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MANN ITERATION FOR DIRECT PSEUDOCONTRACTIVE
MAPS

Stefan M. SOLTUZ

Abstract. In Lhis nole we introdoce a new elass of maps. Let X be s
real noerned space, and B © X be a nonempty set. The mapT: B — B s
direct psendoconiractive if there exists k € (0, 1) such that

7z~ Tyl* < klle —pl* + | - T — (£ = T)y)f* ,vz,y € B.

For T' a direct psendocontractive map, we prove the convergence of Maenn
iteradion to Lhe [xed point of T
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1. Inmtrevduction. Let H be a real Hilbert space, let 8 © H be a
nonemply, convex set, Let T : B — B beamap lLet x) € B be an
arbitrary fized point. We consider Lhe iteralion

Inil = |:1 = ﬂﬁu}mu + o, 'z {1::'

The sequence (ot nxg satisfies: (tdasy © (0,1), 300 00 =oc,and 377, ol <
a0, The last relation implies that img .ty == 0. A prototype for (o )ns
is {lfﬂjﬁ}1 >

Definition 1 The map T is called pseudocondractive if
|7z - Ty))? < |z —ol* + | — Tz — (I - T)y))*, ¥z, v € B.
In [7] we can see an example of a Lipechitz psendocontractive map with
a unique ficed point for which every non trivial Mann sequence fails to con-
verpe. The set B is nonempty, convex and compact.

Definition 2 The map T is called stromgly pseudocontractive if there exusis
g (0,1) such that

|7z~ Ty|" < e —y|* + ¢ (I = T) — (I = Thyl* Y=,y € B.
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In [1], [2], 3], (8], [8], [11] the map T is considered stronghy pseudocon-
tractive. The sequence (2,)u>1 given by (1) strongly eonverses to a fived
point of 1"

We introdnee Lhe tollowing class of maps:

Definition 3 The map 7' is called direst peevdocontractive if there erisis
ke (0,1) sueh that

17z~ Tyl < kflz— gI* + )(Z =Dz~ (I = T}l Ve,y < B. ()

The class of direct psendocontractive maps is nonempty. If T is & con-
traction, then T is a direct peendocontractive map. Picard -Banack Theorem
can’t be used to find the fxed point of a direct permdocontractive map, In-
atead, Mann iteration {1) can be successfully used. Our aim is to give a
convergence result for (1), We denote by FT):={z&B: Tz = x}.

Remark 1 If T is a direct prendocontractive map and has F{T) £ 0, then
T hus a unigue ficed point.

Proof. Let z*and 3* be two distinet fixed points. From (2) we haye
IIJ_TEJ. - qunll‘! E k H;rq. . y..."!::l
= =31 < ks — gy,

A=K z* -w* < o0, ke(0,1).

Hence x* = y*, Thus F(T)= {z*}.00

The [ollowing lemma can be found in (10] as Lemma 4. Also, it can be
found in [12] as Lemma 1.2, with an other proof. Tn [1] can be found as
Lemma 2, the proof is similar to the proof of Lemrms 1 from [8].

Lemma 4 [1f, [10], (18] Let (8 }uz1 be @ nonnegative sequence which verifics
where any; < (1 = AnJan +0,, (A dnzy © (0, 1}, 3 50 = oo and T = of A, ).
Then lim,, .. a, = 0.

The: following result is proved in [].

Lemma 5 [§] Let H be a Hilbert apace, the following relation is true for all
£,y € Hond for all A e (0,1)

1= Xz 29 = (1= 2) falf® + A 2 - AL — ) o = vl (9

2.The main result.
We are able now o give the main result:
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Theorem 8 Let H be a real Hilberi space, let B C N be a nonempty, conver,
bounded and closed set and let T : B — B be a continuous, direct pseudo-
contractive map, with F(T) # 0. Then for cach £, o fized point in B, the

sequence (Tn)nsr given by (1) converges strongly to the unigue fived point of
T

Proof. Tet z* € F{T). From remark 2 we kmow that F(T) = {z*}.
Tsing (2) and (3) we get

| #0112 = 2"

(1 — ap)dn + enTzn — ::"H3

1 — anl{za — %) + aul{TE, — 2°) I*

(1 = ) 12w — 2 1% + tn | T20 — 2° | = el — cva) [T — 2]

Al

(1= o) [l2m — 2*|)* + etk flze — 2°| " +
oy [ Tien — T ||= - ap(l— o) [ Tn — :l:.‘.,,||:1
< [1—(1—klanllzn — z°)* + o | Tzn — ol

The sequence {||Txy, - £y || Inz1 18 hounded, because B is bounded. There
exists M > 0 such that {|Tz, — )l <= M, for all n = 1. We denote o, =
|2 — 2°|[", and we get:

ey = [1 = (1 — k)atn]an + a2 M.
Let us denote by
-l:!'l:l. : = [l — 'l".::laﬁ!

oo b TR

Observe that A = (1 — k}as © {0,1), for all o = 1. We have 370, A, =
(1-k)52 | o, = ee, The following relation is true

x 2 A M
Tim 28 = lim gt litn xn = (.
m—bren MR — 3 (1 ko, | B e

Thus, we have o, = oAy}, From Lemma 1 we get limy, ooty = 0. Hence
kit veo |20 — £°]| = 0. The proof is complete.]
Using the Schander fixed point theorem we give the following corollary:

Corellary T Let H be a real Hilhert space, lel B C H be a nonemply, conver,
compact set and let T © B — B be a continuous, direct poeundocontractive
map. Then for each &) a fized poind i B, the sequence (@, )a>1 given by (1)
converges strongly Lo the unique fired point of T.
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