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OM THE STARBILITY OF THE FINITE ELEMENT MIXED
APPIROXIMATION FOR
CONTACT PRODBLEMS WITH FRICTION

MWicolme POP

Abatract. Theaim of the paper is to translate the contact condicions and the suability
rexnditions which imclude an inf - sup condicion for the mived element method of the
vontuct problems with friction, on the Lagrange multipliess space and on the spoce of the
traces functions called che mortar apare.
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Kevwords, Umlaters] ontact, mixed finite element, Coulomb law, ol = sup oondi-
ldenn.

1. Tntrwinction

The: paper stwly approccioation of the unileteral contact prablem with Coulaob Lo
frivtion by mived finite element method and study of the stalality conditions using the
pnericid inf = sop conddition. This problem iz solved it she mirtar method end the
spoce Loprange multipliers (see1) for the numerical contact problems with friction, by
wsed Hnice eletoent machad.

2, Classical and variational forrmlation

Let * Cc BY, o = L2 & =201 3, the polygonal dumuins occupied by two linear
elastic bodies that come inle conlact with friction. Let dencta by T s boundary A0
gl let T7, T3 and T3 be six open part of I, such bhat: T2 = TS O DgL Iy, T, 0
Ty = @, TNy = @, end mes (IT) = 0. Bouh bodies share acommon portions
Ter o L =13, e is the parametering of L bwo entact. boundaries 4 and T'% [ | T ],
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The boundary contact Ter is the candidate contact eurface, meaning that the affecl v
eantact zone 5 contained in Pe during the deforming procesa,

We denote by w® = {u™, .. w3), the displacement fisld, =~ = eflu=i) = (Flud, )
the strain tensor, and ¢ = [7;(u)) = (g ci(e™]) the stress tensor with the usial
summation convention, where {9 &0 = 1,.., . d. For the normal and tangential coom
ponents of the displacments vector aml streas wvertor, wir adopt the [ollowing notalion:
ul = il -.12-:'. uf = po ..I.Lj.'.‘,‘. -n® o o= rI':'::_nf‘ 1 [eF) = s ny — my nf, where
af o [n e the outveard unil normel veceor Lo G801

]_EI‘. 18 1|r!r|,-:_'|l:.-l_‘: El:r _:F': -':l.lll:] Il'li.'r '.'-h.l: d.'E':L'I:J‘l}' Ilr 'I'"'J‘d.:r i;:lt'l_"ﬂﬁ ;UHI 1']'a|:ti_-|:|]'|_ I:;'_|r|xl-g-\.l :EHF'E"ET]‘\‘EF_'}'.
We aasinmme that 8 2 DRIRE), 1< & 1 writh thie dsubl condlitians of symmeley and
eliplicity,

The classical problém of the! elalié unilaceral dntnct problem s ps follows:  Find

a® = iz, Al

div oty = " .in 2

(%) = aleln®) e (u”) (2.2)

u* =0 an I (2.3)

o -ut=h/* on Ty 124

ufp Ll el =0, ufaf(a?) =0 or Py {2.5)

lof| < —puer% on T2 and { SRR WS (2.6)
7] = —pot = FA =0, xf = —dal

The Friction coefficient p is pssumed 1o helong to L™(Tex) and to the st of Lagrange

multipliers of 7172 T denoded by A .= I:Hr;,é:?u:]_'.-_?:llll . wher {j_f,:::":;:sl:]_,:-;l] 15 the dissl

A
apace of the 45T, this space 18 defined as the set of the restriction to Iy of the
functionz of HY2(T ) chat vanisl on G Ve ;

Therefare, the mapping H*(Te) 20— g & HY2{00) is bounded b Lhe norm || 2.
W define ¥ =¥ b3, and K by

V® = e e [FH27))% v = 0ac. on [F)

o= 10" e ¥ plu) =y — 0% < Daeon I'~}.

'T'};r,' duality pairing on [I:l"-":n:]“.:-;lj u., |_.|'-_|'"ﬂ[1";_-]_1d is denoled by =~ | - = With the
apace M oand witlh the conves cone B, = (o & M= OV it is possible Lo inpose the
eonulition v & K by meana a suitable Lagrangs rltipliers om To, ' It i3 knewn thal o
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variational forronlations of the problem (2.1) © [2.6) i= equivalent to the following el
variational formulation (see [2]).
Find w £ WV oand b & Hy et

alu, vy + (A0 = (La), Yol §2.7

fA-opr) =0 Yae Ky (2.5]

&

where aiw.v] = 3 Jo. aliaefia”] AN T _{I.r_ e glad 1 wpeely, a bilinear form con
==l

tinuons and coerecive, andd

dihv) =< A gimhmo | Aerp{a)D b — b s
L
WheTe Car, M, cp My ale constanta depending on inlerfaces propricties, by = max(l), L
wanl g2 = ep/oy 18 the coefficient of friction. The duslity pairing betweon Hiy“{Te) and
ity dunl spaces AF is < -, =, and

]

