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SOME EXAMPLES CONCERNING THE EXTENSIONS OF
SEMI-LIPSCHITZ FUNCTIONS ON QUASI-METRIC SPACES

Loana TASCU

Abstract. In this article we construct some semi-Lipschitz functions
defined on a subset of 2 quasi-metric space, and then, using a result from [2], for
each of them we show two extensions which preserve the smallest semi-Lipschite
COTSLAnL.
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First we recall some definitions and notations (see [1] ).
Definition 1. Let X be a nonempty set and & - X x X = [0, =)a function
which satisfies (i) or (1") and satisfies (in);
(i) dle, ¥)=0e> x =y, where x, ye X
(1) d{x,_y}l-—d{:yﬂr]:ﬂﬁxz_}?,whﬂfe g yeld
[fi} d{r,_}-'}l < d{xJ z}-— dl{zJ_y]_ Ve, v re X,
The function £ is called a quasi-metric on X and the pair (X, d)is called
a quasi-metric space T, - separated 15 case of (1), respectively T -separated in
case of (i),
Remark the difference with respect to a metnc space. the symmetry
condition dlx, y)=d(y, x) ¥x, v e X is not required.
Definition 2. A function §:.X —» Rdefined on the quasi-metric space
(X.d)is called semi-Lipschitz if there exists a numberl = Osuch that

fle)= fly)< L odlx, ¥} Ve, ye X, ,

considring 1], = sup{LELLOIVC, 1y x ).

according to [1], for a semi-Lipschitz f: X — R function we have || 7], < = and
L=|f], will be the smallest semi-Lipschitz constant of the function /.

.
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We remark that all semi-Lipschitz functions S X = Rdefined on the

quasi-metric space (X, d) are d-increasing:
r.yeXdxy)l=0= Sx)- fly)=o

For a nonempty subset ¥ x| where (.Y, ) is a quasi-metric space,
denote by SLip¥ the set of all real valued semi-Lipschitz functiong J FaR,
and for a semi-Lipschitz S ¥ = Riunction consider the set
L s (Fy={FeStpX . F|, = f, W1, =171, } of all extensions of £ which
preserve the smallest semi-Lipschitz constant

In [2] it was shown that the se Ey 4(f)is not empry, particularly it

contains the following two functions:
FX o REx) =supl £ -|f], -dly.x) bvee ¥
el

F,:X - RF,(x) ='}Lg{ FO)+bA, dlxp) Lve x

These functions & and £, have a significant role, as in [1] it was proved
that for arbitrary F ¢ £, L (f) the following inequalities holds:

Flx)= Fix) < Fy(x)vre X,

Now we consider the subset ¥ = {- Lol Z o R, the quasi-metric
spaces (Z,d}(R.d, ).(R.d, ) where

(0.4 x=yp
ﬂ'{I,}’}=- 0.ff x=2ny<2n—1lorx= 2n,y=2n+l{ne E}{KHALEJSK}’}
LL otherwise
X=V, if x—y=0
I|'-"III {"t!_}"}'_"[ ! 4
0,if x<yp
X=¥if x-y20 (SORGENFREY)
dz{x?f)= :
Li x<y
and the functions

L& ¥R f(-1)= 21 F0)=-1f{1)=1; g(~1)= —E—'.EED}: 0g1)=1.

We remark that (Z,d), (R.d,) are T, -separated and (R.d,)isT -
separated,
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Example 1. The function fis semi-Lipschitz on the quasi-metric space
(¥,d), with the semi-Lipschitz constant

L=m{f[-1)—f(ﬂ) 0 f()-£(-1) f(1}=f(ﬂ)}=
d(-1,0) “d(-11)" d(1,-1} * d(L.0)

1.3
2{—0= 2=

Fad2}-n
because we have also
Flo)-si- 1}=-é <0=2.d(0,-1); £(0)- F(1)=-2<0=2-d(0}) and
obviously f(y)- fl¥)=0<2-a(y,y)=0%ye¥.

