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1. Totroadnction

The: npplicetions of che technigue of the fixed point theory in Yhe Seincidense thenry

ar wellknown (sed, Tor sxample, Broveder [2]] Ros (100,11, Sesgn-hehea12], Mirntbenn-
Yotrugel [9) and ol liers).

Algn, the enntiection between the axigténme of the fixed points and theesistence of the
maximgal glerments of some multivalued operatons hes prececupiad sinmerows mathomati-
ciang [see Border [1], Mehta 4], [5|, Muntean [7]].

Less known, and antil new, less numercius ame the abetract scheimas to abbnin new
ragilta ppon the existence 'of masdrnal flements for @ peir of mdtivalisd opesater, using
e coincidence theorems. This direction wos taken up in 1he Tast decpde,

Indead, (z. Mehta and 5. Sossa (soe (6] 127 established some coineidéner thedrems
for wpper seonconbmuous multifunctinns using the well-known Himmelbere's fised ‘point
principle (see (37 and a8 & consequence of chess cheorems, they proved resilts comern-
ing the exiztence ol macimal clements for & paie of modufometions defined an silwess of
fopologicel vector & prades.

In 9] we'obiain the kower semicontinusis version of the ‘coincidence theoretng e
Lo Wlehtn and Beass ‘using, inscead of Hirnmelberg's result, a o fised point principls
af X W (1Y), This paper & o continuation of these finvestigations. - [t purpose is to
prove some eXistdénoe theoroms of makimal elements for & pair of Iower semicontinmmes
mltivalned operators defined on subsets of loeully comres Hanssilorf ropolosical wakior
gpaces nsing our coindidence thearsms.

W followr here the techninue used in Mebta afid Segsn {5

2, Preliminaries

We firat recall some basic notions and notations, folloving mainle Toons 10).
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Lot E be a wpological vector spice and X he a nonemply subsot of E. W wse the
will-known svinbols:

PiX):={4  AcC X} and PX}; PIXY (@],

Then, we denate by PoyiX) (esp. P (A1) the eollection of all ronvex suhasta,
pssibly empy (resp. nenespty ) of X

Az an important particular cese, we cian have the suboollection Pl X) (P,
Fot st A1 of all closed convex subaets, poesibly empty [resp. nonempty) of X,

TF 3% a nonempty subset of a topolagical veclor speos, then convle and Totl denote
the comvex hull, mespectively T topalogical interior of K.

Given a multivelued operstor 0 X — ¥, we denote:

T{A) = | | Tix):
ERa |

THB) ={r & X | Tix) o B)

To(B)i={z e X | Tizyn B # &},
whare, A X and, 8 C ¥,

The: inverse of T is the multivalued cperator denoted by 71 ¥ — X and given
by T 'ji={re X | y= T

Definition 2.1. If X, Y are two topalogical space, then & multivalued operator
X =) isseid te he

il upper semicovetinuoue [in short, w80, i for any open subset 4§, the set
TUAY dEapen in X

i} bower semicontinuons {in short, Le.o.), if for any opem subset. B ¥, the ael
T{A) s open o X J

Definition 2.2, [, T : X — ¥ i o multiviadwed operatnr, them & X, i &
mucirngl element of 1) i T{E) - 2,

Definition 2.3, If T.59: X < ¥ _are multivalued aperators, thene F o X ds a
coincidence point for T and 8, iff T(F) Gl # @

Remark 2.4, To the nest theorem, the multivalued operators T and 5 we will define
ag follows: 2 X =V wsnd 5: ¥ —o X, In this case, if there mdsts (T.5 € X oV
such that | 2 & S(F)} anl  §; € T[%),.. then because 7.0 57N it results tlat
FETEICS- YR, ie T isacoincidemes point; for the peir, T and - 5!,

Hiwing introduced these basic notations and nceptE, We o moncentrale our
atbention to two auxilivry. reslis,

We shall use in the main section the following coineidence theozem.

Theorem 2.5, (Muntean-Petrugel [91). fet X o a nonEmply pardcongect conuer
gabael of @ leeally conver HavwedorfT topological sector soce B I o nenswmpiy eet of o
Lopodogical vector spoce V. Led 5.0 F|:'_"|_'_:| ang T X — P b mutivaloed
aperEtara saelh Mo
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by Slw} € For el X)), for each pe D

ci Qfx)=cony Tixl is o'subset of D;

) ST 67, awhere € 45 a compart metrizable subset of X

el foreach re X there exists gy e D such it x e Int)~ "y,

Then there pirist T X nnd §o D sush that e B end §c Q).

