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1. Imtroedisction.

Consider the initial value problem
yiiz) =z y(z)) ylzo) = w, (11}

where [ o b] = B o BR™, oy = a, to, p € B Wediscusa implicit Bunge-Kutta method
for mumerical integration of (1.1}, havieg & specisl form, and called semi-explicit o
diagonally implicit.

Thia kind of methods have also been investigated by many authors: J.C. Butcher
2], 3. K. Burrage 1], 1. R. Cash [4], E. Hairer, G. Wanner and C. Lubich (&6
[7], Houwen van der, P. 5. Sommeljer '8, et

The aim of this article is the onstruction of & few classes of semi-explicit Tungs -
Kutta methods of crder 3 with two, three and four stages for the initial value problem
{1.1) Thes= methods will b A - stable and L - stable, thue they will bz sutablbe for solving
numerically stiff prollems. This article (2 a continuation of the author's work |3].

Without loss of gensrality, we may asaome that (1.1] s o scalar problem.

2, Preliminaries

Let x., 1 5 0,1.2 ... N be equal spaced points in |a, b, withomg = 0; £n — T
howio=10,1,2,..., N, and 18t gy, be the approximate value of y(x. ), where yix]is the exact
sulution of the local initial value problem

w'ix) = flew(2)); plza) = we (2.1]
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Definition 2.1. An implicr Runge - Kutta method with s stages for the probadem
(1.1 ix alefined by the equations

Rin = hf :".f'ﬁ ¥ Z'“'U'I"_i.'l I 12.2]
=1
Wity = Un T+ bk m=01%.. (3.4
i=l

where xt = o, + el 3 = 1,5 and b, sy, ¢ are real parameters.
The tormules (2,2] and (2.3 are nsually displayed in a0 called Butcher's tablean

A, i (2]

]_'._,.“_

iy |;_i'_|-|lf_-9_____lb,];_-'1_ P T 1,200 s and ore’ higwe o

s
wheie & = T8, G, 0. Fa )
Tuvwwr

e = Ae, 2.5

whe i1,1,... 07 c B2,

L eonition 2.2. The Runge-Kutia method defined by (2.2 +[2.3] or iy 12.4] iz called
seani-implicit if o, = Ofor all 5 = 4 A semi-implcit wethod is called semi-explicit
mert feoned o di&gnnulh' irnplicit if e heve g, = Ador alli=1,2,..8

The ariler conditions for semi-eeplivst Runge-Kutta methiods with a stages con L
alvisined o general peder eonditiona of implicis methods, which can be foand in (2] [7]:
Fur seni-explicic methods of order up ta 3, these conditions are:

L) &
EEA‘ =1 l:h,r'., =L . o)
gl =1

# " 4 =1
S beed ml/Bids N beni by by aiyoyx 146, (2.7}
amr] =1 izl t5ird
More precisely) when the mder s’ p = Zthe necessary. conditions are Phe eqiiations
(2.5], (2.6]. When the order is p = 31he necessury conditions are the squativns [2.40].
(2.7] and che egquation (2.0).
Remark 2:3. SN Marset and A& Wolfbrande A2, |9], proved that the maximum
nrder btained with an a- stages serni- ecplicit method, s p=a+1
Definition 2.4. 1T we apply the Tunge-Kitta method definmd by {2.2)3-(2.3] or
genernted by the arrey (2.4), to the Lest equetion

o=y, wlE) = ge v € R (2.8
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thiem, we alilain
el = Riglpd, 2=ah, (2.9)

where B2z a rational funccion, called the stability function of the Runge-kKutta
mthid.

