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SUBCLASSES OF INTERSECTLIONAL CONVEXITIES FOR SETS

Gabriela CRISTESCU, Liana LITPSA

Abstract. [n the general classification of the convexity properties for sets [4], the convesities
defired as intersection of certain standand se1s appesr in more classes. First af all, we shall provea 1hat wll
these convexity concepts ure defined by segmential methods, The type of sepmental method invelved in
the construction of an interscctional convesity lead fo three classes of intersectional convesites.

MAC: 52401
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1. lntersectional approach

It ig wiell known that each convex get it an n-drmensiemal linear space is the intersection of all kall-
apaces contwining, it Thia is the startimg pomt of the intersectional method of defiting the praperty of
carreenity, which is un auter approach, The convexity properties defined by mtersecrional methods will be
called im what folloss interssctiial convexitica. The classi feation of 1040 conveslly properties confaised
m chapter & oof our book G, Crigtesey aned 1. Lupgn (2002) splits the intersectional eonvesilies into three
classes. Hul the gereril classification from chapter 8 of the above menboned hook divides a get of 14K
convexity properies in clisses, without looking w a passible subdivision accatding o orher eriteria The
first chapter of that book contwns anather clngsification of the convexity properies according to the
rmarmer in which it = ['HHi!-:i['l:-f! i T|'|-I:!-d1f'__-' the defipitvea aoF the clagzical convexi Y moarder e oblain a2 new
convexity that dees not soply the connectivity. Three tvpes of mefhods are identified: gegmential
miethods [based on a notion of strasght-line segment), iiersectional methods (based on'a natian of hull)
and seperational methods (based on separation propertics). The main iden of shis paper is w go further
with the classification, slentilving subclasses of the mwin closses of convexities from the general
classification. They are descrabed by cemsidering the wea ol the Frst chapeer of the above-menticned
heale, Thia paper deserihes the subelasses of iplessectiona] canvesitics:

| (2, ) inersectionad canvexity properiies,
2. partinl (3, e} - (05, &), B} intersectionnl convesily properties,

A e &) - B, r)intersectional cobvexily prapertics.
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The (%, 5] intersectpmi] convexity properties are included m fe class of (5, shconvexities. The |_1|:|r|:is.| o,
Sh- 005, sy B inersschionzl convessly properiies are glements of @ subcless of the parbial (a, 2) - (5. 50
R convexitizs Alse, the (o, ad — (05, 51, 1 interacctienal convexity 15 a subclass of (o, ad — ({5, 5}, )
cimvexily properties. We shall keep the nefations of the general classificadion,

X, The ¢lass of (5, ) innerscetlonal convexiries

Lel us coansuler o nonemply set X, o nonermply subsel 5 o 2% andd a funchion 5525 The elements of
lhe sabset 5 ol the set of the parts of X owill replace the peirs of points which appear i the definition of
the classical convesily, Funclion s $ — 2% will replace the straight-lme segment determined by o paer of
clements, which appear i the definiton of e classical carvesdity.

Diefimition 2.1 A zer Ao X ds sadd fo Do 15, 80 coveen 8 comdition & (012 A o snisfied for each
Coa, Ceb
Thearem 20, A = X ond B o X are {5, o) ronver ceis then & 0 B g (5. 5) (orees

Proofi 15 A 15 05, apconves then s(C iz A is satisfied for s O b, Selo 0 B g dS.8) oonves then
S0y o Boasosalisfied for each 290 ByCe 5. Sepposimg that € & & and-C oo e cn Iy then £ & imiplies:
S0 Avand O B implics 500 o B Then s(00 o A B meaning the (S, &) convexity of A m B

Ir what follews we shall present all {8, 5] miersecrianal canvexities, r{:-f;fl;hq:r with she manner in
wlich the clepwnts & aivd & aie cansiracted. L s case, fusclhion = 15 obtamed o an inlersection of all
setz hayving certain propertios and containing its argament. W call this subclass the strong inlerssctional
canvesifies