Now we are going to construct the mentioned extremal extensions of the

function [ :
FoZsRE (I}=3up«lt—%—1-d[—l__x}, -1-2-di{0,x) 1—2-d{|,r}},we 4
and
F1:E‘L’—}H,ﬂ{x}=inf{—-;-—kl-d[,tfl},wl-n-i -d(x,0),1+ 1-&[.:,1)},

¥x € £ . By easy computation we get
il Fuer{....,—j,—d,—BI-
1 1 {5
Fi(s)=supi---2L-1-2-L1-2-1p =supi~ 2,31} = -1
o L +
- J’ 1 oty
Fil{x}_me -211-1,- 1+2.1, 1+2.1 _mfﬁE,IJ =1

By F(-2)= H-u.p{- %--i-d{-- 1,-2) - 1—2-::{&-2},1—2-{:{3,_:1} =

1 5
=i =2, 1, =122 ] 1= 2: 1 s gt = = —F=1} £ =]
“‘p{ 2 } p{ 2 }

Flf—z}:inf{—%+i-d{— 2-1) -1+2.d-20)1+2.d(- 2,1]} =

=mf{-l+:-r;:,—1+1-1,1+1-1} - inf{—le} piit
2 i z
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¢) Fi{-1)= sup{ %—Ed (~1-1) -1-2.d(0,-1), 1 - -2-d{l,- 1}}:

B e YRt B B

L 2
F,(-1) —mF{— é—+2-d{~-f,—1}, ~1+2.d(-10) 1+ 2. (- Li)i =

e —

[

—

a_-,'nrJ’_—|+2-U,—l+2-LI+I-lF=inf”r—l.l,3l— l
| 2 | 1 2 2

d) F(0)= mp{- ::--z-d(- LOL ~1-2-a(0,0) 1- z-aﬁ,u]} =

4 5
=mp{——-2:1,-1-2/0,1- 2.1} {—--.—1 =1
p{ 2 JL i }

F,(0) = inl‘{——_; +2:d(0,-1) -1+2.2(0,0) 1+ 2 -d{t},ljl} =
s e . o e i S T
i i 2+z 0,-1+2-0,1+2 {I'} .mel = 1,|}_ 1
&) .F'ﬂ:l—ﬂule ; 2-d(-11) - 1-2.d(01),1-2. d{ll}}

r

1 [ '5 1
S 2L =1-2:0,1-2. 0} =supd -2 13l =1
b-l.liz ,?}sup{z,,J
F;ﬂ}=ﬁ1f-{'-%+1*d{l,—]1—]+2-a’{],ﬂ},1+2-dl{l,lﬂ=
]
linf{-éﬁ?‘.-l,—]-l-i-l,]+1-D}:inf-"l%.1}-—i
1

I

I3 F.{zj=sup{——— 2-dl- 1,:1--1—1-.:;.'{&,2}.l—z-dﬂ,zj}L
[ 1

(ks b -1-],-—l—E-111—2-1}=$up{-——:.,—3,—l}=—

ﬂ{:}:inf{—%u-d{l—]} ~1+2-d(2,0) 1+ z-a[z,a}}:

L

.
={nfll——14 2-1,—1+2-J,l+2rﬁl}=inf{i,i}=l
2 2
gl For J:E{E,#,S,.,,E
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"":{I)#up{—lz— 2-d(-1,x), - 1-2.4(0,x), 1—1~d’{1,r]} =

1 i 5
:mp{———!-l,—l—l-L i - I-I}ZEup{——,—l—Il:—]
2 J 2 J

F,(x)= inf{—%+ 2-adx,-1) -1+ 2-dx0) 1+ 2 d{x;}}l =

i

:inf4--l+z-1,—1+z-l,1+1-1§:int‘{1,1,33.-=1
.2 I £
The extremal semi-Lipschitz constant preserving extensions of the

function f on the quasi-metric space {E,d} are
r ] ¥Ye {---,—4_,—3,—2}'1_){0}'1.-'{2,3,4. ""-}

F {.:'} — r——l
I,r—l
Lxef...-5-4-3}buf23 -}

)= {1 xe 21)

I -Lxr=10

Example 2. The function g is semi-Lipschitz on the quasi-metric space
(¥.d,), with the semi-Lipschitz constant
80)-(-1) g0)-¢(-1) gl)-g(0)] _, [13
L= = 2tk
mp{ dlo-1) ° 4f-1) * 4(.0) _[ ﬂl""]'"'52‘4’1 1

since we have also

gl-1)-glo) = —%{ﬂ=1-d,li—m1g[—1}—g{l}=—%-:ﬂ=1-n&{—1,1}

#(0)- g))=-1<1.4,(0)
and obvicusly gly)-g(y)=0<1.d (), y)=0vye¥

We are going now to construct the discussed extremal extensions of the
function g :

