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REDUCTIONS OF n-SEMICROUPS WITH RIGHT UNIT TO
k-SEMIGROTITS

Maria S, POP

Abstract. o chis papey two procedires for redocing polyadic semigroups wic rnght anit
are gvan’ Kreduee with respect tu given elements, raspectively nssociated K-semigronp of ag
ve-semigrong. The bag structures are isomorphic under crresain conditions.

MEC: 20MN15

Keywords: n-semigroup, negroup, f-reduced, n-extension

1. Preliminary notions

An v-grovwpend 1 on om0t A endowed with an n-a_r'l aperabion £ A™ = A,
We wse the following notation: The sequence @ iy, ), cxy i denoted ba? For
J<di, o ia the empty symbol; if ¢ appeams F times, & € M%) théy the sc-quanre- o

ik
will be denctad hy 't For k = 2 i), the symhol .:f.:I is empty. If the sequenoe -T'. BRpEArs &
£ (&
tives, then of2Y . 2 ia denoted by o too.
‘mn-g;mu]'r:‘.-l:] [A, I) i called n-semagrowp il for amy © € {2,205} and all i e A
the following associativity lawr holds

£ AT elT ) = (et (i) a2ty (1.1

Given 5 £ M" s s{n — 1) + l—ary operstion on the nesermigroup (A, £, the long
grmtieet, 1% defined as

i-'-l 11 [ Ff ¥ TE—i) '
foor (0 T b S AR T e b )

If the arity is ynimportant, f,; is denoted by Fiy-
An (m—1)—ad u7™" of elements of 4 is called right unit. respectively loff weif, if for
all 2 A we have

Fl=al =z, 1.2



s pectively

Fiaf~tni=x (1.3]
Iu an n—sermigroup (A, ) an clement = £ A is called o neutral slement if
(i-1] [ -
10, 6, ey all i b and TS 1200 &%
An m—semigroup (4, 1) is called i-caneellative, § = {1,2,...n}if for all x; € A,

Je L Lo nli il e b e A, che follvedng implication holds

ey o T P B e = = b £1.4)
An n—smigroup (A, 1 s oalled tregronp () il for any & 11,2, .. .ont and all

r C AL the eouation
r {-fti_!,..':: iy b=y i1.3]

hes a uningue solucion in A
I o n-grougs (A, £, the unigue solution of the erqation

=11
fnf':“a VOl =a 118

15 called the querelement of g snd it is denoted by 7
=1 [
Mot thes if (A4, 1 s an n-group, then for any o £ A, the siquence. a ]E - ia
a right und & left unit for anvi € 41,2, .n—1}.

In an n-semigrovp (A £} one may alae define recursively

1 [E TP .1t =11
W = 2 2l = JOx )2 = figlt- l-,l T ] (1.7}
If (A, ) is an ngroup then we can’ apeal shout o/ for all & € . So g—Y =& wnel
for k< 1, 0% solves the oquetion
Irn—= 1
Fla al=t=1 g 1=, (1.%]
Example 1. Taot B, i, n = 2'be the sét of initegers modlo w1 Define 6o £,
the &—ary operation 83 follows '

-,’.-1']‘]_ =r, where +=q 4 s meod e — 1.

IT & is natural nurmber such that (& — 1}8 =in < 1pk > 2, thei {Eaiv T Fis e commi-
tutlve K—group; having & — | neutral elements, namelys (3, e, .. (ke s For ki 2
(Eno1,0)-) 35 the well know eyelic Binary group generated by 1, For & = 2, this & =group
15 proerated by lwe clemenea, O amd 1,



Analogous to the nniversal algebras ([137), the netions of subalpshra, congrueno:,
homromeorphism can be defined in s sigolar manner.

2. Reductions and extensions of n-semigroups with right unit.

Reductions narl extensions play an important 1ole o the theory of n-ary atructures.
Here we ronsider constroctions of certain iypes, Hossan ([3])and Post (|12}, which are
wiven for n-groups. Fatensions of Hosszi type constroctions for peducing an n-semigroups
ter & binary cne are proposed by Zupnik ((14)% These results are exctended in [8][7], 10[
Poat. type theorems for nosemigroups are propoged in [1},2]. The special case of -
semigroups with right {or left] unit is investigated i (6] and [9].