2.1. The convex hull apprimch of the convexity (g-convexity] {%. Saltan (19845

Firsr, we recall that in @ nenempry set X, o mappine g 2* — 2% is called the convex hull aperator on
¥

i AR AN g AT e YAy, EBY S (A forany AL B e B Al
If @ iz nconvex-hull operstor defined on X, ond G-=104 = X | g (a3= A}, then the prir {3, Gifiza

oomve ity space on’ X, called the convesity space generated by g Hereg the notion of convessty space iz

defined in the senss of [uC: Kay, BV, Warible (19710

Comversely, if (X, G is n convexity space on X, then o convex hull operater o0 X i delinsd by te
CEARPLNG & ol given by p (A = M0 e G LA C C Terall A e 2% This luncuen i s called the
warves. bl operatar generated by G,

I p'ie & cowves Tl operatsr defined on X then the straighi=line segmént determined by twio points
2 E X andy & Ks the et xSy = w1 vk

As usuzal noset A = X is szid fo be pecamvey if for every tooo: poins e A and ve Al the subsel g
15 imciuded m A,

As uhove, we it X=¥, 5= |25} | xe X, ye X and we consider furction 5 5—2* defined ey

20 %, }'!': - R, W= I:I.':., ¥ lor 1%, wi g K.
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Witk hese elerments we can prowe s above thal the property al' g - coreesly (& a5, 8] conveuly. I
is an intexsectionnl convexity because

sf{s.whl=2{is, yHi=—1Ce G | AR

L s —convexity (J. Perkal {1956))

Lot (M) b a nwstrie space. Tho & — conves;hull of ACX ia the set of all pounts peX situated 21 a
digtance of ot lenst &2 from ench point sitnated pi 2 distance grester than /2 from A, Simboel C, {A)
denotes the & - coaver ol of A Obvieaaly, if & C B then S (a0 o O (B O the other hand. for cach A
= X ke melusion Ao O [A) oceurs.

Aeet A X s snid tahe £ < anweer 56 A = O TAD, Dbviously, it is'enouigh o savthrasert A S X is s
—ganves 1T (Ao A

IWwe'Lake X' =%, § = 2% amls & 2% defined by A = U AY for'mich & o X, using the
mndony of Tarclion &, 00 & ehsy 0 prove that a setis ¢ — convelr Fand only o5l s (8, =) conves.
LY Pulynemial convex sels ({6 Slokzenberyg (1%62))

Let B o= € be o carmpruct set, The polymamial hell of E s the w=t

hulli Ep= e e ") r{:.!.']l—nla.l. {lﬂ'pmp e B}, 9 pulynomial fan 7).

Set I s podpnonaadly convex if E = hal T E}

Ohwvionsly, cach set E < C7 eatigfice E < hull{E) Therefore, 2 set B s polwseaially eonvex 1 and
oilvalhulKEY o B On the etk Band, 0o evident that f A o B then halli A0 o bualliB),

Let us rake X = ¥ = €7, 5=2%, & § — 2* defined by s(A) = hulliA) far each A€, and r = 1,y .

Therefare, a zer A < O is polyremially conves if and enly if & i85, &) conves,
L4, Ratronal comvex sets (G Stolrenberg [196G1])

Lt [ O he a compnet set. The rational hull of E is the s
R-hull {E) = £ = ) |f‘[3]-|—- e ||ﬁp}+ | p:e B},
woatianal function £ on €' which s analvtic about E).
2l B ik rattorally corver if B = R-hull {E)

Iasewident that il A = B then R-holl {A) o Behull () On the ather hand,obviously, each set E < €7
sptisfies o Rehull (B} Therefors, & set B is rationally convex if and only if B-hall (E)e E.

Letws take X =¥ =% & = 2" [unction &+ 5 — 2% defined by 5 {A) = R-hull [.-".j for each & < CF,
and r= ] g Ager A < CVis rationally comven ifand only if A is (8, &) conves,
3, The class of partial (a, ¢ - ({5, 8), B} intersectional convexilies

Lel ws consider 3 nonemply sel X, a nanemply =1 Y, @ nomempty subsest 5 — ‘IT. o funerion & 5 — 1Y
and a fmily B ol functions 2% -5 2%, The significonce of set 5 ond function s are the same as m the

b
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proviaus sechion. Function 2% 4 237 will be gsed fs rewTite the condition that every straigh-line
segmenl determined by pairs of elements of the s undes censideration belang te this ser In the case af
the classical corveniiy the R farnily is sngleton and i1s unigue elemesnt ig the wdentity on 2%

Drefinidion 3,1, A sef & = ¥ 05 soied 1o e partialiy (0. e} - (08, £h B} convay ftkeve b5 0 smbmer C & .
Coo A, sueh that thare [ o ransiirmeation 1 e B owhich sor ofies the inclasion {7 o ).