3
G, R— R,Glx)= Sup{—%—dl{— 1,x) 0—d, (0,x) 1—::2{1,x]f;r,w & R and

G,y i R R, Gy(x)= inf‘{— % +d (x,~1),0+d (x0)1 +dl{.:.l]l}, Wxe R
By computation we obtain:
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a) Forxe(—o,~1]:

G,{.t]=mp{—%—{—]—xlﬂ—[—r},l—{l—x]}:sup«{i +:|:,r-}=:r-- ;,'ﬂ"xeia ::,=I1

4
G,lx)= inf{—%+ 0,040, +u} i —%,er (1]

b) For xe={-10]:

G,() = sup{ -1 -00- (- (-0} =supl-Lx} - { ¥ "2

1 : ;-I+%,J:E:—lr——J
Gﬁ.{r}ri“r{—;—+r+l,ﬂ+ﬂ,l+ﬂ}2M{I+E?u?1}:€ \

¢) For xe(0,1]:

[

G, (x)= sup{— %—ﬁ,{l— o= 1= x}} . suplll— %,ﬁ, r} = x,¥re (0,1]
(i, (x) = m.tljl—é i LI,[} = xvxe(nl]

d) Forxel m):

G, (x)= Hup{— % —0,0-0,1- ﬂ]_; = sup-[ t -;{-,n,l} =1,%x e (l,ec)

Gylx)=inffe+1 x5} = x, ¥xre(l,=)

The extremal, semi-Lipschitz constant preserving extensions of the
function g on the quasi-metnc M{H,d, ) are:

X 1-%,1:5[—::',—1] —%,xe{—m,—l]

1 1 | 1
—— X & —L-= E+=— X&]| —1——
Gle)={ 27 ( z] w0l GalRedl 2 [ 2]

= -l,l *U,IE{—l,ﬂJ
2 #4

Lxe(lm) x,x(0,)
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Example 3. The function g is semi-Lipschitz on the quasi-metric space
(¥.d,), with the semi-Lipschitz constant
el @0 g(O-g(-1) o g)-g(-1) g()-£(0)]
s dz(_hﬂ],d:{'l*ﬂ'}, dﬁ{u‘ ']} ,Ei?{[hl}, dt{L_l) : d‘.l'[lsﬂ} 3

13
— ——1:1
WP{E,#,}

since obviously g[}} gl:y} =0<1- JQ{JJ.I’I..'}T 0 vpelt.
We will construct the discussed extremal extensions of the funchon g

G, R R,G(x)= sup{—%—d:{— L)} 0-d,(0,x)1: a'i_{l,r]},\:fre R and

[ 1
G, :R— R, G,x)=inf{- é v, (x~1) 0+d,(x,0L 1+ d,(xl)}vxe R
L 4

We obtain:

G,{:}zmp{—-%—{—l—x},ﬂ—{—x}l,]—{l—r}}:x+%,h’re{- 1)

1 1
rl-1)= - 0-11-2=——
G,(-1) sup{ = L } 3

G.(x)= sup{L—%—Lﬁ—{—.r]J -{1- :}} = mp{—g ,r} =x,vxe(-10)

[

PSL YNNI B | '
frl{ﬂ}--WF’?L—E—I,G—“,I—l-}_D
G,[x)= mp{— %— LO-11-[1- .r]} = x,vxe(0,1)
I
G,{l}:sup{—%—l,u—u—n}zl
L

{r, [I'}= Eﬂ.lp{—% -1,0-11~ I} =0,vxe IIL:n:]
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Gz{x}zjnf{m%+l,{}+l,l +i} = %,"ﬁe{—m,-—l]

G,(-1)= ini‘{—%,l,l}=—%

(G, (x]=i|1f{-;—+ x+1,1,1}= T+ %ﬁ"l?’x e(-10)
Gi{ﬂ}=inf‘{—-i-+l,ﬂ,2}:ﬂ

1+x+1,x,z}=x,we{n.u

1= 3

G,(x)=inf {.-—
{ =

(7, 1}:iuf<{ + 2,L1}=l

Ml-...l. Tt

Eﬂx]:inf{-

The extremal, semi—Lj;.:s::hitz constant preserving extensions of the
function g on the quasi-metric space {R, d, ) are;

+x+1,x,x]r=x+%,*¢’x e(l,=)

¢ 1
.1:+?l,x-';{—:a:-1—l_r E,x,_[:—m,—l}
G (x)={x,xe(-1,1] : GE(x}-—q_r+é,xEI— 1,0} (1, )
!ﬂ,:r € [l,ac:] EE EO,I]
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