Theorem 2.6. (Mehta-Sessa [6]). Fet' X be o nenenipty proemcoTrpeet tonver suhect
af o focally conver topolmmeal vestor apoce B Lot DV be a remerptyl subaet o o Lopologicad
vector e ¥, 81— PIXT belan wae madtioadhoed operator and T X P
b meodlvodned opevalor sach fthat:

wf Joreneh (xyl e X = D) w800 smplies that AQr) = oona T,

b) for each g e D, 8y € Pyl X):

of for el rE X, iz P;

d) S0 C O where i ' tompact subeet of X-

vl for cach x € X with Tix) 22, there exists o roimd w0 sk Hhof
= |r:r.'.'.|'_';| o I':.l']-

then either T has a mazimal element in X or 8 has's marimel sleteent in 1

3. Existence theorems of maximal elements

We now estallish some resulis for the existence of meximal elements for & pair nf
multivalued operstors.  First we prove the following lower semiccontinuons version of
Therrem 2.6, using our previous tesult. '

Theorem 3.1. Let X be o nonemply soracomgmst conuer subget of o Tacally conver
Havsderf] topological vector space E, I be o nonempty subaet of o topodogical vector spoace
Volet §5:0—P(X) and T: X =P 0] fwo muitincloed eperators such ot

ol 8 i L

bf S} & PafX), for such ge D

] = eoneT (e} O D, for sackh v e X -

di v e Sy)  smplas thal 'y SO, “for'cack [z 4) € X« Iy

el UL 0 whert Ciz g comipect mebrizable sl af X;

fl foreach e X with Tixy# o, theve'extale 30 D dieh ot “re e} Yy}

Then either T has @ marimal elements in X or §'hie o merina slement in 0.

Proofl. Suppose that T(r) # @ and S(y) # 2, foréach +e Xy e D. Then, b
Theorem 2.5 gives & eontricdiction to the condition Y. 00

For simplicity, assunm: that £ =¥ and Tz} i convex for each & X, 5o that
Tiz) = €)(x). Then, from Theorem 3.1 we get the following result. 4]

Corollary 3.2. Lef X v o nenempty purmcompact conver subset af @ foradly conuer
Henzsiborff topoiogienl sector spoes E and et I be o rureerply subset of E. ;

. Suppose that 8B PIXY and T UX L P(DY are the multivaliued operafore
sattafiving the follovwdng asserfions: :

) 8w lac,
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S 2 Py (XY, for each 1 U

i) T(x) € Pou(D), for eack r e X:

il ¥ € By} mpher that o £T(x), for cach @,y e X « I;

ef SID) < O where s v nonempty compact metrizoble subset af X

flloreach v € X mth Tix) £ @, thereensts ¢ D auch that r & frtT—' (3.

2hen either 5 b o mamimad elesiend o D or 1 has o mosrmnd olement i X

[:'l:l‘l'ﬁ"-'lI}' Jode Lef X e rl.-!.ln'l.l:"T.l'.'_"'_I.\,':?ll parposnnned coneer subagt g-_f' i Il':'l'm-'-;ll' FRTATT
Huisder ] topological vector space E ond let I be o compoct conver and metrizable subset
of LoAf To X — PN 15 o maltivetued sperolor suck that.

@l r ENr] = comvTz), forewh x= X

by Jowremoh xC X, with Tix)# @, thereevists y < I such that = & [ni() Y,
Heoen T oy a masimal elsrend in X

Proof. Since T is comvex, we bave &(e) 1, for each » e X. By tuking E=Y,
D=0CCX wd 8(x) = {2}, frewh o X in Theorem 3.1, we abserve that all
the wwuditions of this theorem are satisfied. Then, twre exist elements o' & X, e D
such thac either S(y') =@ or e’ = 5.