Nuow we present all the interscstionsl canventy properties of this crpe. We cnll them partial wenlk
intersectionnl convexitics because the definition stutes that there is & family of subsete OF certain Lyme,
which gives the Toguired set by their intersection.

A1 Convexity with respect to a Ia mily of sets (L. Dameer, B, Grunbanm, V. Klee (1963))

Let ¥ be a nonempty set snd a family of subsets Mo 2% A st A = X s said b b corver ik
rerpect o W g, simply, M- caaves )l there is a subfamdly, M7 0f M such fhar

A MM E MY
Let us cansider ¥ = X i (%], wheré =% X, 8= 2% and 58 Us 2% defined by
8 (B = ¥ if there is not M — M guch that B < A MM e T
sOBI= B iFthere is M' = M such that B =+ MM g M 8,

The farmly of rropsformations @ — {rw | w = 2% cantains functions | ry: 2% = 2Y defined by Iy
A, W= :
b= ! lor 4 e 2%,
¥, W=a

L

Thearcm 3.1, A 261 & = % (5 commer vyth et fo M mnd aaly i T Feriieli Ta, e - (078, s R
i s,

Proaf, Fust. ler us suppose that set & is convey wick respelt Lo M. We take 0= A therefore ¢ 2 5
arid 2 AL There iz M' — M osoch thar & = = P B 2 % Sl menns That 5 {A} = A Toking W= A we
PACAIN 1, (A) = A and 5 2o A =1y (A implying that A ig partially 1o el - {5, sp B} convex
Conversely, suppuse that A is parially (s, ¢ - (%, 5): Ry eonvex. Then there is Ce5 and © = A, such tha
8{Cy = riAL Equnlity 8 00) = ¥ canns hald Levawse i this situation A= [*] and * g X imphies 5 (C}
=Y = A= [*], which s not pogsihle for X 2 @, 1§ Al=Athen s (C) =V A = Al Passibility r,
() = P canmot oveur besauss O g L5). 5o, relation c(A) £ (%) implies Fo CAY = Al siuatian thar
occurs IFC = AL Therefore, the definition of 5 irpiies that there i3 M7 = M such that equality & = {8
B e M™ | hokis, meanng that set A is conves with respect to b

A.2. Convexity with respect to'a set of fundtions (K. Fan {1943})
Let X be o nonempay set and W be 2 given set of functions, w: X — K. 4 ser ACK i5 gmd 1 be comvay
+ith respect in W lor, girnply, W = snnves) IF 16 Sngly point R e A there' & & Finction w £ Wsurh that sup
WA= w X)L
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. Singer [1984) cxtends the notion of Wconvexity, allowing functions af typs Wil R o= e, 1
He proves that the W - canvexity concept shtamed i this manner 15 equivalent fo the M — eomvexiTy
Ageording to 1 Smger | 1997, denating by

Salwi= fa e X |wim) =d},
ihen oo set A = X 15 convex with respect to W E and anly i
A=y EEg i | Tw, dd & Won B, supw (A s d)

It meams that, for M = 18, 0wl | (w, d) & W = R}, aset A o X is W — convex if and only if
A=o (MMM L

M= s e w. d) e W ox Rosupw (A)EdE 2 M,

prreamins Bk A i5 eonves with respect te M. Therefore, te propedy af comvexily wath respect o g sel ol
funclions W is a partial (2, €} - (5, 51, R] convexity. Elements 5, 5 ared R are defined sccording la the
pattbern from cxarple 3.0

3.3, Convexity with respect to a pair (W, @) (b Serader (IFT5]}Lel X and W be arbitnry

iLnempty seis amd & fenction o X o W — k= |:-l\'.l:-_ =a]. I J. Moreau | L GG-67) culled funclion ¢ a
coupling function. A sel A C X iz zaid to be comver with respeat i the pair (W, 0] (ot Briefly, (W, @ -
corves) if Tor cach & & A there s an clenent w = W such that

sup (p (2. wilo e A=~ qix wh
1. Simger {1957} proved that a set A C X is canvex with respect fo the pair (W, o) if and only if
Aoy Do oe, wl | w, d) e W R sup iz wl | ge Gl 54l

with S g (w,wi = (5 & X [pis,wadh

Az in the previeus example, 7 set A = X g 08, 9} — convex if and only if

' A= iM|MeM]
lar M = {8 (i gm, wid [(w, dh & W R, und
M= [y D [, wd) ) Dw, db s W B sup fp g Wl g e G i e ML
I+ means that A is comves with respect to M, Therefose, the progerty of convexily with respect o a

pair (W, @) i o partiol (a, e} - (0%, 8), R) convexity. The clements 5, 5 and R are defined as in expmple
el

