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Abstract. We cnngider the Generalized Minimum Spanning Tree problem denited
by GAAT. o is known that the GMST problem s NP-hand. Throughout this paper we
distinguish betaren so-called positive Tesults and negative redulta in e area of appro-
mntion theory. Wi jresent o incapprnximebility result for the GMET problem and imder
apecial assurmpitions we give w approximaticn slgorichm for the problem
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1. Introdiction

The. Cencralized Mmimurn Spanning Tree Problem 1 defined on an undirected graph
7= (1, F} with the nodes partitioned inta i nodh seta called slusiers, Let [V] = n and
& o=11,2,..,m} b= the noile index of the clusters, Then, Vo=V Ve U, and
¥ Ve, @ for adl Lk & A wach that § 2 &, We asaume thal edges are defineml pnly betwesn
nodes bedonging to different clusters and each edge e = (i,7) € F hae & neegarive it
Ci:

The GMST i& the proliem of Anding s minimum enat troe spanming A aubaet of nodes
orhich includes exactly one node from each cluster. We will call & tree containing exectly
ome node from sach clustar o generplized spanniny tree,

The CGMST problem was introducesd by Wyung, Lew and Teha [B]. Feremans, Lt
and Laporte in{1] present several integer fnrmulations of the GMET problam and eompare:
them in lerms of their linear programming relaxations, and in |2] they study the palytops
pasociated with the GAMST problem.

The [ollowing eeamlt wid pIOVED e Myuny, et b, in [4].
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Theorem 1. The GAMSTE is NP hsod, |

Bocase the GMST problem is NP-hard it is very unlikely chas this problem could be
sl h}' i E_:-||'1..'1|||:|1'|i::'.: 1 ah.:-::-l-ir.hm. Ar the X ETICE of IEd.Ll-.'!iﬂg the q_u-ElJi‘t].’ of che
aolution by relaxing somne uf the rl'b:,]'.lirl":llll!rl'.‘\-l wis cien gk ollen spesd-up in the eomplesicg.
Thiz leads uz to the following definiticn:

Definition 1. [(Approximedion adgorihms]

T’ X ‘he s’ minimization problem and o =1, An aleorithm APP e called an -
approximation aleorsihon G probdens' X0 fee all insbaiees T ol X it dalivers in palvmomial
time a feasible sefution with chjoctive vadue APPT soch thad

APP = acdPT[D) (1]

whepe by APPUT wnd OPTT) we dencied the values of an approsdmate aodution and
that of an Lif,'lf;:'_m.!d sodution Sor nstaeece T respoctively. i

The vadie re i called, the pevformance guarantfee or the worst case rabie of the approxi-
mation algorithm AP P The oloser ceas Lo the bellar, e algoriblm s

2. A negative reault for the GMST problem

For some hord combinabarind ||||!:-|;r|i'.-':1.| 1K ||r||‘:1|1':|1'|ﬁ il = |:-e'|ﬁ.‘|-:l:l|-.ﬁ Irs shoaw that i]:H_'r'
don't have an approximation slgerithm unless T - AP o order to ghve o mesult of this
Furam 1t i eangh Lo sl Lhal Lhe existanes of an ceapproximation algorithom sould allos
oree o solve soame decision genbilam, kaoawn e be SP-complete, in palynamial time,

Applying thia scheme to the GMET problem we obtain an in-spproxdmability et This
pezule 5 e different Trmulation in benms ol apperokimation algorichms of 2 reqult provided
by Myung et al. [&] which saaes that evien findding o nesoe vpierad solationg Tor the GRST
problem s N P-ferd, The proof of this resalt siclar with the prood prosaded oGl

Thewrerm 2. [aeder Mie assamption P 2 NP, there is no p-approximsation elporithm for

the OMET problem, B

3. An Approximation Algorithm for Bounded Cluster Sise

Ao e hree seenyin the preciones sechion Bhere eoisis nocpeppprosimadion algorichien for
the GMAT probleny under the assumption P4 AT

Hevwvrwer unehiar the Folloswling asawmpt ions:



Al the graph has bounded cluater s, e |V = p, forell k=1,..m

A7 the st Function is strct poaitive aod satisfies the cost Tunction!triangle ineguality
triangle inaqualily, Le. o+ Gk oy orall L ke V,

a polynomial approximation slgerithm foar GMET probilem is possibie.