Beacaris 5 s che identity operator, Lienge E[y"} = {i-"l_l‘n wir phtnin :."'[l"':l = 3.1

Tising w stronger condition instesed of £} we immesdiately got the following result from
Thesrom 3.1

Theorem 2.4. Lel X be o nonempiy conpact convez and metrzebls suhsct of & doceily
conyer Honsdorff epalogiest vector apees B, 1D o nonempty eef of o toplagicad vector e
YVoand §: 0D PIX), T:X =Pl fwe multivelied speraiors satiafiing:

ol 5is Ler,

b Slp) & Pu X, fomeach ye D)

ol Theh e Po N, foreach w e X

d)w & Sly] dmplies that y £T(5), for each (r.yie X x L

e} T="w) &5 on open subset in X, for ench e D,

Then either T hes o moesina slemend i X or 5 has o oot oloment s 7

Remark 3.6, Candition ] of Corollary 5.2 may be interpreted in the fllowing wey-
if wo shink of 5 and T as preforence multivaluel operators, the S[x) may be regarded as
the upger set of the alcernatives strictly preforred to > les Sz = X | g = £}

The interpretation of 1% ia similar.

Mow condition d] sava chat 3 and T wre not inverses of one gnother. Tn Lhe speciel
s 30T, thie condition becomes: T & T(y]  implies that v AETix],  which is the
nsirnmnetry condition for one multiveloed aperalor,

The condition a) of Corollary 3.3 i8 the usmsl irreflexivity sondition for one multivalmed
operator used inospecial literature.

AL the end of this ssction we present a generalization of Theorem 2.6 ancd Theorem
a.1, which shows that Tor any coimeidence theorem for s padr aof mullivadued Dperators we
cun Beeech an exislence theorem of the maximal elements for chan par,
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Theorem 3.8. Lot X be o noncmpty subseed of a topodwpent vector e B dnd 1 be
@ nenempty subsct of o tupelogical vector space ¥,

If we suppose that TogX L P mmd 18l - THX e fwo eaultndned
aperators, which satisfy the hyppotheses of o eoineidence theeretns, and in addition, . they
satesfyy the follawning condition:

{c} for eweh (x y) e X =D, 2xE Sy implics that 'y £T{x),  then cither T fus
v marimal eleent fn X or S hoe o mostmad element e I

Proof. Suppose that Tix) £ & and Big)# @, foréach re X ye Then, in
virtue of coincidence theorem thero exist % £ X and Fe [ such chat < 8(5) rand
§ eT(2), wcontradiction to the - condition (). .3

Remark 3.7, In the present paper, starting fronn Theorem: 205, in che dame manmer.
we gl Theorsm 3.1,

4. An economical interpretation

The: finality of all these resulta is their applicalion in mathematical sconmmics and in
the: pane theory to demonstrate Lhe existénce of sume Nash erpuilibrium points,

The way of construction the operators 3 and T from the Theorer 2.5 and 3.1, 3.4
snd 3.6, respoctively from the Corallary 3.2, permit their intérprétation as operators
of respomse in an economy with "neighbourhoond cffects”. That is, in sy economy,
some producers activity spreads positive or negative effects on the consimers or o sther
coonomic agents, withour being rewardel or charged. These are splisted in the category
of external [ or neighbouring)  effects. After the consequences theyv propagate, the
external | of neighbouring ) effects meay be:

- positive extornal effects, which appear ns benefils for the comsiners’ or te pog-
e agents, others that those who genernted them:

- negafive external effects, whose Presence generates diaplowsures for the consamers
atl the economic agents who enter, dinevitably, in touch with the ecoae agend whe
renerated them.

In che actun] economical system, extremely comples, thess sffects cannot Te izuored,
nflueneing in & considerable manner the optimization process of B econumic agent’s
nctivities. In aldition, they are vory important for the atudy of the woonomic equilibrium.

We conshder an economy £ where two ceonomic agrnte spread to cach other "neigh-
iierfuned effects ™. T Lhe dependence between Lhe oo Bgents it resiprocal, e then define
the operatoras of response, such ns: T X AY) ond 8 e¥ XD

I the same wiy we can. recognize i the demonsteated theorems the Nash sguilibrinm
of this ecomomy, namely the point (T, @)e X xY suchthat 7 e §{§) and b= TiE).
As A conmquence of this observation, there also results a method to demonstraie the
existencn of the Nash equilibrivm of s econcrmy, namely the stating of some soineidenes
Hicorems for & pair of multivalued operators.

In eomcliusion, the theorerns sbove offer some exiatentin results of the Nasl oouilibiem
for an abetract economy.
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