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Abetract The Bernstein - Schurer operators are considered and for these kind of
operators 2 Voronskaja type theorem s established, The main result of the paper 15 the
Thearern 2.1, L
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1. Preliminaries,

Let 8, : C{0,1]) — ([0, 1) be the Bernstein operatars, defined for any f € G, 1)
bar

"

ne *
(Bund) (6) = T, 2ol 1 () (11)

T

where p_ [x) pre e fndamental polvooamials of Bernstein, defined as follows:
i ' =k i 5
F-\.-\.,n. :F:l — { fu :I :I‘:n-{]' bt 'xl':"!.l

Tnn 1932 Vorvonovekaia, B., (seeld]), proved the result contained in the following theo-
TErIL,

Theorem 1.1.(/4/). Let e C([0.1]) be o function whick fas the secomd order der-
afios o the point o 10,1 Then the equaifly

: L I - el o EEeePig
Jimn x| [Ha, Fl{x) - fiz)) = T." L], (L.3]
hanlely.

Consicduring the non-negative integer p, F. Schurer {gee [34]) introduced and stodied in
1962 the operatars O, o 0 O([0,1 =p]) — {0, 1}, defined for any function f < (0. 1+
p T I:Efm,;, f} ) u= ::.:i"ilim.h[i'] FUEY In (1.4), Denlx] denotes the findarnental
pobmemisls of Bernstein - Schurer, defined as follows:

Iy ol i
Fim al2) ( J.:p)""U—u-r*ﬂ-“ (1.5)
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Tn our earlier paper {[2]], we studied some properties of the fundemental poly nemials
of Bernstein-Schurer. Thesss propertbes dre conlained in the follewing theorems.

Theorem 1.2.([3], Th. 2.1}, Lef m amd 5 be poslive nlagers and T g (2] be e
pilipneriaals

i

g AT L
TowalE)= l.k;,f [k = [ ple | i, ).

The polvoomisls T, .0} satiafy the relation

T s () = 21— 2) { Ty a6 + o = e T a2} }

for any xr ![:ll 1 P.. whrere: 'I:”_"_:.E:I denntes e At arder decivarive of Ty, .
Theorem 1.3, {[2], Th 2.2 ] For e polymorniols f'f..h,,[.n} the egiafities

(i) T afz) = (m +p) 2(1 - £); (i) Tmalz) = (m +p) @41 rooeh(loh Bp i)

(fii] Tl Hmepe@i¥ e @1 b ot g 2l m)i

{1+ Bpil — 22} — Bx(1 — ) + (e — piz(l - xl(p — x)} hold for any = € [0, 14p|
Theorem 1.4. [|'.?], Th. 2.3) For wig gived 6 5= 0 tie equodity

k e
m““a-lnl:'”'l + ) Z (m ¥7 - '-'l-') .F'-:'-1-.|5:|::':; =10

- =8

halioy, Use the aboe pesoltsowe shall proveshe YVoronovkaja's cheorem for the Bernstein-
“churer operators [1.4).

3. The main result.

First, we astablish che auxilliary result contained in the following lsmma.
Lemma 2.1, Let v, 301+ p| —= By we (6] 7 £ —r Then, the fellowiog equalities

(Brstia) ()= (pfmd 2 (2.1

I:Sr_.u,g'.'fjl fr} = iﬂ! .".""‘2} 2 4 {[1-._. + I-.-::l.-"r'r.l:a::l ® [l =2, 12.2)

baled, feor sany w2 0,1 + ]'.ll. :
Froof. It iz woll knovn (see Schorer,, B, 3]0 that the operator B, his the properties

[ﬂﬁl.ﬁ,fﬂj :'J_:l =1, {Bm,_pﬂl} I::.'.'."'j- - |:1+_|".'rl|'l1"|'l.] i [‘E'mlﬁ,l-bd)ll {:I'.} = l:'.l:lE+|'.r_:| J:':'_E{[_'rr1+:|:.l];.|'1 +
w1 =)}, where egle) =2 (1 =0, 1,2) are the test. funetions. Using thess properties snd
the linesrity of the Bernstein - Schurer operatons, we zet (217 and (2.2, Now, we are
ready Lo prove the main result of the paper, which iz the following Voronowskaja Lype
Lheorem for the Bernatein-Sehorers apeeatnrs,

Theorem 2.1. Lel [ & Q70 1+ p) be oo favickion we Smes dervable af fhe point
ze]l,1+p. Then the equality
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#Hl—x ,

T

Tim {m + p) { {j_'rm.?,_.f] ] — f{.nj.} = p- Flel + (z) {2.3)

froids,

Proof. The Tevlor's expansion of § in a neightborhood of = € |01 + p| Jewds us o
FIE) = flx)wdt - z)f ) + -[r_!—';J_f""[..-?] = [t =)t — x) Note that in (2.2] o denstes a
beunded functicn having the property -Ii”.!-. paih] =M Afrer aome rransformations of [2.2)

T ATTIVY ti

(Bl ) () = Fiz) + P - (Bt ) ()4

‘I-"'u:.:u.:. § o

S et I 9% 30
S (Bt ) )+ 300 Chjm = 3 (k- ) o) (2.4]
Using the Lemma 2.1, from {2.3] we gel
|:ﬂ"| | _FI] {ir.',:l.l.lr['.'-':l T .r:I'::I} =

)1 5

T : o i L

TR A : 2
A j‘.‘II:i'?'t |- ol #i :ll:"'t,l,'._l {pa,_ n _Ii'_ll.n2+ |:_.-:.+:|'-'] (1 —J’.]}+ (2.5}
+ig+ ) Zk‘_nr (ki — 20 g lkim — o) fen sl

I fnia) denotes the sum R, (2] = 00 (m 4+ p) - (kfm — 20° p(kfm — x) G, k(7)) w0
ghall prove that lLm Rz} = 0. Let £ = 0 be arbitrarly given. Becanae r]Lm}J pik] =N
it Follows that there exiets & & = [ 50 that for sy & having che property |k < & the
inequelity

lathl] < ¢ (2.6

holds.
Thesat T = {001, ..,m | o} can be decompose] in the form
| &
F={ki§.":——1' f::‘r}.l{kFJ: .-":3?'5}. 2.7
m [m
Lsing the above representation of I, we gat
q L T o ; e X
LRslxll. 5 |1-'|:—|'| [rre = plikfm — )" kS — 8] - P |:J| <,
< {(m+ p)e E{.i:,."f.r:,- T B e (] +
ki)
Heupu) 3 (m 4 p) - (kim - 2} P iiz) (2.8}
kA
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For the frst sum of the right side of (2.8} we can write

gt : LT R T
Z[k_."'rrl. —.c_IE;J,,;I.;‘[..:] = Z | - wlx)} £ feagtay =1 [2.9)

k=0
s kel o

Applying the Theorem 1.4, we get that the lmic of the second sum of the right side
of (2.8} i8 zero, Le. there 'exists my € M so thae for any m = my the ineguality

> _(m+p) (kfm — 2} (2] < & (upp) ™ {2.10]
kel

Using nowr (2.8), (297, and (2.1, we can conclude that there exiats iy < ¥ ao Lhat
for amy w2 M ove 2oy vhe inegualily

|Rmiz) < (m4ple+c=[m+p+1e (2.11]
Tkl

In the (2.11) we choose £ = {mim + p 4 1)}~!. Then, it follows thet there exists
mig £ M a0 that for any »e > B, o = omy the inegqualicy :

iz < imim+ o1} fmt+p+l=m ! (2.12)
Tolds, From (2,120 i follows chat 7.1]-1".5.; ) = 0 and the proof ends,
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