Tu this section under the abov: assumptions we present an gpproximation algorithm for the
GMST problem with performanes ratio 2. The approcimation ageritho is conatrusted
following the ideas of Slavik (8 where the Ceneralized Traveling Salesman Proliem and

iroup Steiner Tree Problem have beem Lreated

3.1 An integer programiming formulation of GMST problem
We define for each eilge [, 7} and esch node § the Linary yuriahles:
| if edge {3, 7] is included in the selectod aubgraph

11 utheranizs

1 if node ¢ ia inchidis] in the selected subgraph

W=
0 otherwiae

The GMST jroblem van be formulated ss the following intager programming prohlem:
Problem TP1:

A1 = miin Z [t i
LEE

o1, SR e Ty . kg e Ky m) 2]

A8 =25, vic 8, 98 c ¥ such that for (3

some cluster Vi, with ke i, 80 Ve =9 [4]

J|:£.':| o —1 M

r, £ (0,1}, Yec B i

g, C 0,1}, Yie 2

Wi nse here the slandard shorchand notalions: for ewiry aubeer 3 of ¥
E(8) = {(i,j) € Eli{,J E &1, = ELE EﬂEﬁi.?Z-E"' vI[E = EJFST"J and sy usual the
cutaet &5 s defined by

B(S)={{ste E|icFand ¢St
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Condition (2] guarantees that a feasible sshutitn tontsing exartly tne vertex Trom every
cluster.  Condition {3) guarantees that any feasible aolinion is 8 connected subgraph.
Condition (4] smply assures that any fensible solution bas m-1 edgas and due co the G
that the cost function is non-negative this constraint is redundant.

Consider now e linear programming relaxation of the integer programming foromlation
of the GMST problem. Tn order to do that, we'simply replace conditions (a) and () in
TP by newr conditions

0= a2 1, for all v = F Iy
L R i i for all § & 1. V)

3.2 An Approximation Algorithm for GMST problem

We assurmne thar the assumptions Al snd A2 hold,

The algarithm fur approximating the optimal solucion of the CMET proddern i aa tfollows-

* Algorithm * Approximate the GMST problem™

Input: A eomplete graph G = (V) £} with strictly positive cost function on. the el
aatialying the triangle inequality, and with the nodes partiticoedl info the clustors
Vi.oo Ve with bounded size, |15 < o

Output: A tree T (¢ spanning some vertices W' < V which ineludes exaclly one vertex
fronm every cluster, that approximates the optimal solution to the GMST probslerm,

1. Sclve the linear programming reluxation of the problem TP snd lec

(" 2% 2)) =21, (el ) e g E7) be the aptimal sololion.

2. Sat W = {.{ e V= = :-} and consider W 2 W* with the property that W' has
exactly one vertex from cach cluster, and find & minimum spanning trée T 2 3 on
the subgraph generatad ba T,

& Chutpul APF = eost(T) nnd the peneralized Epanming tree T
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Faen though che linesr programming relasation of the prublem IP] has cxponentinlly
many conslrints, it can sl be solved in polynomial time eicher using ellipecid method
with a min-cut max-fvw oracle [3] or wing Karmelse's algorithm | ginee the linear
programoing relaxation can be formuleced "eompact by {Lthe number of constrainta paly-
worrdally Boundel) s [7].

3.3 Auxiliary results

In arder to establish upper bounds on the performance ratic of the above algorithm,
we how present some auxaliery results, Let now W o W oand ennsider the following linear
(RIS

Probilem LP2:

Z3[W) = min E.:_ T, i
ci &

sf. 2EEN 2L 5CV st WNS£04L W . (9

w N =0 i VW 10

bxr-<h eck (11}

Replacing constrainta i 11] with the inbegrality constraints e £ 10, 1]-I Lhee formalation
obtained is the formulation of the minimm §eee spanning the subsst of podes W oV

Consider the following relcation of the problem 102,

FProblem T.P3:

Z3Wl=mmn . S ga,
eE L
wl. (8 =21, 8¢ Vst WNE£R+W\SE
i “E:I'E: e FE. ':.I'E”

Thus we omitted constraint (100 and relaced constraint (11}.

The fullowing result is a straight foremard ronsequance of the paraimenius property (see [4]]
if we choose ry; =1, 84,5 € W, and {0 otherwise, and D =1 YT

Lemma 1. The optims] solution vilues to willems LP? and LPY are the same, that is
Z3 (W) = Z5(W).
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Ceomnsider the followang problem:

Problem TFR4:

£y = min b fute

F
st, 285} =L SCcV st S#F0EY (L3}
T. € 10,1} eE B (14)

Clearly. it is the integer programming formulation of the MET (minimum sponning tree)
problem. Let LP4 he the LP relaxation of this formulstion, that s we simply, replace the
constraint (14} by the constraint § < x, = 1, forailes L.

