Bul, Stiin}, Uniy, Baia Mare, Ser. B,
Matematici-Informaticl, XVII(2001), Nr. 1-2, 173~185

ON THE ASYMPTOTIC ANALYSIS OF THE FUNCTIONS OF DISCRETE
VARIABLE

Andrei YERNESCU

Abatract. In this paper we give a sietch of an Asymplotic Analyss of the {real]
Tanethona of netural vazialle, Lo of the rep! sequences, In the ficsl, prrt we mention s set
of Inequalitics whick conduets to some develapinents of the first order and in Lhe seaond
part we mention same (afinite) wsympiotic developments. Al tlese fecls conduets ta u
goners] theory of the nsymptotic developroents,
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1. Introduction. The mathematical facts which are conducted to
the ileea to claborate the present sketch of the asymptotic analysis of the
functions of discrete variable are of two kinds, which v present heve.

In the first cathegory we have certain inequaelities which characterize the
Lvelocity* of convergence, of some sequences to their limit, s, for example:

811 ip guifyy 2 )ﬂ < ([83], 48], [34]
Ntz ( T In+1 - 145], 1541},
o
1 JER 3 "
n+1 ST n (44))

[ L]

1 1 :
(where v, =1+ =+ =+...+— -~ lognand v = “J.i.x.gli_ﬂ':eﬂ = 0,577....i5 the
Il oo
woll-known constant of Enler).
Such inequalities permits to obtain the first order of convergenee of the re-
spertive sequences and also the finst iterated limit: lm nfe < (14 1/ )" )=

E, respectively Yim r(y, — ) = %, comducting to o so called Asymptotic
Analysis of the first order, The notion of order of convergence was rigurously
precised by V.Berinde in [5]. Also, in this cathegory we have certain asymp-
totic developments ns (2.20) - (2.28) and {2.29),

Tu the sorond cathegory we have the asymptotic developments, for exam.
ple, that of Stirling: 173



ot 1\}]1 L
e 1 = | logae — T ¥ T L
log il = log v in + .'%'”"' 2 g klk+Ln

which is eguivalent with

nl = v2ran e ™ exp ( ol ) (23], [38])

S A
=t Rk + 1)nt

or the asymptotic development of the barmonic suw H, = 1+ %4. % . _.|_?_1|
e : -I- el k—1 B'.' i L=
iy = logn 4 W+ o +_,‘:=E=f 1] i luﬁH [39]}'

where By are the numbers of Bernoulli,

The aim of this paper is to put in evidence a certain number of inequali-
ties, respectively developments of this nature, which may be able to construct
a first collection of facts, serving to establish an Asymptotic Analvsiz of the
function of discrete variable,

Generally speaking about the Asymptotic Analysis, considerated in all
this generality, Le. concerning the asymptotic study of the funetions having
the wariable in the real or complex continunm, we remember that it has
begun since to L.Euler, but its modern form was given by Th.Stieltjes (1886}
uiil H.Poincaré (also 1886); the most important modern texts in this matter,
are the works of G.H Hardy [21], J.G.Van der Corput. ([9] - [14]), N.G.De
Bruijn [6], E.Copson [8], A.Erdely [17). We also find useful informations
in D.EKnuth [23], B.L.Graham, D.E Knuth and-0O_Patashnik (207, F.Qlver
20, J-L. Owaert and J.-L.Verley [30], A Georgescu [19]. We also mention
two treatises of Mathematical Analysis: E.Whittaker & G.N Watson [58]
and JDiendonne [16] in which the problem of the Asymptotic Analysis is
examineted more detailed.