3.4, Holomorphic convexity (BoA. Fuks {1962))

The |'.-:L|I:-1Tm-:|.'|"|i-.‘: carvexthy al asel & O Clisn W - .-_-|_-;|-.-r_-;-;i|;].- when Wiz the ==t ol all functions et
are holemamhic in A& o C' Therefore, the holomorphic comvesily is alse a partinl {a, e} - ([5, &), K}
convesils '



3.5 Pﬁiudnmuw:m conviexity (L, Hrmandey (1959

Let A © € be an open set We recall tha: a Function o, A & (=2, +] 15 2alled rlinisebharmanie 1
s semicontinuaus fiorm phoye and for arbitrary » and W fram C7 the lunciion L=ru{r=hw gz
sublarmonic in the pan or C wherz 11 iz delined, The z¢ of all plurisubharmenic functions an A s
Adcnated by Pray (FK jz g Sompct subser of the open st & < CY ther the PLAT = hull of K g delingd Ly

o 10
Kpo={2ise A uiz)s supuforall v FA)
K

The apen set & ¢ " I8 pormerdooonver i there 15 5 canlinuaus plurisubharmenic fmetion o in A such
that the st A= 17 | = A uiz) el s relatively cormpnet in A e s conlzingd it 3 cormmact suhgel of

A for every ¢ ¢ R. This propermy holds ifand caly i K relatively campnct in A inmlisg K: rcharively
COMmpagE in 4

The PEetdacemyeaiy af the 2pen sed A 13 anather W—ainvenity. Heie WA, Thesafore, the
Pecudecanvesity is also partial ¢a, e) . (18 ey R canvexity.,

A6 Fvinly conves subsets of 4 locally convey space (W, Fenclyel (1%527)

The even convexity i the firse intersectiona] appraach af 4he COnVERly,

A subset M ol o locally ponvey pace X s maid o be an open half-spece if there is 2 linear functional
# e X0 and d.& VR sk thint b = 1% o K iyt dly

Aosubser A © X iz suid to be Fvenly convex if A is the infefsection of farnily of apen falf-gprsten
CibviosTy. the svien LEMVERIEY 12 anrothe M-convesipy propeity, if we ke

M= MCcX{M=1lxe Xlgpisl=dlpe X+ d = R

Therefare, the pyen FONveXITy is 0 partin] (a, e) - ({4, 5}, B} convexiny,

4. The class of {r, a) - (05, 8}, 1) inferseclinmal cum‘-&:iﬁu

Ihis type of convexiv is @ weak intersectionz| approsch Let e eansider the monempry e ¥ 4
POSIBMPEY SeF Y, o nonempry suhser 5 P S farnily § of funcrions s: § — 27 an a nsfarmation
2% v

Definltion 4.1, 4 e = X i said io b e, 8l <08, Skl coms i for exoh sicheer O B A,
HREPE (v o function 5 £ % which SEENIRE the Iratysion

There iz oaly one IMECisecTiomnal rotvexity-af this fvpe:
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4.1, Prajective convexity (1, de Greool, T de Viles {1958}, T. Bisztriczky (1967}

Let B be the real projective three — spoce. For a glane p o P Y owe denite the affine fEsLFiction Frf_ A
stibset & of P is sonver i there is'd plane p o P disivint from A, sech that A equals 't the convex huil
af &' in the affine resiriction P,

Letusg lake X =Y =P, 5 is the set of all parts of X and
5= 8 505 2 2% 5,141 = convex hull of A in the offine restriction Pl
g P plane)

Considering that r iz the identty m 2%, and using the manctany of cach fimction. belenging ta 5 one
can prons that the progective convexity s a e, ad - (05, 5, 1) cunvexity
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