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1. Semigroups aml abstract boundary conditions. General results
Lot X and ¥ be Banach apaces. Let A be the infinitesimal generator of & strongly
comeinuous sempgroup (Tje.n on ¥ and let 0,0 F be bownded oporators:

B:XaX F:¥Y=X F:X-2YF

{Ine of the main results of this section is the following 1heorem.
Theorem 1.5 et A be'on omrolor defined on

PLAI —-{( :; j v P —-r.-[,-t;l} (1

ks

¢ 2 B+ Oy
A [\ ) \] ; ‘)
[ Aly — Fz) |
Tlll.ﬂl'l.

{i] A iz the infinifesmuel generator of o Co-semvigroup (Nlizn om =X =Y.

l:ii] (T )esg e a holomorphae semigroup then the sermagrogp (e lezn & holemarph
TR TR

Theorem 2. Let & be a refiomive Banack spece ond A the infinitesimol generater of
a stromgly continuows sevagroup on £, Define F =T — P, Then the vperutor AP + T
with the domuin P='DA), and the operator P — R with the domom A genevate
seinigrongs o £ af

a] - A genemates o holomorplne sesigoug and 5 i o eomgpact operator o,

hy the formauls
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P i invertihle operator snd FUEY < DAY, o f
X

bl ¥= = | 4= { A0 ) = ( L jl,i.'.'.‘l-ﬁ'.l'r'. XY ore Banach epares, A
- i | M 0 F
and B geoerstors on X end 7 regpectiively, and F o lounded aperelor from X infa Y. Tt
CTIA)
w oavumed that T AT = - =
™R

Proposition 1. Let A genersée a Rolumerphic serigroup on o rofiezive spooe £ and
el an operater B defined on A be A-compact. Then the operatar A+ F also GENErnley
i halomerphic semigroup on £

I Propositions 2 and 3 bellow W42 = WA, 1 R and the aperatar Ag =¥ fdx?
is defined by

DiAp}or fy'e W yll) = y(1) = 0}. (3}
It is wall knoem that Ag s & relf-adjoint operator on L0, 1 R") and generate o
holomaorphic semigroug,
1
If F-) e L2]0, 1; OB then fj demotes the tranaformetion f_."_r,l j Sl iz dx
: 0
Frem L2001, R™| into R™.

Proposition 2. For cvery fusiction e B, LiR™)) the operator A = i fef?
Aefmned or

'.1'-'{.-1) {1. = H.ri_?: '5".[” — /‘ _i"y: 1,-“_: = -I:I} x Ill.'ii:_.-l
can be decomposed o the form 4 - AgP wien DAg) i defined by (Hand T~ P iz o

St dimensional operator. Thus A genermles o holsmarphic aermigroup,
Propaosition 3. The sperator 4 defined by

iy
;‘r. o
Al w0 )= | w0+ Dau(l] + f O {4
#(1)
Bu1a{0) + Byan(1) f 2l
i
DA =3 Lol |0 Whe
wil)
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A be d.::u::.::f:..r.ln-\.r-:-'! wle Hhie fors

An n
A= . o s ) R o
Oy Un

whome

0
?}-;(3 _"F:I'ﬁ: "'frr:l I
Je k'

wrd Fois o bpunded operater. Thus A gensrates o iolomerphic semigrour on £,
Meaxt, socording to [5, p 183 ] we give some results concerning the following semilinear
imicigl wadue probdem
duit)
dt
ultyl =g

b Awlf) = FlLa(t]), st 41
L=

where —A is the infinitesimal senerator of & Cy semigroup (7)., on & Benech space X
pad 4. T X — X i3 continuous in ¢ and satisfies a Lipschitz eondition in w.

Theorem 3. Let [ [ta,T] = X — X be continuous m & on g, T| end endfeendy
Fapsehitz continuous funth consford L) on X If—A i3 fhe infinitessmad generador of & O
semigrap [Talso, on X then for every ug € X the tuibial safie problem (6} fioe o wmigue
mild sofutaon of & 'O, T: X, Moreover, the mapping un — u @ Lipschitz cont i
from X ints Cta, TH XD,

Theorem 4. Let — A be the mfinalesinal gensmtor of a Oy semigroup (15 o on X
0Tt T)x X — X 5 continuonsly differentaoble from [to.T| # X inte X then the mild
salufion of (3) wnth g € DA {2 o clossieal solution af fhe inétud vedes problem.

2. Applications to infinite dimensional system theory

Tin this section we ilhastrate how the reauliz mentioned in the previous section can be
eed to solve, oF to simplify, some problems insyesterm cheory.

2.1 Porabalic syslems on finite sngervals, Dirichled boundary comditione

Tn [4] was considered and solved the optimal control problem for linews systems de-
serbed by the heat equetion with conteal on the Boundariea:

By, . _ By, -
o (t.7) a:_ng”"““f]' =0, e (D 1)
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{?-‘:(r.u:u Lﬂfﬁ{z,u; I Bpuit)

. (7)
%rf.n L_ng{zml] b Biult), it 0

with inicial daca x(0,0) & R, g0, 1) € R™, 40,0 & FA[0 1 R™). A system of Ric
cail type equationa was obacined and stwdied. For the Riccab system an ecastenoe and
uniguensss Lhenrem wis prowd,

