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HAAHR SYSTEMS ON A GROUPOID WHOSE ORBIT SPACE T5
COUNTABLY SEPARATED
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Abhstract. We shall prove a decomposicn property of & Hear swstem and we shall
study the structure of the C"-alpshra associsted to 2 locally compact groupeid whase
orbit spacr is countably separatoed,
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1. ITntrodaction

The conatruction of the (U algelma of & groupeid mctemls the well-known case of o
group. The space of continuons functions with eompact support en gronpold is made nte
a t-glpebra und ealowsd with the smallest O norm making ics representations continuous,
If (7 ie & cransitive locally compact second countuble groupeid it is well known thid e
C"ealgebea of 6F 8 isomerphie o 07 [H ] e K |I1'_.1 {w)]y where H ia the isotropy group
¥ at any unit w € &', s an essentially unique measure on @O o H) denotes
o l,-l.f,up (-algebra of H, and K [L* () denotes the compact operators on 2 ()
feec |51, Tn (3] we have ul:-muq-rr i |I-:=-1:::'ﬂpu.:-n of the C"-algebra of a locally compaot
ER oo mm;.l;.ulﬂ-:- proupoid 7, whose orbit space & Hausdorff, in term of O -algebras of
the wransitive component of & For obtaining that description we needed some resnlts on
the fine atmucsurs of the Haar systems,

Tn this paper we shall see thal the decomposition property of a Haar aystem uzed in
|3} it is true for more genersl groupeids. In partienlar, we shall preve shat it is true for
eroupoids whise orbit apace is countably separated.

We shall use the notation and terminology of [0, 4], [6].

2, The decomposition of a Haar system

Wi are excluaively cuncerned with topological groupoids which are sscond countable,
Incally wompiact Hausdorff, The Borel sets of a topologics! space are taken o be the
m-algebra generated by the open sets, For quotient of a topologionl spaos, wo alwovs Lake
e qquatient sopelogy, consisting of the sets whose fnverse images in the original space
sre npenn. The quotient Borel structure i8 also defined to be the eollection of seta whose
irmverst imiges in the original space are Borel aets. The quotiont Borel structure nesd nat
be menerated by Lhe quotient topology.



Let (7 he locally compact second countihle rroupoid. We shall assume that ET
a comtinucns Haar syetem je, 5 Farnily of positive Radon measumes on G i wE l‘.'r'{:':'}.
it thai,

1} Fur all o g 7000 FUp e = oY,

2) Par all § 167 — © contimons with COINDECL SRpEOre,

- f_r'{g,-‘_. de™ (2} [: o Ej

I COTLies,
) For all £: &7 — C eontinuous with eoimpaer support, and all x £ (7,

Fiwl ™! (yh = | £ o) didti= )
L8

Ar u conseruence of the existence of continucus Haar systoms, v d o 63 40 nre
O MADE.
It i+ i% 0 measure an G then the measure w | tdu {x), definad by

fr@ae= [ (] F6ds ) div, ¢ 20

i ealled the messure on (7 induced Ty g The: image of 4 by the inverse map r — o1 i
dencted ¢, u islanid quasi-invarian if i mduees] measiure » is equivalent to ita fmasen
w7 h A msure Belomgrings to the class of 2 quasi-invariant messire: is alao cpLBaR-isriant,
We sy that the class is invarians,

IT i is & quasi-invariant mensees on o710 el i s the messure induced o &, then the
Radon-Nikodym derivative & - E'% 18 calivd the medular function of e

Let 1% 45 be the orbit space. (1o <=2 3 o & 1T sueh thist & [£) = w and diz)h= o)
Let 7 enit G ba the cancuical prodection, and. Jat [u] = fir 1w u}, be the orhit
of i

In what followrs weslinll saswmne that thers/is 4 family of pesitive Radon measres qirL
GO dut de n:"vr-rr-':'_.-"f.-‘}: such chat;

(i) For all & & ™40 | supp (md) % .

