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1. Imtrocduction

Sovirul probleros weising from beat Bow, electroslaties, graviey, ece. are modelod by
means of partisl diferencisl equacions, Generally, the matheroation] mode] s complicated,
Flaid is e sommed s e enaet anlition is haed fo obeain, analrticallr An approcimacing
of it con be computed, wsang o discretlizaiinn melhod Lo get the approximate peoble,
and then solving this by means of direct or iterstive methods,

Taking inle arcount that for large dimension problems, the direct mechods are nor
viery efficient, i dhis pagper we slall baoronesrnaed with aome itarative ‘methods, called
relaxation schemes, like Jacobs, Geuss-Seide], 30R,

We discuze che ideas wsing a model probleny the 2D Poisson's equetion,

2. Review ol the Discrete Poisaon Eqguation
Like'an B30 the 200 midale] problem whers on the unit square §1

‘i‘i‘{fj;”_,'?:' | E‘%y—:' feay o bl e sl O (1

The discretized Poizson™ aguation is:
gy — Wymq,j — Thsly — Bhpg=1 — thg=1 = By [2]
Equution (3} st hbdlbd forod <04 fos a0 and generates. A = wf sguations in W

unknowns, When (4, 7] i adjocent to o boupdary (X =1 or 3 =1 ar = 1 apjie 1],
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cne or gnore of the i g g0 values is on cthe bowndary, and therefore el bo 0. bs; =
—Fiih, §&) - h?, the scalled valug of the +hs fanction f{x,y) at the endresponding grid
peant (7, 7).

As a linear system in 6 more standard way, (2] can be wrilben:

ar ol =, &}

where £ and § are column vectors, Agein according with '3 the system (3) has differsn
writings, depending on the ardering of che neales.

3. Jacobis Metho:d

It is known thet Jacobi's algorithun can be derive from (2), in this wav:
B = (8 1 F Wien; F oy e B i}
Then, at the (& + 1] iceration,

-uEf'H'] = fugﬂ 2 "'"'Ei]'.._: | 1.:"'” I -l-:{"“"+ 8 CTRFE! : 5]
g fe s ' E
with u;;" an initial appreximarion.

Iz is clear that the comvergence gees slower for large problems, ‘with the tunber of
stapa proportional to N = w? [far o detsils, see 3]}, This meke the serin] complexity
of Jacobi's method:

serial complexily = number of steps = cost, per step =
) 4 O
= N,

Qn & parallel machioe, with enough processors p (it means g2 V), the enel per step

is N1}, then (he
Parallel complesityl ' 25 AT 4 o1}
=N

When w2 W, we use the domain decompesition technique to disteibate the valies i
ALLCUY, PTIHTRSOTE, BVELY provessol owIing & numbser of n /e geld posnts, Diemoting, Lhen,
with p = number of provessors, f = time per flop, & = atartug for 8 message anl 3
b per word in'a' tessage, then

Parallel complexity2 (RN = (INfple f + a4+ [(n/p)d) =
= (NPl F+O(N) 2= O(NY 1p) « 3
where [N/ flops are needed to updace local values, o is the atartup cost of messnges

te each netghbor snd (n /p) values are communicnted to neighlors, In fir.]l we line/ the
case 0l row T and p= 4.

172



Py | @ 7 & a5 1254567801011 254518
- T L 15 15 %:ixxx
P‘g WK K M
g ] 11 17 E wx  xi
P £ - 4 5 I T
] b
ﬁé *® Ki:x %
) x xx | x
e R id i A9 E e
R|$ +H = ) R‘ﬁ |x;¢ xﬁﬁx“:
: 11%'___ ! B R & I
— ” " — ; :h::.: }:‘
1 2 3 | 14 | H ®HH
F| D i L Dﬁ R‘lﬁ I x W ow K
b L = NS 1% | o

Fig.l. Dividing the domain emong processors

With the sbowe notation, processor 1 owill updete ghe loes 1, 2, 3 and 4, processor 2,
the lines 3, 6,7 and & and 80 on. The ameount of communication depends only on che
r||:|.‘r|]||:r Iilr I:H"Lrl':.li:ll'_'r' IILEIII.!.ﬁ.ﬁ\.