Ton this pispetzr wer prosent o peneral model which conteins systems like (6), (7) as apecial
coses, Moreoer, more gensral boundary conditions than (7] mav be also included, For
inatance we shall Inveskigate gvarem (8] with solocal Bonndary conditions like

Ayl y 3 :
— = Fauit, i+ ot gl el
- o (8]
a1 g ! ¥
Oty i Fapli, 1) "f Oz luid, 2 )dx.
i i
We stort from a well known result. The operacor 4 = nlﬁ defined on DAY = {0 &
W, &), yle) = y(5) = 0} i& the self-aljoint generator of ;L”L?'n-sr:[u.lgm' up (T )szn on the

apace ¥ = = Lo, 4 ™), Let X = R « R™ and define & and 7 as follows:

ol
" Byt f Bart Jfr Cul#)uls)elx
' g G
Hyx! 4 Hgg]'i ) >

Biat, o?) = ( h
rr Clalaliol ahols

where B, . are n o o omatrices, (rloz?) & RT = R? and Oy, £y are functions feom

F*([a. b R™ = R™). Moreover, let
TR e i

‘.l.l T 2 = ol o

() =8+ 505

Then Thenrem 1 easaly mmplies the folloenng proposteiorn,

Proposition 4. The opeedor & defined onothe oot AN = {pla) 1B vy &
W, b} by dhe formulae '

(2% = 2%, s [a.E]

=

Bygyta) + Big(b) + f G lHptads
yfa) : 5
Al B J=1 Byyle)+ Bayy(b) + F{_-':[h,"yl:b']r-"a
¥ s
&y
;15:"3
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is M imfinitesimod genevater af o Co-setignoug [Ty Yoot X w0 s eonjgate ke iy
defirsd ov DAY = |z, af iyt ot e R pE Wi ek, yie) = wib) =0}
249 Popabalic sysberns on findte inferonls. Wized baunﬁm-_}m:-nd.iﬁnm
2
The following result is well knowm. The aperator A = — dafined on (A1 = {y ¢

i
WhEa k|, o) = ¢(b) = O} & Lthe salf-adjoint generator of & Ch-semigroup [T/ a0, Tet
the operatars 2 and © ha defined s in 2.1 and define the eperator Foas Follows:

Pzt 28 =l o [r?—2'b), rE |

The following proposition is & straigbiforward consequence of Theorem 1.
Proposition 5. The operator 4 defined on the sel PLAL = (el yllehe €
W3 b b by the farmudie

N p
. Hii flf_y[”,l — Byowibl 4 Jlr L :'.n_:I]_rI:i']ai'_'l.!
ﬂI'|."I L rhir .
. o AR dy " : .
A -;.{.\'_1] - HQ:EII Ii!-'] - Hjj?.l._l!-'] + ['.-j[.x ]1.."::'5_,'(11.'-
i r.fg:i_f
dx?

iy thee amfivvitesimial generator of o Cp-semigroag (Teza on X =¥
Remark 2. Semigroups ronstracted in Proposition 2 and Propasition 3 are holomor-
phic as follows Irom Theorem 1, (ii].

3. Chusdratic cost control problems, Systems of Hiccati equations
Let us consider the following conleotled avstem:

3
‘5':.'!'] = Tyz(0) +f T..__.,E‘.n:l:_.'«']r.r.-; (4]
0
where B iz g linear bounded operator from a Hilbere gpace I into £ =X = Y. The "reg-

later” problem is to-find & control w(} & ([0, 7], L7} which mimmizes the performance

Himy= fj (e, 2(£hhe + (Fuelt), dit)bedat + {(Fo2(T) Z(T e, {10

where (), H, (3 are self-adjoint operators on £ and IV with 6 = 0, H >0, &g =0
The aplimal control 43 gioen, na the Riceall equalion:

;;.:j"'[;_},n_,,-_]:; = { Az, P{tlo ) + (Pt Az, > H{Qo.m) - (PBHTIB Pz, o),

P = By'for w/e & D{A) in a feedback form ult) = — = B*P{T — t)z(t), £ =
Oand inf Jiu) = (F(T)=(00, (0}}, s [1].
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Movesver the Rucondi equation has the urdque nomnegative solubion Pt} =0 see (1)
The: problem considered abowve is in fact the problem of the linear regulator for the
infinite dirmensional avetem
= Az 4 Bu. i1

The solution of this problem cen be expressad through the solution P = P(t), ¢ = 0 of
the inner product Riccati eguation, see [6]. IF the operator A can be decompoasd Tiko the
form A = Ay or A = LAy then the Riceati cquetion can be written in the terms of
the operator Ay and its domain T Ap) voly Let us cake, for instance, into account che
situation where the “F'F-.I:':ll.l.r"l Liar" i implemnl:&rl t!'IH'II.I.F_Ih A e d._‘.".l:l.a.‘l:l:l.‘iEElJ avetem. This
ia the case of the controlled systems considersd by the author in [3]. The state spaot is
X
then of che form £ = = and the grnetator A i given, actording t0 Proposition 3 and

¥
A0 i £
A=y ) ( )+
0.0 0T

Alter stundard transformations v obtain the inner product Riccati equation, Trom
which we derive three equations [a syatem of Riceati eqquations] which vere obtaines] ansd
studied for parabolic ease in [3]. We remark that for the operatorial Riecati eruaticn |
using the theory of semigroups, according Theoremn 4 and Theorem: 5, we find under the
abetract form thet it has unigue solubion and this iz just the classical solution, which was
got in (3],
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