The considerations of this paper are concerning a particular case of the
Asymptotic Analysis, when the domain of the variable is N, whith the e
accwmulation point oo,

We 1emorther, accoring to V. Bertnde [5] that, if (o e and (0.)n are ten convergent
soraences, having the Bmils u, respective », Lhen, supposing that the limit exists and
\ing |y, — 1'-l
ra—re |1..',.°, o= T.'| 3
) The sequence (i}, converges fster (to u) than the soquence (1 1 {tow), if =0
b} The twe sequences have Lhe same order of convergenees i1 # 0 and { # 2o,
We write that w, = N1,) if it existz & number A = 0, 4o that th| E Alrg|, for all

n N, analogously, we sl wrile thet u, = ofy,) if nliﬂ-.-:a:“_w = (. In pariicular, we

= |, we have:

denate by a1} an estpression which tende to 0 for n - oo, The el T o | (¥ dn
. : EEE O :
ke called wevmpotically equivalent T im = = 1; we wrile v, ~ 2.

D 1,
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Consider a resl function of natural variabla (sequence) (aa)n and bet [uwadp ke a ae-

LEREE al [|_'|]'|_|;|]|_”|_-; ol 'DEﬂ'II_rIL:. varighle . =0 ||‘|?:|.'I. Upw] = r.l{ll:[,-::' Eﬂ:l'[' -H.u b= I.'I, I.! E.. S
o

A eeries of functions Z orgtigin), with oy = olug), is called 22 asyvmplolic series. If it
k=0
oxists a sequemcs of constanta (o k., 80 that ay ~ epupln) + equi(e) + ... + avu(n) for

all k=0,1,2,..., n, we call peording to H Poincart, the series Ecku.g[ujl uf savmplolic

development of the function f. The sequence al functione dm‘ﬂf&] varinble n, (ux)x,
1 s g {1 s callid the soquence of functions after which we make the development, nae
the coefficients fo, 6,00, - .. are cnlled the cosficents of the development, ar, sill, the
Herated limits of the fanction of oatwral variable (of the gaguened] [4n)n. bocanse they
e given hy the snceesive formule:

= ,.1.1.!‘.-'“ 1::[r::!.ji oy = N],EL %ﬂu o "!Ei Gy = mu;i::it;cmnl:ﬂ] P

C.

An wevraptotic development attached Lo o fanction of natoral verisble (o,], can be
divergent or convergeul for k — 20, and, in the case of convergence, can converge for
& — te o the Fanction of naturel varinhle (@) or to wnother funetion ol netwral variable.

2. Some characterizations of the order of convergence
of
certain sequences by inequalities

Lot {ay), bo a convergent sedquerce of real numbers, ¢ = E}E%ld% and

(1 Jns (20 ) two sequences of real ullmhﬂ‘rﬁ-._differeut. of mera, but comverging
to goro, With 4, < v foralln € NI rﬂ? =1 (l.ey, ~ v}, we will say

that the double inequality
My % = iy < Uy (if @y =< @)
respectively
Uy <0 —ay <ty (ifa < ay )t
characterizes the order of convergence of the sequence {an)a to its lanit a.
This terminology is justified by the fact thar dividing the first double
inexquality by w,, we obtain:

g —4 ©
| 2 < 5,
iy Uy

from. which, it follows Jigg S=—" = 1%. (A similas semark 35 valusblo

11 The inequality &, < a s also antisfied in the perticular case in which Lhe sequence
(thnls is sirictly increasing analogously, the inequalily 8 < oy bw satigfied il the sequenoe:
(e} b4 strictly decrensing. :

1) W chtain & similer result dividing by ¥,
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Let ({1}, be the sequence of general term (), = 1 g :: E L:h?;.'r 1)
(se0 [27], pug. 218). We have the Incualities:
J 1 o
[2.7) T v (J. Wallis) ([27])
Im (ﬂ-+ )
I 2
1 | .
] ey ams et e n v
(2.8) F— i, < For—— (1956, [22))
I (—n-} —) .'?r(-n+-)
} 2 ¥ 1
28 e <q,< __'__I_ (i32))
| g r ( )
v!‘l‘(ﬂ+4 32‘?1) ll'llﬂ' “-""1

; 1 X
Alleonductstothe result im 00,4/ = i bt {2.9) alreacdy prefigsires the
5t W
heginning of au asymptotic development. We also have the inequalities:
1 1

