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1. Tmtroduction.

Let {X.7)ibw o topological space and d X % ¥ — [0, ey uch that, fc gy = it il
and ouly if = 0. X ie said to be d-complete if 7 e w0 < o implics that Lhe
SRQUEILT (T, | B convergent in (X, 7). Complete metric space and comiplete guasis st
apace Bre examples of d-complele topological & Recently, Hicks and Blondes 1l
Saliga [5], Sharma, Sabu, Bouniss and Bonaly |7] proved seviral fxed point. theorems i
d-eomplete topological spates) Let' T3 X 32 X he a capping, T8 w-continuous at-F 3f
T o 3 implies T, o Tlylgs oL me _

Definition [1]. Let S and T b mappings from s topalagical space (X, ¢ ke itaslf
The ]'I:l-H.L".'TIErI,':';.‘-'G 5 mind T are sail o b sami- n-c‘:-l;[||_1u.t;i|:|l.5 if thefwld the ﬁj”“lﬂ.'iug comclitians:
L) 2 Sp = Tp for some p e X implies STy - %,

L) ¢ the a—continuiy of T at a point poin X implies BmSe, = To whenever ., i 5
seqpuence in X such that e, = Um2'r, = p for some poin X

The folleowing familly of real Tunctions was introduced in . Lec ¥ denote the family of
oll real functions 0 : B2 — . setisfyiog the following JITTper ties:

(W} P is continnous on B3 ($g) - 81, 1,10 = h = 1,

{Pyl : Let o, 7 € Ry such that
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F—3F—d:a=>widd. i) = I
L S A N R
o3 Cove > 0P, 0.0] = o

Let. (X, 7) be a Hausdordt space and M a subset of X In [7] ig proved the fullomring
{lwrsarean which generalize resulea of Popa from [4],(5

Theorem 1, Let A 25 T be selfomeps of M suck that:
i 447 each af the pairs A5 and B, T ure semi-compatible mappings,
(1 2AMYy T IM ) et B{M) o SIM);
(130 ST s d-covgilele,
(1.4} diSx, Ty) = ¥ididc, Oy), d{Azx, Sx). 4 By. Ty)) for every 2.9 € M ond o © b,
Then ABE T have & wnsgue commnn fTred point in M.
Then AB.5,T have a unigue connmaon fised. podne i M.

The purpese of this paper i= to prove a fixel point theoremn which generalise

Theorems for muppings satisfying an implicit relation.

2. Tmplicit relations,

Let Fy ke the set of all real continwous functions F: 81 — 7 satisfring the following
canliticns:
Fo 3 there exises & = 1 auch chat for every o = Do > 0 with Fla,vow,u) = 0 ar
Pl v, v,n] > 00we have u = Jo,
B Fluw 0,0] < 0L gw = 1),
Ex. 1. Fits, o ta) =65 — (ot + 8] — 1 wherea = 1,0 < & = 1
F i Let u > 0,0 > 0 and Flavue) = w? - ® — (00® - ?) > 0 which implies
wd — (av® 4 by 0 Thus & = 7oy » whire K ﬁ',.-'._f ez ) =k Bidlarly, Flo, v o) = 0

implies u = fye, where by = 5% ~ b5 1,

For b = mandly hal = 1 i follows that « = kv

FoiFlww00 ol —al <0 %o =0

Ex.2, Fit] = t5 — [uth + W5 + %) — (b43]7 — [1,;,,}% heve o = 1,0 < bo 1,

Fooo Letw > (e > 0 and Flu, o0, ¢ = wf — [ov® 4 buF |:.-|,.""| — |:'.-1.-;::|§ = [ which
implies w* = (av® o+ 50+ o) = 0 and thus o = by

whera iy = :_;LL—E:II b Bhibarly, Pla, o vow) = 0 implies w2 Jae where be |"T-lg':.||: T
L. For &= seinf g, fea b we have o 2

Fuy: Flauoag 00) u*1 - af<0,%uz= 0

3. Main resnlts
Theorem 2, Lel ALB ST be self maps of M swch thaf;
sarh -"-:I" £ ;I11:-!1:'|'3 |: ..-'1.5} @iz {E, T} e .w:rr.':l-r..:mpﬂﬁ.fl.!e atnd

