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THE CONVERGENCE OF MANN ITERATION FOIt AN ASYMPTOTIC!
HEMICONTRRACTIVE MAP

Stefan M. SOLTUZ

Abstract. We prove that the Mann iteration eoinurges toa fixed poine of an ssymp-
totie hemicontractive FLA).
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L. Introdduction.

Let X be's real Hilbert space, les B X be a nonempty, convex aet, Lot T 8 — 7
be'd mop Let M'={1,/2. ..} Let'#; '€ 8, haan Artatrary fied point,  We consider the
theratinn
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A prototype for iy ez B8 (1f0),, . Iteration i1 is knowm aa Mann iteration, s [5].
W consider the fullowing iteralion, known s Tshilaws iterathon, o [f]:

Trgs = (1 = ¥y B0 + 0 Tl ITsh]
o ={1—-101 15,4 BT ., neEN,
where {om )n. {00 C (0,1} Chonsing &, =0, ¥n & B, from i fsk) we get {1).

Let us denote by FiT) the set of fixed points of the aperator T Wa need the following,
definition, soe for example [10]: ;
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Dhafinition 1. Themop T2 B — B is oodied esymodetically hemnioonbomot o wib SETTLOT
[, e, iF and only if lim, 7 ks &1, F(T) £ 0such fhaf

nAra
1T7x = 2*}? < ku |z = 2 + [z = T"z||* .¥x € B.x* € F{T),v¥n € N. 2
T this nede, we will considear
Iy ) Wae K

I contest of Hilbert spaces, the convergence of Ishikess iberation {Jah) to the fixed
point of T, whan we deal with 8 asvmpeotically hernicantractive map [with &, = 1. %5 =
&), could be found in (10]. A convergence result in normed spaces for {Falk) (with
g daa (B 7 (0,1} being not econvergent to zera), could he found in [5]. Anveay,
i "u wie leal with an asymplobie hemieootractive ke map, wlhich 1 oo che seanee oy in
Twshisttiean 2 wakh eomcditiom I"Z] Tl s rernarle that:

|'i:| T 'I{II anel _.El_._ 1hie BRI T (TR |:_ru"__:|_.|. |..'3.-_-:|1|. C ':U.l} are et umw,'rgmt 0O ZETO.
because of theedstonoe of an oo U such that & < g = 5,00% 8 M, Frony the converpgence
of {{aR) {wrhich iz proved in [} for Hilbert apeces and T asymptotic hemicontractive)],
with that aeguences I:I'I'..|:|l.-|: L L, e can ool deduces convergenes of Mann iterstion, It
i impesitde fo bave 30 = 0,%0 2 M

(10} Mocording to [5], comvergenes results of (fsR) for asymptotic hemicontractive maps,
exciat only in [10], {and of course in [3]). S0 far as we know, no other papers. are dealing
with asymptotie hemicontractive mapa and Mann teration (1),

This. e ciasons Iead us wooremark alack o woovmergenos mesult which desl, with
Mann iterstion (1) for seessymptotic hemicontractive map. In particular for a magp
psvmptoticelly hemicontractive with sequence (B 0a. R < 1 o & M. Our aio gs e
prove & resulc which deal with the convergence of Mamn iteration {13 for an asymphotis
hemicontractive maje as in Delnicion 1.

Thie fesllovrinng Derneria ein B Fovned inc [11] s Lemron 48 Ao, ik enn be foutid in 112]
a5 Lemmin 1.2, with an other proof. In |1] con be found as Lemme 2.

Lemma L (L. , (1], 127 Lot [an)nzg Be a otnegotive deguenss adiech verafies
Ot 2 (L= Apdag + oy,
afeere (A, lem © 00 HE Floes iy =odiend o=l do Ten gk s b
The: following result bs from 61

Lemma 2 [6]. Let X be a yenl Fithert spoe, the felleewng relnton i froe for all oy ©
Xoand frall X e [0, 1) -

ML = Ak Al = Lkl el A = A ) e =l 4
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2. Main result
W are able now to give the following resnlt:

Theorern 1. Let X be o real Hilbert spoce and et B © X be & nanerpiy conves bondond
sef, and T' 0 B — B be an agvmploti: homiconteective mep With (o jnzy &y < 1, Let
1"} = FiT) IV (e, ) given by (1) verifies a,, = of (1 — R 10, then the Mans itorstion
(o by iven by (L), ds popeergont to=*, for ail @y © 5.

FProof. The sequener {l|z, — x'||]_ is woll-defined, beeagse ° ia uniegue, Uging (3]
and (2] e heve, Tnoe B,

zn4a = 27| il = 2 e = @ F + (T, Ty
T _t""i + ey, (I, —2I¥ - nll — i, ) | T™Ey — g %
2 r=an e < a0t T — 2l

i1 't ¥ 1T, — 2o

= (L o) dowi— 2 A ke 50— 2702 + T — i
—nll — oy [Tz, — .I:,.,i_-:

=, il 7 @all = B e, — .o [T 4 rlt"ﬂ

£ (1= anll = ko)) lrn - 2% 4020

"The last. inequalicy & true, since the sequence (T, — ;r“||3':-:,31 15 hiounded, berans:
8 is bounded. There exista M = 0 such that [Tz, — :-.-“!|7’ = M, for all n ¢ K. We
denote by a, = [lzq — 2, An = auil - B mno= oZ M, v¥n £ M, Becsuse o, -
ol (1 = 00, we have T, . 2= M = 00 All che conditions from Teanme 2 are Tolilled,
Thus Emn .., oy, = . The proof is ornplete. L]

In Theoremn 4 we don't need any Lipschits condition for T as in 1]
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