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ON THE CONVERGENCE OF THE SERILS 57 a5/ iiw
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Abstract. We show that, for sny sequence [ ag) of positiee nombers and sy boomnled
sequence | 2,} of roul mumbers, theseries 37 o, and 3 g R it her Bolh
converge or both diverge.
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Throvghont this paper. the lellers M oand B will stand for the sets of all natural and
real mumbers, respectively. We starl with a natural generalizalion of an meguality =

Temmalf a x, & =& and L <ins® such-that; 0 <e =1 and 2] <8 < login],
then
Vet bl | e ¢ a :l'r_i'l ﬁ!b.
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Praof T o'« 0 then 1 <'1= 2/ log{n ] Hence, sines' ¥ <a = brand 0 €58

folkorss thik

ay N . . .
gl #ioElnd oy w g e®

Suppose now that 0 < z. If @ < nw~? then sinoe 0 = |'—x/login} and e < & it Iz
clear chat,

o 3 me 1 Lol i b o y
{I'I' a o) < {i"i EII : - 11?1-' legiee) 2 E'E?'-'."'I'-I-E o f_!zll'ln'.li"e.

e . -1/ Tng! Pl ; y
While, if »7% < a, then: a7 %= = [a7?) Llegint _ g2/leglel _ o Henee. since
OD<n and 0<.r <86, it follows that

\ AT i i
gt wilogn) — o {n= ogind) et [(#1) F = aed < gp?
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Therefore, the required insguality is slso true.
Mow, snalogously to the men result of (20 we can alsa prove the Follonwing

Theorem. Let (,) b e sequence m B suck that w, = (1 for alf ne W, Then
the folloieang assertions are equivadert 0 (1) the series 3 oan converges; (2] e se-
: =z logl 14 . ; ; ; :
mieg 5y PRI verger Jor ol bounded seuence (T 0 B (80 the series

=3 i ! &
T gy~ eii+ad canvengey for some bownded sequence [(@,] in R
Proof. Suppase that the assertion {11 holdz and ;] = o bounded sequence in B

lhen (&) — 0 snd & =aupgeq | 50 < oo, Thepefore, there exiata ng = of such
that a, =1 for &ll n = sy, Now, by the above lemma, it 3 elear thit

—_n v . L
'Irr: ny gl 1 - I:'-'r,,+|:1'|' 1!-:' J]Eiﬁ

for all # = ny. Hence, since the aevies 57 a, and (1 +a) 2 converge, it folluws that

— [ b o ' s . . Jos
the saries 5 i L Y PN conveTges. Since the implication (2)(3) is trivially true,

suppose now Lhal the sssertion [3) holds, Thefine & = APy ] and chonse g e M
such that e'** < ny Then, for all ' n'> np, ae have

I = Ioging) - 6 < log[l 4+n)—a =
= logll+m) — 2 = |2y — log(l + m).

Theretore, we may define n sequence () in B such that
¥ = 2y logi 1+ n)i( @~ logil +n) )
for all’ w 2> ng. Then, by the trisngle inequality, it & clesr that.

e

lml = 2wtz 20 —logil = nl)
< {zn| |l Y | T logil +n) = &+ &2

for abl n z ng. Therefore, the sequence () is hounded. Henca, by the irnplication

(10027, it followa that the series 3 [.;11_“'-'*" Fwi 14 ":.:Il L L ey
Muver, sines

i, [ n‘-nli.- ) Iun.[l+rti:ll —tin ' logi1+n]

for all » = wg. it s cless that the assertion (1) also holds,

The fallowing exampls shows thar the asunprion that the sequence [ 2, 2 boopded
canmnot be dropjied ur even cannot be weakened to the sssumplion that {z,/ log (1 + )]
ig a wull sepuenee,

Fxample, Lat [a,) and (&) be sequences in B such that iy =0 and
1

—1-- = Al s _l-:‘.-p;[ +n)

n ([ log (#))

; 1+ v"rm.". [velne (n])

i, =
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L=y, S gl L=

for all wn = 2. Then the series E iy converges, but the seriesg Y as
diverpes despite that {zq/ logll 44} ] — 0. By using Canchy's condensation test, it can
he eazily shown thar the saries E iy eonverges, Tk the series 37 a, log (1) diverges [3:
P -.l"ti"i'l Therefore, to prove Lhe divmrgenee of che series E .;'.::_T' v (bhal) vk 8 enoeh

to alww anly thal
1= 3w bing[ 14

o~

g Top (n) -l g

for oll w3, For chis, seeume that » > 3 and define

o = Lo | vl I'L'J":l )
Then, by using that ¢ < n and the functiona log and sgri e merensing, we oon easily
seechat 1< loging, log(n) < log (n log ()}, and hence 4/ log (a) < go. Henee, sinee
log () %= " Torall o >0, we chn'infer that
.ll.':lﬂ: []Iﬁj-'.l:-'l.:!:' E ‘._lI]-l'.:'é[ﬂ:' o Qe -
Thi= tmplies that o, lox []Ug [11.]} « .;|'|3 s Themaforea, we also T
I'Jng [1_'] "I o T o M lap | ag (1] £ % ,-_-.-"-“= s logg ol — 1 |.|'.l|'_.’_ :.-"3'] )
T'hiz implies that | lagi{=]] Thau < g lexp, [r.}}': e
Therefare, we alan have
log(n] < (o, :' L) =
Lenee, i follows that

=1, S lagil=nl
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