(L, v E ([ fr™ e + f i 'i'.":'f'.'-El]
e

s Ey
i eeternal worls,

The choice the spare M of Lagrange inultiplier is essential in ofder to have the well -
posedness of (2.7)  (2.8). With this chois ersures ensures that the continuous inf - sup

R !
FLI 7':—|:—} £ Hlellany N o EIAL DR
vt oy =l
In the next gection wve will check whether the inl - sup conditions is salished on the
diseret spoce ¥, and My,

3. Stability of the finite alement mixed approximation

We congider the question of the ponconforming finite elament ppproximation of the
prchbem [2.7) - (28] using e mottar process,

Given a discretization purameler b = [By, b)Y is assumed polvgonel wad brolan
up into trisngular elements, for 0 © B¥ Then mesh 75 i regular, sl on the Dy will
be two different one - dimensionsl meshes T0%, i i the sec of all edges of T € T, on Tp.
The finite element spaoe usesl on 37 i chens
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Vo =Wl = W8, where 113 = 17 & ¥ ulr € Fel(T), ¥ T T}
Let W' be the runge of V)™ by the normal trace operator on ['p
WETe) = o, = w5l n, o £ 17) A1)

which is the mortar liscretized apee,

The space of the Lagrange multipliers (seo 1]}, will b usad te express the contact
conditions oo weak serme

Mx(Ter) =y € WRITa) | € Bo(l), ¥T &, o4, ca.e T}

where oy gnd oy e the extreme points Iy and o = 1 or 2, The marlar prajection T on
WEile] s defined for any Minetion o & CICY s folloees:

(rhele) = efey, i=1land?

|l miehinda =0, ¥y € Ml
The elosl convex ﬁ:-r;r.' is

Kpm={pmeMy, p, 20 onTel, [3.2]

W are going to show now the inf — sup condition (2.0) ia transleted on the disceeet

Spaoes: the mortar space W, and the Lagrange multiplicrs .. For this will be Bised on

the Fortin Theorem (3], recallod in the following theorem:

Theorem 1. Let Voand A be Hilbort spaces, and fet 3 be s bilinesr cogfinuons Form an
Vow M such that the continaous inf — sy condition (2.9] is satisficd, Assume that we are
given a farnly of subspaces Vi CV and My © M. where b is o parameter spaning Lok,
for sach &, we are given 4 linear nperator o from Vote Vi with following propertivs:

g, v—mpn) =, & M) 3.3
and there existy s comstant o, independient af i, aueh that
Travle <o vlly, TeeV r3.4)
Then the discrete inf — sup conditing

..II - 1.-
sup b Ii]
we ¥ {0y leate

2 el ae, ¥y £ My, {3.5)

holds with &, = 310,
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The procf can be found in [3, 4, 5
We show in next lemma, that condition [3.5] is werified for an particular case: bhis
[ 157

2l ALitn; V) = allag. oy Ay (.

saewd- o) Nallve

Lemma 1. Asume that the coutinous version of (3.6) holds, snd exists » 8, = 1) a.t.

e, wh
g il e

—= = 1, Lo Fee 3.7}
vevi oy [[2flez =% #llae oo i

Azzume movediver that for & € 0, ky| there'exder'a linead Onerator wa from V¥ into V2
aatialying

Jl; = Trﬁpflpa da=0N, 9pu,cM, (4.5
"
and exists & constand o, independent af b, &,

Iriehe 2 elfallis,  Woe 3 (3.0

Then [A.6] holds,
We assurne thet the decomposition enst on U by T# coinvides with decomposition
give in My[[c). This is a vstler particular ease, bat realistic and assume that the

decornposition 77 i8 quasi — uniform. Under (T memumption it is rather essy o check

(st [dland (6] that for every vy, © 1-':.? e ciu find 3y £ L"f Bt
Th =y an e (3.10

and
{5 By = ) "'-'-"ll_ﬁ.l'll;:_":‘nj]"..;' (4111

Tlncder che abovs agzurnphion we heve following cheorem.

Theorem 2, Let Wy be the space of the trace of 1*}1! an Ueoand assome that owe aee
given, for each b, an operator Ty o H,-'.i,ﬁ:ell‘.gj into Wy with the following proprieties;

j{ {w — Myl da =10, iy, £ M, (3.12)
O

- 173 '
"Ilhu""HI:_l:-ﬂr[!:._] R =) 2]l H!\-l:lul:l-'::l i o = H"-“IJEJ'-:'.'_:- lr.ljl .l-.r_.l

whert oy 12 @ constant independent of b and v, ‘Then an oporatar -r; gatisfang [3.8] and
(300 exista and lence the inf - sup condition [3.6) holds,
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Proof Let v & T we consider w o= w/p, and wy = Maw We then 1iflwin an
arhitrary wey, to an cloment w, & V2 such that wy= wy on Pes Then we define w51 as
iy, and using relations (3107 and {312} o chianed (38), Then (5130 and (5.11) easily
give: (3.0},

Conclusions

The role of the Theorem 5.8 @5 toreduce the proof (3.6) to o property thet deponds
only on Ay and W,
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