I:_-?.].”:' o ——— L = ﬂ“ L ! {EJ e 1::'
£ rt+£|— . ; T n+1+ -1—\' :
\ 4 32fn+1;'4})| ﬂ.ﬁl 3 4 32[?¢+H]J

(150

Fra 1 -

/| 1 1 | 1 1 1
1."*(’” z%&.ﬂ v“(“*ﬁaz;:— u@)

which eonfirm the fact that iy {2.9) the term ﬁ is correct and also show

the next term of the ;n:ﬁgummd asyvmptotic series,

Lt 2:2:-4:4-6-8-.,, . D590 R 1 bt 2o
it "_II-H-E-ErG-...-fﬂn 2n+1) ~ 0 " In 17 e
quence of Wallis, which converges to 7/2.

We have the inequality:;

) Gty | & S i
[?Ilill '1|:2ﬂ1 1} (I_BH) = 2 Wa < 4{'1.,_4_1:' be:] ==
, v T
rqh—tﬁ%luﬂlia_-w")_g
We have:
' |
) ~ A, (148]) = 1 ki
el e SRR A g (48 Jim g2 - 4 - 3

(where 4, = — > e —1,
{where o +n~+E + +E.r1J

Concerning the alternate harmonic series and the series of Leibniz, we
have: the ineqgualities:
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1 : 1 1
14 (=1 {log2 = (1 -+ 5 —-.-+ (=] ”—‘--)} -
Sl En-I-E{“{ } (lug (1 ‘2+3 =il 1 T+
([52]}
BE Y L e TR ﬂ-:L)) £,
{215} 41‘?.-}-1{;{ Y (4 {1 EI--I 5 e =1) m—1/) “m
I:-_L-'IE_I]
These two inegualities give two obvions limits, one equal to % and aunother
1
egual to e

Now let Lo = "% (m+ 1)1 - ol (n z 2) be; this sequence was consid-
arated for the first time by the romanian mathematician Traian Lalescu, in

1001, We have the inequality:
1 1

(2.16) T s In < (26
{H——) (1 +—:l
T I
Let now H, = Hy — loat (n + 1/2}; therefore:
1 1 . : 1
{ i a2 - — ) | i - -] = —
(2,17} YT < Ry =< TimE {as) = ﬂ]"_ﬂ:’t (Ay — ) 51

1 1
T, =H,=log (.rl+-2- | m): therefore:
1

1
W+ 1P FETE
Now. in the classical sequence of the Euler's constant, we don’t ]Il-li[li:fj.? 1:%143

. 1
(2.18) <y—Ta= (28) = limn'ly-T)= g

logarithmic term, but the last term of the harmonic swm, passing e in o

. - | 1 1 ( 1 ‘)
e e wldmds it —eFo— &, e So:we
We denote zn = 1 E_I 3 = +‘.'-..“r+ logn = (T~ 5 . We
abtain a comversencs to =+, which also has the order y namel v
. 1
218 o——g < - ({[51)) = lim ni(y — we) = 5
(2.19) {9+ 1) T T S o ([51]) limy (7 — Tn) 5
Now. letbere N*, a=1,2,3,...,7 Let note
1 1 1 1
I:'r:|=_ T Fous b —— )
Hia r_t+:r+r i + 2r a+ (n—1p

In 53], nsing the theory of the complex functions, we have established
the following exquualities:
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a) For the case » = 2:

; 1
l+...-r-—--]—= —Jug:z-hé-[‘r+]ug'.ﬂ+u|:lfl-

. L
(220)  HE=14g4 ] et

3

2 - T WS S S
(2.21) H"’_'£+4+E+“'+2u EJcr,;:2+2a.r+.:n[lj.

b) For the case r = 3

5] 1 | 1 3 L]

¢ (4} - = — - - d 4 — i
e +‘.-‘+"'+Linu'j Eiug:t+3(fr+giug . m J+.:-{j|_
2y L N S T e | 1 B logy _ VT
(3:4) ”‘*-*"-+5+H+"'+3n—1_3lﬂ5”+3 T 5 log LI B
m_1. 1 1 oy S s ailpe. . ad
[2.24) H"’t_:i +ti Iﬂ+.--+3“—:i[ﬂ,n_e:rl--|-:] [ﬂg‘r.-l-g':r-l-ﬂlf]].

