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DIFFERENTIAL OPERATORS ON BDUNDLE OF
ACCELERATIONS IN HOMOGENEOUS APPROACH
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Abstract.Using a special (h, vy, v9) metrical structure on the bundle of
accelerations, the divergence of a field, the gradient and the Laplacean of a
function on Qs A are defined in this paper. In the case of homogeneous
lift of & Riemannian metric to bundle of accelerations we obtain some results
on differential operators.
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1. Introduction

Let I[J"' = (st M, 7%, M) be the 2-csculator bundle of a real, smooth, n—
dimensional manifold M. For a loeal chart (U7, ¢ = {£*}} on M, its induced lo-
cal chart on 7 = Qsc'® M will be dencted by ([ﬁ)‘l (17}, ® = (z, 4", ym')).

Let B™ = (M, +) be a Ricmannian space, M being a real ndimensional
differentiable manifold and v a Riemannian metric on M, having the local
coordinates v, (z), £ € U C M. We can exctemd #y;; to w7 ([T) C E, setting:

{"'1.1‘:"”} (u) = 7y(z) ue (U}, mlu) =x (L.L)

In Lhis case 1, 0m sives a d—tensor field on E. We also denoted it by ;.
If we: denote by 74, the Christoffel symbols of v we have the following result:

Theorem 1.1. The coefficients of the nonlinear connection on E deter-
mined only by the Hiemannion structure y(z) are given by
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N* (2, 49) =iy

d
N* [z, y3) = 1AL 4 T )
{2

(1.2

where "0 means the contraction by (¥™), "0" mesns the confraction by
(¥?) and A5 = (_Lylil]# o M j").

The nonlinear connection N on F provides the existence of the adapted
hasis (451, ?5}.. l:‘k)ﬂf the tangent space T, F. These vector fields are given

by the following relation:

5 ék= S hri" H |-|-
BT, My B
1
4 t'!‘-'Jp:— fs— N =5 1.3.)
gy~ IV gy (1.3.)
E
)
; g ﬂmr::_?’j".

Furiher, v need the following result with respect to the veclor fields of
LAY S
the adapted basis (l"h by, f )

Theoremy 1.2, I fhe case q;f the nondittear conveclion on E deferminead

ondy by the Riemanndan siructure ¥(x), the local coefficients of Lie brackets
(8} (2
af the veclor ficlds of the adapled bosis (.:5;,, O, Ekj are given by:

{ o) ik (13} (L4

R =33 a:- -y

e | | (L5
L (o P £33 P + 10 Poog) + .
P e x =
o S et (16)
H Lo 'l TDJ'.E + '?‘n.ﬁ ﬂ B = ':] : s
(1), @1}
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where r.li-.j.i {z) are the local cocfficients of the curvalure lensor field of the
Riemannian space (M, v,,(x)).

~ (&)
Theorem 1.3. ([6]) The pair ProlfR™ = (Qsc M, (), where:

G=f:.-ij|::|:}l-dmili‘:-dﬂ:j 17
+Vis () - "'.'H[l"ﬁ & f-"—’ll";l:"1i 4 ':I'U(E!]I ' ﬁyf”]i = ,ﬁy[?‘.l.f TR

iz @ Riemannian space of dimension n, whose metric struclure (7 depends
orely on the structere (x) of the apriori given Riemann space B™ = (M, 7).

We say that G is Sasaki N — lift of the Riemannian structure -,

Next, let us consider the homothety hy : (z, 3", 3™} — (z, 5", 23],
t ¢ f* on the Gbres of Obred bundle Gact® A, We notice that G is trans-
formed as follows:

3o jllt {I,yﬂ}: yii}} = TIJI:I'} . ,:fj:" b dr-i'-

+t? ' 'T{_;'{I_} O Eﬂnh :‘_:-:: E'S.I":T:I'-" + f‘ = '-:I".J, I:E‘-:I b ég{i};‘ E‘ &ytl}j I:L-EL "I

Therefore we have:
Theorem 1.4. The Sasaki Eft (7 15 nol homogeneous on the fibres of
fibres bundles Cact® M

2. The (o, 3,9) Sasaki lift to bundle of accelerstions of a Rie-
mannian metric
- {2)
Definition 2.1. We call the (ofn) lift to Gsc M of the fundomental
tensor field «y,. of a Riemannion space R the following tensor field on

e (9
flar M

[fim)

G = gz, V) - dat @ do? | _ (2.1)
+hlx, yu]} : ﬁyiﬂ'i & I._5,!‘.&1]: + b, yil]] : 5y{=]¢ 2 51'.(!11-

where we pul
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. i, ym} - ’I{FE} " Yeilx)
hig(x,y'V) = g(F2). Teilx)

22)
bilz, V) = (F?) . 4, (x)

where I is the Finsier Junction of Riemannian space {2 Yo ()
Y gl g = Tes(2) - Y and o, g Wi By = Ry ore differentiabls
functions,

Theorem 2.

