisfying the conditions: forallabe A

apb =+ (ey,a,0) oplerdh, 7. for all ¢ € A (2.1)
arid
apb = (a,c} "), p(b, l"-";'{_ll. for all 1 € A (2.2}

then p is o congruence relation on (A, G
2 If (A (),) i an n-semigroup with u] ' a right wril, u, uld
a [eff unit and p an eqovalence relafion on A satisfying the condition f2.1),
then p is a congruence relation on (A, ().);
Proof. Tet (A, ()] be an n-semigroup with a right unit #7~ " and p an
equivalence relation on rhe set A satislfving (2.1)
Then, the following statements hold:

Ya, be A vl T e A (EEH (aph = (e Tacl 1), p{cl 1bel 1J=) (2.3
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Indeed, jet a,;b.¢f ! ha
By the assumption (2.1)
implications:

Wb = (e ), plegur-2).

== (es(eaaul o, 165 lJo.ﬂfﬂr{rﬂzﬁﬂ: T )atas. 165 1), =

= [{:ICEIIL:;‘- :,:I-:P[-nlﬂ'dé{:;. ]-}:"
IF (2.3) is true for 4 —

ke {3..
Ause we have the impli

<y FE— -T-_il‘ then {2-3} i5 lrue lor § =

k41
cationsg
W= (e *), pcaup-ty 124
R O
= (faciT])plckbep- 1
Fork=n -1 from here we haye gl = (o La) ol Lh)..
Moreover, if 1T is & right yngg and w10 2 g g st unit, then
Vabe A, vt o A aph <= (ot 1m$'l]ap{c§‘1£xr;‘"jl¢ fori=1,,. 4
(2.4)
Indend, by assumption (2.1} we have

{ur:-—!lr L, ":;P *}ﬂ.{’{“ﬂ--is 'bl "'-'1?1' 3}=

and by (the juat proved) (2.3) for { = 5, we have
(v 10 3y, 2067 *hocn_ 1) plus, L (TR

= {-ﬂl'.';l'_.l.]'all':l'{‘bﬂ.-:? IIJQ

Moreovr, Putting the elements er e 4in (2.1} we abtain:

(e, gﬂiﬂ?_z}up[.ﬂn_ﬂl&il?- i T,
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= (1 g (e g0n] ™ a7 plan st gaul L, up ). =
o R ] (T TR IR

= (g (0] Py Doy~ e plu o (0]~ by Joug ™) == apb,

Corollary 2.2 IJ (A, {).) & an n-growp and p on equivaelence relalion on
A satisfying (2.1} then p is a congruence relation on (A, (),).

We wnll give in the sequel a properly of the CONETICTICOE Of N-HOTNIZRIH
and therr binary redoces.

Proposition 2.3. Let (A, ().} b an n-semigroup and vy * € A arbitrary
fized elements. Then the following hold:

1) If pis a congruence relafion on the n-semigroup A, then p is a con-
gruence on the r-r-.'r!:u_-la-z CA));

M If o is o congruence on semigroup (A2} o € End(A, ) and de € 4
such that (1.3) holds and

Ve, be A, vl € A apd = afa)palb), {2.5)

then p iz & congruence on n-semigroup ext, (A, )

T'he: proof follows immediataly.

By using Theorem 1.1 above s have too

Corollary 2.4. Let (A4, {)) be an n-semigroup with u}™" € A a right
wiit. If p iz o congruence on red? (A ().) and the follonmng relalion helds

Yo, b e A, Vel T E A aph =% (tpoy, 3,05 opltn-2. 0,617 ) (2:6)
then the p is a congruence on (A, (),) Lo,
Corollary 2.56. If {A.().) iz an n-group and ¢ € A, then p is a congru-

ence on the n-group A, if and only if p is @ congruence on the binary reduce
red (A, (),) and

l?rﬂ!'b E "q: I-J:Ill"‘“EII = {Er'n'l E:ﬂ{'l EJDPI::E:- iIEI|ﬁ| “Eﬁ:l-n [E-T']

folda.
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