(#2) For all § in ., {1y,

G2 [ ) [

i o universally messurable bounded function,

I the orlit space is Hausdorff then thers is & fmily of pogitive Radon IEEAEITES
setialying the condilion (£ and (i) {Theomm 3.3 211 Tn, the next section, we ghall
g thet there is auch & family also in the countiahly separaced cose. Using, . similar
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argoment 84 in Section 2 (3], we can prove thal, for each erhit [a], there is & probabilivy
1yiny supparted on ful such thac:

1) dy (0} epge dor all v & u

2 _|"| winai (] tor wll v & [u, where {"""..1.-| won e 70 g~ 1;}- i% asyelam of
neasires with thr ]lrl:-||ﬂ:iil?:3 in the [_:-Ir_'l.:{ﬂ:lrlﬁ FeChion.,

3] For all fin [I'_-“:"".::L 1 — rfril:: g [ Ty -E] 14 4 ul'.i'-.'Fﬂ'E:FJ:EI.}' LIl 61T -
able bounde] finetion. b '

From this will eagily folloves thal every quagi-invariant messure for [ oue el |
aquivslent with | 0 dd (4], for some probabilicy messure jom f:';"" fLs

Propuosition 1. Lat g be p quiasi-invarant messur: on 100 et gy = _I-TII_.”-u]rIll.l. {1}
and ¢ he the messore indidced on O by . Tet A = .{1'— b e mndular function
of gy, There existg a py-conull sitnratéd s—compact subset I of G %nd wosystem of
FMBASUTES, | by, 200 £ &, uTv), with the following properties:

|ty ¢ i3 suppurted ondd and e, # 0 e all w v @ 2wl

2] For all § = 0 Borel on 3y =02,

f.lr [:':-'_:'*h" r'y':' ff..r L'tn'::' Ii'l"ﬂ_l: :,H:: d:"l"::"-ﬁ "'_:' =
[ [ ] [ o na Chon (i,

3 Forall f 2= 0. Borel on O = G| 7,

T [ F i) dis () [ () (Go) — R

is an excended real-valued Borel functian.
Ay For all f = [ Rorel on G = GLE,

Jlr_f ':I.‘,u':l ﬂ!r-".-_l[=:.:-.. f]f:: = [_f{y'l l!‘I!?-'r[,-_:,l.,. l:_.'ll:l for all & © If-\'n. v E Er.l! [I":I]
Proposition 1. 3 Fowr all f > 0 Bored on (g = G Z,
A{x) j Flam) iy rim (0] = f F{y) e ey () for all © € Gu, u € [d[2]]

6] & ey — WY iy @ strict homamorphisrms.
71 For all £ = 0 oref on G = (2 2,

ff (w)dv, o () = ff (v~ ':l Sy 1]- iy () for all (u,v) € (r,d) (Co)
8 For p-aa. v & G = 0|2,

v = [ j"'!n!_ lldﬂﬂ{u:l {“j
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Proof. The proof is similar to thet given for Temma 4 [3]

Remark 1. With the notation in the preceding lemma; &gy i3 the modular fancticn
pesocinted to the Haar avstem {o® v & G/ and the quasi-immriant measure 5, for
TSR T

3. Groupoids whose orbit space is countably separated

Assme that the orbic speee G0 /G is countably separated Letim 2 G0 — @™ i
be the cancuical projection.

Applying Theorem 3.4.37p. 771 I!'m the anedvtic space (Y9 countably separated space
100067 and the Borel map = of G onto G 4G, it follows that there 3s & universally
measirable cross section forw, This mesna chao chere is o pniversally measurable mep
71 GG — G such that T (w)) = for all & € G0,

In |8 A Ramsay proves equivelent comditions in which the orbit space is countably
asparated. Let

&= [r.d) (G = {(r{z).d(z)], z €G]

ke the graph of the mui-.ah—‘-nm relation induced on M. Thia R is the image of G under
the homomorphism [r.d}., so il 18 & f-compact groupoid. In particalar, R is & F, subsst
of 10 x @ By TJ:|_r_|_|]'r-[[| 217 M3 [8], the quotient Borel slructure on G s
countably sepdrated i the quotient topology cn (727 /(7 generates the quotient Borel
structure iff G/ is standard as Borel spece iff the eanonical projection T G
GG has a B.;;.nn'l aection iff each orbit is locally-elnged HE GO 007 8w T spaee. Thos
we may consider that the map o i3 Borel.