Hisre we propose & methed for reducing n-semigroups to k-semigroups (in the sunse
of Post) wned give necessary and qufficicnt conditions for which the tem approaches are
momorphic,

Theoughout this paper weset n — | =2k - 1), k= M, & = 4

Let (A, J) b2 an n-groupeid and let uj~ £ A be arbitrary fixed elemenss. Woilli the

operation g A — A defined s

ale) = Aol mduf S, (2.1
e pair (A, g is called the b-reduce af {A, £} relative to o] 71 It isdenoted by redf. (A, f).
In [10] we prove thut if {A, f} is an n-semigronp, then rn-'."‘:, (A4, i3 a kesemigrony
bon. I (A, f)is an n-group then rm‘t, WAL £ s o kegroup and it is somerphic with
ced®, A, F) for each vi7' & A In particular, if (A,f} j& an o-group and & = I one
denntes the binery reduce red”, . [A, f) by red (4, F]
¢ i E . L 3 i
The n-ary extension of a k-ssmigroup, with {(&—17]{n - 1}, 1 defined in [10 and 4],
in the following way:
Let [A,g] be a k-groupoid, let 71 = A be arbitrary lxed elements of A and let
o © EndlA,q) be an endumorphism of (A, g). The operasion f : A% — A given by

=) = g[H_L:{.n;,er-:l.ﬂ;_:,&ulfrg']l....n:r“_!l:_u'ﬂ],c"{ iy {2.2)

detines $he doary extension of the k-semigroup (A, o) relative to the endomorphism o ond
the clomeniy r:'f g A denoted by r::.-“‘t; o [, gh = (A )

Proposition 2.1.([10]) et (A, 00 I!;-:'I-u Eesemiigrvoy end o © Dnd{ A, gl IF bthe ale-
ments ¢! £ A izt such that :

glo™ () ale), . alee_11] = olcf "alr)), forallc e A (2.3)

fhen e reary operation defined by (2.2 induces o sbructure of n-aemigroup on t'.cf.:fllj_. (A o
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Theorem 2.2.([10], generalization of Zuprak’s Theevem [14]). Let %~ be a right
uril 1w the n-aemigroup (A, 5 Put (Ajg) e 'r'.gd:‘ﬂ_, (A Y orel Tt e © End{ A, g} be given
1l

|'.lg,l
el z) = =t vt (2.4

Then the k-reduce (A, 6} & ksemigroup with right unit 22 e " where

2 = finpa ,.J-;w:;.‘nj'.u;‘]; (25}

or-e SR M e S = Bk — 1 (2.6)

] = fla;=" uj), 2.7
ol

ext? wored il F1) = (4, F) (2.8}

The corresponding result for k-groups is:
Theorem 2.3.(/7)) Let [A g) be o b-growg, o € Endld, g), end et 51 £ A be fred
eerents, JF (A, ) = ext™ . (A, g) defined as (2.2), then {4, 1) 15 on n-group if end

only if nee Aut{A, g) and [2.3) holds.

Prom Theorem 2.2 and Theorem 2.3 e can draw out a corollary that geveralisss
Hossmi's Theorem (5

Corollary 2.4.( 7'} An n-growpoid [A, ) w an m-group if ond only FioA™ = A4
of e form (2.2), where (A g) @ o Egroup, o i on autemarphiem of (A, g) such the!
there erist the elements of ' & A and the reletion {2.3) hoids

Remark 1. The condifions ale) =i =2,% — 1 from the similer gererafization of
Hosszid's Theorerm, which hod been atudied o (4], are not nesedsary for F w2,

As nn counterexample see 7).

Remark 2. o reduce w-mowps o finary ones the condition aley) = oy s PRSI,

Tncend, because wf ' is o right unit in FA, £ 4 hen v w72 is & right unit in LA ).
From Theorem 2.3 we hmm o 0 4 — 4. e e} = flny_q,2 0] %) & Aul(A, ). Since ¢, =

P L B
Flono 04 de ull

1

o] = Flome—g, g 1. i

Fy ¢ 0T
rFI.' -I 1"::1.—] =C|.