(81 Fd{Sx, Ty}, & Az, By). o Ax, $x), By, Ty)) =10,
for all ny in M where F & Fy.
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TF there esists o aml & in % such thal Ao = Su = Bo = Ty = 7, shen Az - Oz =852 =
T =1

Proof. Sioce A snd 5 oare somicoompatible, meppings and Aa = Su = z, by peoperty
D we have dr = ASuw = §du = &z From (3.1) we have sucoessively

Eid{ Sz, Tv), d{ Az, Be), H{Ag;Sz), d{Bv, To)) = 0
Fid{Sem]d{8ee) 000 = 0

wcontradiction of [FelafdiSz,2), 40 Thus Sz<z. Similarly.Ts =z Thua Sr = 4z =
zapd Tz - Oz - 2

Theorem 3. Let 4,051 be eelf maps of M awch thot (511 helds for each r oy &2 M,
ilzerE F'.\'-:Llfr.\'_l':l'rn el |:_F:"!. T .-1_,H:.':_-:T dupme of ot e ceTRTLON ﬂ-‘p::d Fa-:'ﬂf,
FProod. E—||||5:l||:'-.|1 1Tl .i:H\EIT Tiawer Lawecs cnmreenesn e I_mint:_: z.,z’ with = l,-" .
Then 1y [3.1] wie T sumnerssivel v

Fld{S= Tx') didz, B2, dide, 5z), d[ B2’ T = 0
Fidiz=], d(z, 2, 0.00 = 0

a contradiction of [Fy1 0 d{= 2" 20, Then's 2.
Theorem 4. Let A B S T be self-maps of M eatisfying the conditions [1.70 71.21:(1.3)
and (310 Then A B85, T have a'unigue comimon fieed point,
FProof. For an arbitrary point g in M, by (120 we define o sequence [r, ] in M such
that Fan=,1,2,...
(3.2 { Titpm1 = A¥an = 2w
Sz = Bla1 = Yans)

Dusfine dy o ol W) U] foroll neslh 1.2 0 Thene by, [302) vee have suceessively

F{d{ST9n42. TTon41 ), Bl ATonz, Bragir ) O Arga gz, Sraga), d{Brasr, T2 41 )) = 0
Fidivanr 1. el almon co e 1] 008080 b2 924 1 ) @800+ 103 ] 22 )
Flln:]!,”.lﬂ.!”__ I ”1-2~n+| ' I--|!’1r|.] =0

By {Fo) it follows that ddz, = hda, ) which implies danye; = fr.l:-,g.._.
Similarly, by (3.1) aad {Fhl it followes thet
'd!rl-l-i‘ '_ J"'nliiu—l
B induction gives
de < {1y for all n & N
Sinee & = 1 this woplies tht Ejf_l iy, 1= comvergens. Thus E:"I"_I {1y, e 1 ) 18 CoOTVer gEmt.
Sinee, in addition S{M} is d-complete, the sequence {y, } converges to some z in S,
hence the aubsequences | Axa, b, | Beg, o1} F e ) [ Tiegoa |, of {pm ), also converge o
2. Lt Su=z for aarne w £ M. Putting x-u and ¥ = Zgny in (3.1) we have:
(330 F{d[Su, Toyy 1), di A, Bra., ) di An, Sud(Bege . Toagga)) = 0
Testtimg = — o in (3.3), we got

1T



PO A, 20, A #1001 =0
which implies by [£] that Au = . Sinee = & A[M) _ T M), there exists 8 poine v in M
such that Au="T"v. Again, replaring ® by w and ¥ by v in (3.1}, we have auccessively

Fia{Sn. To), dlAw, B}, d{ An, Su), 4 By, Tu)) =0
F{0d{z.Bv),0.d{ B z)) = 0

which implics by () thet Bv=z. Therefore, we have Au=3u=Fv Tv snd by I'heo-
rem 3 it follows that z is-a common fxed poiot of AB.S and T
The unigqueneszs of che commnn lxe] point follows from Theotem 3.
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