¢) Fer the case v = 4
1 as [ 71 B 1+1+ _L—.I\._gllggj:+—[- [:-l,--L.‘]]ugE-p IJ +u[l)
L el N Y R 4 2 i
(.26 H':"]=ivr-]—-l-—{--f-...+—-l—=—Iingu+£[1-'-.'-2|f.-,a;2,'|+mflj.

: s R T -2 4 4 -

. [ 1 1 | l | T
T b I-I_I.__.‘_ i LR Ege o, PRI, | 2 a1 5. I : :
(3214 Pua=gtz+ 4 -1 c:J”E""'a[:"H"EE zJJ“?[”
i 5 W R et i
(2.28) H,,I,—q.*Srm+...+4ﬂ_4lngu+ﬂ+.;:{1;,
which give the prineipal term of the mentioped {:[ivnt'gﬁ:t:i sums and also the limit of ghe

¥ r ]
sequences of general term 2, = M~ ~ log .

Conzider now 5§, = log, 3+ log, 4+. .. log, (141, (n 2 2).(a sum introdeced for the
Frst tine Ly L.Panaitopal in the work [31]). In [56] we have vatablished the asymptotic
turmula of the first arder

(2.29) Se=(n—1)+ log{logn) + 4 + a{l],

where A =q 1+ o= thE.:. (.ﬁ" —(m—-1)- E 1/& ingi‘) = —.I:I,Hd:?.']‘-l}.-.,

i 1
;e ..[lfﬂ, (Z Uk log k — log{log n]) =0, TO468. . ., therefore A = 0,55184 .

kel
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2 Some asymptotic developments of certain classical
SEqUences
A desper revelation of the analytical steucture of cerbain funetions of natural variable
{gequences of real numbers] are given by some asymptotic developments [acconding to
certain asymptotic sequences).
The main posibilities bo determine these asympotic sequences and alse of the roef
feients are given by
- the use of the taylorisn developments and of the operations with formal series;
— the use of the multinomial fornmla;
= the sucresive caloulation of the corfficients using Srolz-Clesira lemma in the case
%, passing, if is necessary, to the real varisble;
. the nae of the surmmation formula (&g, the summation Turmula of Euler-Mac
Laurin}.
la the ntreduction we have presented two asymptotic developmenta. We continue
here preseuting other some one developments. The first of thiese, obtwined in [2) fur the

; . - [ A
read positive variable @, conducts (remplacing x by = where n & M) Lo

l:’!-l.:: (lb]—\/l =l!(II:|:|J,'-|'I|_1'-{'I’J-;—J'.E-i-._.).I
LH Tl 1} ]

where the rational constants g, 1, G- ot are given by the fornn:la

o . —a N i ET
fe=1 aud s=(-1] Ekl!kt!...m?h:!*'---[i+1]“'

{where the condition () is b ey + ..o ik = 1) Jor all i = 1, the swn conrerning all

the integer nonegalive solutions (K, kg oo k) of the equation K+ 2k +... = iy =1
. . 4 11

T prrticular, conputing the first coustants &, the autors obtain g = —%: = g
s 'i'r!_l':ﬂc-i'.?ﬂ_ p

=T M T 60T 2304n°

iy ! _.L_“__? 2447_5]51;
B (1+u i ‘lTL+1-'-1112 1|3H‘5+ﬁTﬁﬁ-ﬂ“' '3:5|:|4n5+'-'