1. The following properiies hald:
~ (2) iy}
a} The pair (Tl ac M, ;{?} 8 a Riemannion apace;
[zrn)
B @

depends ondy on the Riemannion mefrie 7 of the Riemann Apace

R .

¢) The distributions N, Vi, V; are orthogonal with respect to (1.,

Remarks:

a) For g = B=n
in the monograph [2].

b} For eft) =1, At) = ";—E, M) =% (o> 0} we obtain & new lif called
homogeneous Sasaki lift, which will be denoted with

= 1 we obtain the Sasaki lift mtroduced by B, Miron

[y
. Therefore we haye:

":.::= Tt}_{lr} . g @dﬂj 3 ;_1; : ":"-E_f[III . 63!{]]:'@6?;{1];.

; . it (2.3.)
+fq; F 'i-"lj I{.EJ a ﬁ:t,l‘{ﬂh & ﬁy{f}:
e (B
Definition 2.2, A finear connection D on Ose M 4a cabied o (adn)
a1

metricel connection if D

G =0 and D presevves by parallelism the hori-
zovdal distribution N

In the adapted basis, any linear conniection on E can he represented in
the Iollowing Wiy
(" arF m o
‘rJ.ﬁ.éj =L j "6+ L.:?l;_' &; + L.ﬂ -
(1) gyt W) M oyt
-D..s. §J'=L,.-§.;+ [r._#'-lﬁ.'-l-L_r-;"ﬁi {2'4'1:|
(2 (5 T ¢ B (%)
ﬂs, ;‘=~Lja; B+ L,‘g‘ 5-5 T™ ij' é;
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" .
llH g '11]‘ 1 [2}' {3]
”"? b= F g bt Fyn - by
" of Wi m‘ 2)
% E,:I:i_l [5_1'=ij 'IEI"" Fl:.#' 'Ei-+Fj|:.' E.‘
{2) (:-]‘ m’ { [v }' {31
Dy 84=Fj b i s
LA
( (M} . m o @
D{u] 'ﬁj—Cj.lF -+ F' : ﬁi‘l‘ﬂj*' &g
T () i3 \ m}* 1y w0
\ D-:g] 'aj—{f,u: + oL g “‘i+ﬂ§#‘5=
2. s ) @
L D.:;] '5_f=£rj|r¢ 'ﬁi‘l‘ C_:i_g 1 15:' + G ik © '-";{

(e

(24.4)

(2.4.4)

The systerns of [unctions I: L jgaeors ' g3 ) 8re the coefficients of ). We

can prove the following resmlt:

I}

Theorem 3.3. There exist the (on) metrical connections on OEC M,

which depend on the melric tensor .
(e of them has the following cosfficients;

b o @ o s
I_,llmz ";R:TL;;IF:_L_-;'E=L_;H:=L_1'.E=“

w @ & o o o
Fa=Fa=Fp=Fp=Fy=Fa=0

o @t e W ef e e oy
Ca=Ca=Cp=Ca=Cu=Cu=Cu=C p=C 5=0

(HY )t ()
L= L =L 3= Tp
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103 ; waf et
. ¥ o
a= LNy o Farmgla o Foa= LA

where:

i i 4l i L1
A = "5;‘4'1 Y ﬁyf.- U T

The simplicity of this metrical N-c
Jetermined only by the Ricmannian metric
v )
melrical connection of the space (FOsc

(2.9.)

(2.10.)

snnection and the fact that it is
7, allows to call it the cmonical

(e}
M, G ). Inthe adapted

(i) Soion
basis [ fi, O & & k) the torgion tensor field of the canonical (ofn) metrical
: W W P
compection of the space (TOse M, G | salisfies the following relatioms:
Mo e A o W o @
T (Bg, 85) =T ju B+ Ty ™ bi+ T~
ym e P /) 3 @
F (ﬁh-ﬁﬁ) =P 8t P i+ Pyl
i) (' m oo W@
7 (Bty) =G Aot Q- 85+ L
¢ Jdmomy w af M @ @ (2.11.]
I‘(ﬁ,‘ 5_1 =5'_.|-J¢ b+ Sj.l;'é'i'}' Sji:' i
@ wy w W @ @
T(f‘i a;l =Va Bt Ve ﬁi+i/_fk' g
(2 iy o W @ @
L ':II.-(IEH, -IEl_.rj =E'r_fl'- '15-,;"[' I-‘r_-pi: g’ '51' + T-'):k 5 '!:;1-
Theorem 2.4. The local components of the torsion fenaor field of the
canonical (cefin) metrical somnection are given by
o of @ o @ 3
'T'ji#'pr.=ﬁjjk=ij-_—d:it=" By
of of o of (2.13.)