ST TP TRV U
and eondition %2.3} om0y ] = oy - afwr), impliea el ot B R iy H

Therefore o™ i an jnnér antomorphism of bigroup {4, ). We find apan Hlosszi’s
Thenrem (3]



Theorem 2.5.([6]] An ne-greupoid (A, [} an n-group if and ondy of there crists the
groug (A, ) and o0& Ant(A, ) such that @”~' 3 &n mner autemnorphism of {4, and
there srzslzs nc e A with a7zl = a-#-v7 L nle) = ¢, and

(A £ = exty (4, -).

Praposition 2.6,(1T]) If (A flis an n—group, a © A, then Hhers enst
pa Nl faral—1

the k—poup (A g) = red®,_ (A, F where wd ! 2 g g, S

o’

-

p * '\. Cabal 1] _ fe—E=1],
the autotorpfism o £ Aufid, o), where elr)=f{" & &, « 7 a )

el slements o = a® T p = = gy = olll; such that
extt . .::--.-m*ul. A0 = AN

Post ([12]) showed the existence of & “covering ™ group snd of an associate] group for
Ay T-ETORES:

Theorem 2.7.([13]} For any n-groug (A, f) there rnsts o group (A7, +) and @ neremad
subgroup Ap of A%such fhat:

I} A 3s arooget of AT unth respect too A

2] A7 A f2 a eyelic roup of svder no- 1, generated by e coset A;

A the n-ary operation [ comeides on A with te repeated applying of the Prupry
rroduct T )

The eubgroup (A, +} is called the assoctated group of n-group A; Post showed that all
ervering groups (A, +] are isomaorphic, as well as the associated groups of an TR O

Theorem 2.8.([6], 9]} For any n-semigroup { 4. ] with @ right wnit %" there crists
@ sethidgronp (5 ) with unit and a sebsemnigroup Ap of 5 such Good:

.II_,;' A 15 a caeet Df 5 unth et fo ,,-'1,:.:

2 the n-ary operation [ is obtained by spplipng of the binary product = repeafed iy

3} the Doy vestuee red a-2 (A, £ = Ag of and only if un_gul " i also left undt i
(A, £

{5, %] is alled the covering semigrongs, writh (g, #) e assoated samigroup of n-
semmigroup A,

Tn {11] we prove that for wesemigroups with a vight wnit o] =" sueh that e, 0 s a
left unit, the twe procedures of reduction (by constructing of * Post enver” and associaied
samigroup respectively binary reduced) lead to neturally equivalent funetors. This result
generalizes our pervious theorem for nogronps [[4]).

3. Main result.

In the sequel we use an adequate generalization of Theorem 2.8, to show Lhat the
resulta obtained in the case of the lanery reduced are preserved for the k-reduced of an
n-aemigroup, provided & — | divicdes n — 1.

Theorem 3.1. For any n-semigraip (A, ) with o vight unit w] "t there mnsts a
k-semigroup (5, h] with vight unit and o sub-k-semigroup A, of 5 such thot:

&0



IV A i u cosel of 5 wnth respect to Al
&) tha neory speration Fosfncides with #he fong product by,
S Re k- reduesd of |:'..§: I vedofive ta 1r|_:' fe'ignmorphic fo 4,

red®, (A, ) ~ AL,

i aned onldy 4F w37 (T e also leff anit in (A, f.
(&, h] ia ralled the covering k-semmigroup, with (A4, k) the sssociaiad k-semigroup of
the w-semigroup A.

=1

Proof.Let i be the equivalence relation on Ll P, defined as follows

(e (L) f and only if - f(n? =1 t) = flai=1 ), @.1)

We nutice thal [r.-‘i__}p[ﬁﬁ] il and only iF fz]7" o) Slxl 7B for all #EVE A-
i=T n " 1. By fafy we denote the Mass of eqitivalence with the representant iy