Another formmila was abtained in [40] and concernes the asymptotic development of
the sequence of Wallis

gte, Therefore

i il iy (1] Tk .
1.2] W, == (— i P T j
(3.2 i P = - 3 +...F o +

aliere the rational coefBCients ay, &g, ..oy Bhee e are given by the forimala:
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1 . fﬁl'.zi=u.

ko Ok
WL = 1) Bepy — [k + 1) for k> 1
k(k + 1) - 2¢ R

=
-
|

1

where 8, are the numbers of Bernoulli. In the same work we have alsu obrained the

second asymptotic development

b iy 78
(3.3) Lﬁ‘:i(1+ +—T- +;‘:+ e
where the mliopad coefficients &y, e, ., ey - sre delined by the furmala:
I!'l. I' ',
-[I = e s [T Pl 7 J
. % g leal e !

(where the condition (C) signifies 1) + 2ia + 33+ ... + kiy = 3-']_. the sum concerning all
the positive solutions of the mentioned equation and ay, ag, ... 8, .. being the constants
from [3.2). Se we have obtained:

* 1. 5 11 B3 143
194 Weom ol g — e ] Y
44 "R (I in T 32 128n°  Z0dand B192nE T )

[n the same paper, we also have deduced from {3.31) the asymptotic development:

_ 1 1. G
£l = v (1 i Tree .3 1024~ ) '

A development of a more special form coutaining a square root, which mprove at
the inequalities [2.7) — (211} and in fact explaing from a deeper analytic point of view
thieir succesion is: :

s
(3.5) |'

E(—£+;—1—5+H+)
1..“ F TR ¥n 12803, 204Bn® © 4096mt

(from [51)). In this work also | have obiained the corresponding asymptotic develop-
rent which implies a oot of order four; this explains cerkaio lnequalitics of J.Curland,
H.E.Shafer, J.Grimland jr. and 8.Glidewell, mentioned in the work. This development is:

(3.0 .=
(43.6) : S 2

3 el R,
'"’F'l.l“' P N

In order to deep the development of H., sugested by the sequence of (1.17) and
[1.18], T have oblained in |.5ﬁ] the following asymplotic development:

3
"* By a sypegraphical nistake (be coellicient by was peinted fu [41) a8 = i5 rorrect value is E
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. : 1 l 1
(3.7 Hy = | = e —
[3.7] ==+ l0g (:lz y + Tan  d8ni + )
We do mention that there were also established the asymptotic developiment for the

- Lyt u R LR
FAPUFEEIONS ooy = 135 0 0™ and gy, = — — [A. Lupag and

van-t g o= 1) -0
L.Lapag [25]).

We conclude mentioning thal there weve researched asymptotic developiments for the

SAUEILLD [Ln}'ugl of general term L, = "/ (n + 1)l - ¥l introducted by Teaian Lakesew

in 1901, Thiz study was initiated by the regreted Serban-Nicolae Buzetean in his thesis

[7]. W do present Lerein the asympletic development obtained 3y L. Toth amd 3, Benese
i [22], Tt has & very special for, the sequence after which the development was made
being for & > 2 an interesting combnnation betwen the: legarithun =l the negative powers

a2, pamely

1

i

log? | 1

ug 12 ugrl :
nt 'opd "ot

ll:ug“'u 'In::-ge I ]l::lg H :

4t = y ==, Bk

nd ' e e e

This development i
I | 1 log?n (24 —-1)logn 34734412 ]uﬂ”‘n_

(348) La=Cll+ g =g dn* Gri? T
(44 = 3)log®n (1247 < 18A + 11)logn 1247 —274° 4 33A - 15
T B 24t - /ot 0 ) :
where A = log w27 = 0,39008 ... is the so called Stirling constant [it s alse mentioned
i [34]).

ATl thsse considerations fead Le Lhe wlea of reinforcement of the existing masecial,
|,-.-|-|ir_|-|'|-|:E an Asyptotic Anadysis of Lhe Tuectioos of the nabural viariable. All these will

Le presented more detailed in & future work.
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