VL 1 f

Sa=Sp=Sa=Va=Va~ U p=U u=U s
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Ta=RY , Te=R" 2.14.
n (om) k i* {02) ik [ d}
af &y (3 !. af vl
FamBac Basly v ¥am=Hn (215,
ik

3. Differential operators

Let F{E) be the ring of the smooth functions on E and let X(E) be the
F{E)— module of vector fields on §. We can write:

Xe=hX +uX X (3.1.}

Er any X & XI::F:.‘}. It corresponds to the possibility to write any X €
X[E) in the following form:

At vy i1 ' i) )
X =% (-6 % (04 % (w80 v @e®) (32)

We suppose that the manifold M i= & paracompact one, In this case i is

. : . . ; . L ==f
an orientable Ricmannian manifold with respect to Riemannian metric {;J.

Thus, general considerations on divergence, gradient and Laplacean done in
5] applies to F. Let us denote by Ly the Lie derivative with respect to

= X[E-'} and by dV Lhe 3n— form on Ose* M. Then the divergenee of
X & X(F) is defined by the equation:

LxdV = (div X )dV (3.3.)
Let D be a (afn) melrical connection. Following the ideas from [1] we

bt
divX = Trace (Y — Dy X +T(X,Y))

If we look for the matrix of the linear operator ¥ = Dy X + T(XY) in
iy (%
the adapted hasis (EJ., 8g b ;,) then we obtain:
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(&) Y ¢ R 2
Theorem 3.1. For any X =X 5+ X . 8 4+ _”Ts;i' - &€ X(E) we

have the following formula:

divX = din, X + T + div, X (3.4.)
ufiere:

LS S TS S S
d{ﬂh-l't- =..k.|.' ‘l‘ X Tﬂ; - P);' =

i
. e w)® faf P jaf
div, X =X\, + X FPat 8-V (3.5.)

Gf e 0 g
d'i'?-'wx P=EII'E F E ({j,‘r, 4+ L’r.u: + U&)

The natural splitting TOsc? M = Nac? Af 2 WViOse® M @ V300c M Pro-
duced by & determines the tree partial gradient operators:

arady, [ = Si'ijfﬁi_f} -45_,-
'::J i1 )
grad, | = (&, [). '8, (36,
Lt {2)
ﬂl'r'ﬂ""l'l.l:l-..-|r - P:"f 51’ f.}‘ '5.1i
and hence we state: .
Definition 3.1. Let f & .F[E] The wector Jield

grodf = gradyf + grad, f + grad,, f (3.7.)

15 called the global gradient with respect io (:"?"
Definition 3.2. The scalar field Af = div{gradf) is called the Laplacean

] . _ jadin]
of the function f with reapect to the metrical structure (7 and the (ofn)
metrical conneclion 1)
For s metrical connection D we can write:

Af =8xf + Ay f + Ay f (3.8)
where:
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@

Anf = (g (8;F)); + {g"{8, f}] ( = Pag= Qh)
anf= (w5, ) +(m5,0) (“’; +Sm ﬁ-) 39)
Awf = (3, n) L+ (.;m[‘.’.}; f}) : (‘5& ol [:’?L)

Particular cases:

A, T T e the mhibtrical Bractie gives B¥ (21 atd ‘D'5e'the
canonical (adn) metrical connection given by (2.5.) - (2.10.). In this case
we hawe: j

Theorem 3.2. The feliowing relations hold:

diﬂj(t]f_?) = (), iit'(?'j)=n[1+(%+%+%)-_?=]

{3.10.)
n o i ! 4F5.g'
ﬂE—?[ (2+8+2). /| -2
Qo I . _
where and T are Liowville vector fields groen by:
2]
P i, = P yon. R (3.10.)
ebsiil!
B_p. ;2 2=23(r) (3.12.)

i3 30 called the ®—energy of firsl order.

B. If we consider ?}!I the homogeneous it (2.3.) and D the corresponding
eanomical melrical connection, Lthen we obtain:

Theorem 3.3.
a) The following relutions hold:
4] ()
div [T | =0, div - —2n
) (r) » (T) (3.13.)

A=ar @ Py (3-n) P29 4+ (1-n)- 2]
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s
h) %‘J is harmonde if and only if:

¥ty=ec1+ I +e-t"", ¢, R (3.14.)
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