Dhenoee by 23 the value of the optimal sclution of the LP4, The fullowing known reault
for mindmmm spanning cress holds;

Proposition 1,

&

Y. "
|1._r|.||3_1|

LTV} < 2

whera LT (V) denotes the cret of the minimum spanning tree on ¥
Proof See for exampl: (8], [ |

Let W V. then Proposition 5 can he easily modified to obtain:
Proposition 2.
g 2
_|r_|'|: M e _,\-E-' W
Proof Lo [x,] be & feasible salution to LP2 0f e ¢ E[W) [(i, 53 | 2.7 € W}

impdies x, — {0 aned using Proposition 3 we prove the ineguality. |

4. Performance Bounds

Lt fgtoz* B s 1y T2 se gy E] ) be the optimal sodution 1o.the LP irelaxation
fo the GMET problem. Define

o= pig
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Y ifpl=

=

Wi
0 oilheroriss

W o= { eV = J—'J]? fie Vi =0 . ‘Because we peed only one verlex from ewvery

Ll

luster we delere extra vertices Trom W oamd consider W o 1 such thas || = m and
W congists of exactly one vertex fromn every cluster.

Sinoe LPT i= the LP relaxation of the problem TP1, wm e
g5« I

Nowr bet ua ghow that (F,. ) .o e i3 8 fensible eelution 10 LP4. Tndeed, E, = 0 for all e £ F,
hence condition {12) is satigfied. Tet 5.0 e such thie W s o= W45 and choose
some i £ WO & Henoe 4, = Land o) = :‘ Then we e

. . 1
:I.; = L i D op— =
E__ [ E fe'Z P 2 P 1
e AL e B[

by definition. of r, and the fact thit, the z7 aresolution to TPL Hepoe Lhe T, sndisly
constraint (9] in LF.

Threlore,
b0 el R |”H-FI1| < [3 = _"Id.:} = |:.E T, —-I- —'lE-' 2 |:2 e E CFE-
! -.. g |1_1rl il I-I.Ill B ”.-_‘_nl_. "

as F

i . g 2 %
s |'H..—|.|IJEEMK = {2- ||;1.-T'|]f”31
as

. 2
it F}PEI == |1.{,,—"II|H:]PT

y

And sines W o var i mie= T

W) = n, we e proved gl llowing.

Theorem 3. The performance ratio of the algoritlim " Appruximate GAMIT problem™ for
approximating the optimum solution to the CGMAT problem satisfes:

APP o 2,
gpT = =" '
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Che can easily generalize the algorithm aml its anebysis to the cass when, in adilition to
diatances belwern mlpes, there s o cost, sy d;, associated with each verte £ 0 1.

In this rase the GMST problem can be tormulated as the following integer program:

{PT = imin E-r.,.,.-"’..,.: | Zri;zr

BEL w ¥

st (4.2) - (4.8).

Suppose that (# &) s an optimal solution, Then the optimal value ©PT af this integer
s A crmssists of tam [MCTs:

Lapr = E{;..-‘:_, and Vapr 1= Z ai%;.

Sk L

Undler the same assumptions A1 and A2, the algorithm for approsdimating the optimal
soJution of the GRMST problem in thia cass, s as follows:

1. Solve the linear programming mlwootion of the previous integer program and let
[z*, =*) {271y, (22 )ecg) be the optimal solution,

2. Set W™ = {i € Vs = |E-' and comsider W W* with 1he property that W' has
exackly one vertex from each cluster; and find & minivwom spaaning teee T2 & on
the subgraph {7 generaced by W .

3. Qutput AP = coosf{T) | voest(d') and the generalized apanning tres T

where by coost[T') and veost(T) we denoted the cost of the tree T owith respect to the
edpes, respectively to the nodes.

Rogarding the performance bounds of this approximation algorithm, wsing the gane suedl-
iary results and defining {¥,, #;) as we did at (e beginning of this subsection, the following
inesgualitios held:
S
LW} = (2 — —lLlopr,

VHW ) < oV
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where LEIW1, T [ﬁ-"j denne the vast of the tree T spanning the nodes of W with re-
mpect to the edges, respectively Lo the nordes and as hefnre W« W = {E eV |z 2 l} :

l|'I
guch that (W' | = m and W consists of exactly one vertex from gvery cluster.

For the appreocimation algorithm proposed in this ease; the follrmaing holds:

it | b = 2 :
APPE = oFh W)+ VT (2 — }.-;?L-:J:-"J'+.IJL'HPI'

x, : : 2.
< p(2- =) Toprot Vopr) = pld =~ =OPT.
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