4, Ganss-Seide] Method

It iz well-known that this method 5 similar wich Jecobs, but the Eoear combination
of the neighbors and the order of updates are different. So,
k1] (k
ﬂEfH"] [sz ":'" + IR

-1 |._;|—I TR 3 1 I.'I1__\J]+I +'I"'I:J}|"Id I:.L.i.;l

Te 1 alas kocwn thac this method converges twice as fast a3 Jaoobkd, ao the

Seril rranplexily = number of sleps & onsl e shep =

{:rf )fﬂm (zz)

To paralleliee {71 turns out wo be ool irivial, Tecaose svery prodessor (oomsiilering
P o= N has to wait for wpdated walues from two other processors, which can generate &
battlaneck.
Bt the siviation can be changed if we reorder the nodes, it means the number of @
in L ALY brnciesated i I'i;.c;.'l. :

III'lI II{ i IIIII.'i 1|':|,
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Tig.2. * Checkerhourd arcering

The ides is te update all the black points, foflowed by all the white points, The
Black grid points kre cunnectel only to white grid points, and so-can all be updaced
aimelianenuzly uding the most rotent white Valies, Then the white valus ' he apdaced
using the most recenl hlack values. Due this iden does nol acceleraté comvergeice only
the storage of memory © impeoved. In order to improve therate of eonvergence, ot her
witys have to De fond.

§, SOR. Method
iz SOT8 Metlingd generates the formulas:

B ) u‘!;r.: 0L .nJlrlil'J-.+:.;: h

i 5
E3 a =17

LY H_E.x:

Vi g Sg '
i t1.4 +ul" dupi ! Byil/4 [T

i 141 4
where (§ < w o« 2 is the relaxation factor. [For (< o < 1 we bave under-relaxation, and
for 1 < w < 2 we-hasve over-relaxation .

Tor atudy the convergenee of the method is made in [

It caene b sleown chat the mumber of steps requiced by SOR method 33 apprmomately
the aquere oot of the number of steps Jacobi's methnd requires. Then, the complixity
analyaia shoas that;

nurnther af glaps &' cost per step =
= VN« ONGE s T o+ (nfp) =3 =

= ONYp)= § +O0N) o+ ON/p) .4,

Parallel complesdivl

where OV /)] flops are needed to updale local values, o is the startup cost af messages
to each neighlor, and M) boundoary waloes are commaonicatsd to neizhbora,
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In amalyzing the parallel complexity, the same "checkerhoar]” nrdering was considorsd,
tivity among processors, different Tearme chan of a latkien, ased sinee noer (see [1]3. This

idea can be uzesd when we die ook haowe eoongh processars. I we order the nodes in che
way ke in ligad
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Fig.3. Red-hlack diagoenel-blocks ordering of podes

Let's call thi= ordering: " Checkerhoard” diagonal Blocks
The pracesaora will work in e lloedng way: 30 our'exsmple, we heve p = 3 praces-
sngs, conneched Tawsr, s (100
for 7o 1 to p in parallel do
{rnpde .l.:; ! s for the black bloaks=}
e for;
for m =1 to p in parallsl Ao
[commpate 1.-5.:;_"' wlues for the white blocks)
l'flll.:." rl.:ll'.

Ther murpber of messiges passed among processods under thie connechivity depends on
the number of nodes, and this diagonal ordering redwees 1he number of podes wrhich hase
i

b L gend, s e ooenleer ol Bonesplary waloes wrill be O (E , it means f}l:;-i,l.-'ﬂ_p]. bapscinnase

EVETY IOCEEENTE las in his EEMELIIONY A juard of the new vulues and hes to obeained |_;.|'|'|3 Lall
lroan the peaghbsurs, So, the perallel complexdity in this case will Les

Parallel comnplexity? = nurmluer of ships » cost per step =
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{]’Ly"ﬁ] £ ({Nfp) = Fao g nf(2ep)) « @)=
= NS P oI s OV e =

fi. Conclusion

Summumarising 1he previous results we con state then thal the ™ Checkerboard” disgonul
blocks SOIL seems o be hewcer, from compleiny point of view.
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