Let (K. ) be an mereasing sequence of compuct. sets with'| ), K, = (7. For each n,
Il fp o & — 0,1 be a 4_,r_:|:|1'|':|:|u,|r;-||=-: with eoanpact support fLmLLmu such thal, fiy (x) =1
for sll ¢ & K, Let i 0] = mm [, j if p=(f,) =1, ad a, (8)= 3,, ptherwise, It 15 not

hard to s thet o — g, (i) i85 continaons, Let

- ! ¥ ]
B (z) = E iig (0] fo (2] forall z e O

n

Sinoe |m, (w) fo (x)| < g5, it follows ches (u,2)— 35 0q (u] fu () @8 uniformly con-
vergent und therefore (2] — P, (2} is continuons, Thos, for ] Fin O (7],

: f o) Pl (2) [ @06 W R)

is contipanng with compact support. If weset W (a) = [ B, (2) do™ (2], then O A {u) <
oo and w — M (x} is continuoua. Let o define by

. - 1 - i B
o (1) = 3 1 P )
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feor all F contiruous with compact support. Than o — o™ i3 continuons and consequeently,
u e ode (0)is  continuous.  Letonl = d, ("), Then w — ny i@ continugus: Let 5,

1 . (il
Mhistayy For all £ 20 Bovel an & the map

i f £lvldn,

it universally mesurabls and Donnded.

Beeause the hypothesis in the preceding section is satisficed, it follows that if the quo-
tient Morel structure on 'Y (3 is eouncably separated, then the Hanr system has the
abrucnurs deacribed in Proposition 1,

IT the quotient Borel acructure on &4 3 countahly separated, then each orbit is
locally closed. Thus G [w] s a Incally compact transitive groupoid.

Lat ({07} be the C™-algehra of (7 with respect to the lear systum {u®, we G and
[I'l be the €*-norm. For' each orbit [u], let (G| [u]]) be the (™-algebra of - the locelly
compect groupoid G| x| with reapect to'the Hear system {0, v € [u]} and ||, be the
CMenorm of this slgehbra,

For the family of C*-algebras {003 [0]), = () € GG we con define the direct

ALY
pBLnl (1)
=

vt bhe sl ol all finctions

Kok oy (u c W@, ry e ONG| |u,}]

with the property that for every = = 0 there is o finite subset B (0% /47 'quch that
_:n.J||,ru] < e for A E
The cliret procduct H:.q 0] [w]has o sirmilar definition exespt that one takes for ita
elements all functions v — =y satialying sup |2, (], < oo We can make 3 2., C™(G] [o])
and[ ], &°IF [a]) inte (7" -algebras by giving them the "peintwize” nperations [for ex-
ample, {0+ () = (za + ya)) vod the norm [|(eg), || = sup |24}, We consider the
followring s-suhelpebra of “-l“l oG [ul):

{|:‘r-'TI:1":|:I.1|_::l';_l:.-\':ll:ll'\:.' = [3] -l' t G{ ['r_;] '-.:”':h Eh-ﬁ.h fll:'ull'l.l.] = .ff. ['u.:l}

With a similar argument as in the Section 3 of [§] we can prowe the following theorem.

Theorem 1. fo! 7 be g loeally compact fecond coundoble groupoid epeipred with o
cortinuaus Hoar sysfom, JF e guebant Borel structure on G AT e countably separated,
fhen O i disomorphic to the complefion of

{fetw) sy s = (3) F € Co(G) such hat Flaip = Faiwn |

Lih



e e norm |L|:f.,,l,¢:,}q:“:_ I! s U Ill-f‘?'l.“:'nl-.-:.::-'
Remark 2, The L -algebra of groupcid G whose orbit spaen iz countably sepsarnted

can be viewed as a subalgebra of the dircet produet of (" -islgebias of thi transitive LU
nEnE u:d'G’.H,____l C* (7] lu]}. Bince 200 [w]) i isomorphic to o (e -'I:Li f:r,n“[._.],ﬁ'ljl e

i
-
-

3]}, it follows that C=(F) van be vieved as a subalgehrg .,~..|'1'_|'|=|_|"_'." (G JkC EEE (,-”:h: :U
Remark 3. If the npplication

tu 1 Gy — L'-[":Iu ruls) =r £

Iz cpen for all o, then the orhics el of the groupoid ¢F arn openand closed sulbeets
of the unit space 7% " g nol hard o see thal in this case the C-alpeshra of g
aroupeid O s jsonurphic with (he direet aum of C*-algeliras of the LERNAIL e chmpo-
nent of t’:';Elﬁj CHE (ull Therefore o the application r, G, — 0 s apen for all
w £ G ihen £ does not depend on the Haar SVALLT.
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