: ' rn—1
Let {a;} ) {adf) ., { mi’,*}} bz & equivialence classes from § = {U| Jl"J {p,and
EFEdetiad o dipfmodn — 10,1 <r <0 -1 Thek Ay, operation b 5% 0 N ja
defined as _ =3 }
'I-e{':':'l'lli ::': '::ug-li,:l 1A ':.I'u:ll.l:rikll::.ll o ';:.I::i. II-F[-;-[‘:i' Im+='..:::| ' LSE:'
where o' 7 BRI Bp)---B04 0 gy g By, LG, A cOncalenagion.
The: peir {8, %) is & k-semigroup with a right. unit.
Let A, i =T n — 1 he the subsst comsisting of lasses of sequences with § compionents,
A= {lath 0, 8 € Al
The sulwets .., = < il . TR S o romsisting of the clisses of sequences
wWith ms components, m'= 1.2, ... k= 1, ‘are aleb-semigroups (Ap,, &) and = of e
k-11
W Bl ull Lo s oa vight unit of the sub-f-gamigroup {4, k) and R{ds Ay = A
For all i & A we ha Furtx) = f (13 '.J‘[u?_l, r}}. That irmplies
<8 = f ] ].-.r] = ¢ vemoe &1 =l R gy 1.-..,__“'_1 =, <) oand forlany
< af w8 wre have et T e A e N T af =V bon.
Lt {4, g1 = :l'n::u:-!!':, (LA wrhere o s defineil i (Y anidia s Ao g

alr] =< ul x> Because

egll)) S ey
= {m~f T i R .-:1.-’,'_',15}}
= .";!-l:'-;:.u:;'_'_.1":::!:(:117_1,1'-3_}....,-:-z.l.'f'l:u'.;_._:::l

=N lalzi el L e,

L]



o is un homomeorphizm of k-semigroups,
For all {wfi € A, from

A

_r [1:.4 -1“_:” = .:FI:E']';_"'-: :I:_!I_rl_-. ]:IEd_l\:l J.- I:'J.::'-: ."-'-j 1:_|.- [.:L:"!,-if]::l.

it fellivws chat

fadh =t L (e Lafly=e 0 [ Tedl)

choereloee o is surjective
If o) = wlw}, then

i big s PIVIT L,
-!l-zl.l ,.E_,l ".1'1 -'5-'_."

besawie
£oap T ) = {ulahiui T Tauhs

o oy ifamd only, i wiT s s A ket unil of {A; f) Thus o is an sumorphism of
k-semigroups {4, g) and (Al bl g

Moreower if {4, £} 8 a cangellative n —sarnigroup having an v — 1 adic, gight unil,
then its Pogt typs covermg & —semigroup it unicgue up to an Eomor phism

The gorsesponding result. for fi-groups is:

Theorcm 3.2.- For any n-group, (4,7} and for any clewent 0 © A there costd o
k__gJ_IT_lu];;- [IE'I. ||.|,:| r.:;Ld Irid .gq-e.'r_lt'i'_ﬂfiﬂfl.[ .'i.'J.EI-I!i-F"-\'.I'l.-'iII .'q._, I.'-‘_;r .S .'FI'JEI']- t-"l.lﬂ-

1) A s a coset of & uelh respect b0 A

21 57 A, i e bgroag of order 1l geserated by the cosels A and Ay

3 the neary operetu fin A coincides with the lomg product dj.:

Vihe B reduced of (A f) relative (o "’a",.;.-:; A i izomorphic with A,
Praof. Tor »-gronps any right unit is left unit too. The equivalencs relation g from
the prool of Theorem 4.1 implies mpy iT and only iF = - g The &k semigeoup 5, 705 an
% group becaunse for any {a}) £ S there exists the querelemen {ag)

(-1 k=11 o :
Bl{alyis A =8 AQ ({at) By Theorem 22, red®, L. (4, F)is i ke—grouip with unit

ik
£ = |
171 k-1 [ T 1 1
e - L 3 — L TL— n Fiiwih -
choEt = FlunT gl T e ek d s o e 2 M :dj-:=+l.]
'I.'Il.l-l.
i 1 ¥
i Joid=1 k) =_|'r a=1 proom=1' 48 g I . Voo
afeg) = guy "o G Al S M) = A e e Y =2 ..k

r|.|_|'a—|+_'a—| P T | T A .}
afeyl = (6 '1'1:'—':.'“1 AR TR T

L



(=23 _

In the special cuse, for w ' o dwehewe el —op 2L = opls = a3l op_j — Gand
ved® (AP (AL B
|.|. - O ¥ F
The mapping 7 ¢ 5/4, = E,_ 414, = I']' ]I': 1.!'1 11:!|. wri—2] i# an
meamorphasm of A— BT, vl I:-:-'?.h _[ _:l__: 1= Lhe l!r—i-_:l'-c:-|||| defined m F-:-::ur.|:-'|-:" 1
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