Lemma 2.8, ((2.[0)) For a aemi-explicit Runge-Kutta method with s stages, the
slability function Bz} depends only on the parameter Aand has the particnlar form

P B ey L e
{117 E L: II',E [Az)
i el driky (2.1
e {1-- Az)s '
wArhwre

& . .1 LAY .
Lafiw) 1= 3% 13f3{fJuJ. (2.11)
Feii w -\.-"

is the Laguerre's polvocmial and .".'j.']-:':l':l ia the i'® derivetive of this pelynomial,
Definition 2.7. I, for & =1,

Riz)| =1, forall = = 0, (2.12)
then the Runge-Kotta method s called A<stable wnd if the method i A-avable and gatiafe

Torwd © R ) =1, (2.13)

=] —+ne

then the method is called L-stable
3. Semi-explicit methods of order 3 with two stages

W discuss frsk, the semi-explicit, Bunge-Kucta methods of order 3 with & = 2. For
s = 2 the mathods are generated by the tablieao

[ | _.:'| {'
eg lag A, (411
| I Iy

and the perameters o, cg, by, b, Aace salisfying the coder conditions given by

b+ = 1, bigopey, = 176 = AJ3
.I.l]_."|_ + |I.l!-€?\-_1 = Il.-'2: £y = .:'.: f33]
byod + Bael = 143, =g+ A
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Theovem 3.1. There sxgst ondy two differsnd sonmvi-aeplocdd Buage Hulte oeffliods of
et § oanth 2 = in.'ire_r,lr'.*:. Theese reetlowly ared axtoble ond |'.r|.r~:||.' i _J_n::r.:n:ef'r..'.r_.d ,;ly the

foalfsminr
& T 5 ETREr ot B . o
& .“1.5 Tad :'.1+'l.-' : J+€‘ﬁ _-_*:5' dﬁ : [5.45]
[ 1fZ 1,2 172 [/2
e spectivery.
Proof. Is not difficult to solve e systen{3.2) and to obtain
3+4.3 5 F v /3 1 .
o = A -—-E—L--:c: — --Ey e T1'E iy =y = 5 [4.4]

The stability funetinns of thesa methods are eapectively

LT |
S 1+
A h,-f e
y PR AN Vakieg A
i 14 -..--"33
¥

It iz easy to gee that they satishy the conidition of A~ stability 12.12)

4. Semi-explicit methods of order 3 with three stages

Let ws now eonsider the case 5 = 3. The methnds of lis type are generated by che

Lalilesng

o1 A 0 0

2] L] | .:"n 0 |:4- 1}
L T T S R L
by Ty il by
When g = 3. 1he oorder comditions are
By b B o+ b o &= A,
bici +bocs +hsey = 172, o =gy + A, (4.2
|'.'l;|r'!§ -~ bg-e!i -+ hjfﬁ = |||"3, Cyi= gy = agweluden
bogmioy + balaarey + asaen) = 106 - AS2,

The stabilicy function R[f] of such methods s gieen by

1+ {1 —3M)a+ (17230 4+ 307 2 4 (106 — (3/2)3+ 307 - 27
(1 — A=) '

Riz) = (4.3)
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Lernma 4.1. Al aolutions of the system (1.2] depend on three Darameters and they
wre given by the relations

1/3 — [1/2}ea 4+ ca) + cace g 173 +(L/21[eq + ea) + cies

hy = 3 = : (4.4h
#* (e — ey Hza — 1) £ (= ey )ra—cy) ’
13— (152 | - . )
& 173 ...l.aj_n:‘_.+e_] !.C”]~ (4.5)
Tl o g iy — O

o — Al — oy (1247 — 9A + 1)
dgg = Ay . “Lj 24, : sy | (4.5

Wy — A2 — AA — Sop Hrlioy
Gy =A A = =, map =0y = agg— A, (4.7

where A, oy and oy are pairwise distinct parameters i (0,17

Proof. W aalve the first three equations from [4.2) s 4 linear system i Ll unkmiens
by .dig, . Then we chiain the other puriuneter: solving the Temaining equations (4.2)

Theorem 4.2. The salee 3 = 16, reploced én (d40-(4- ¥ provides o aubclass af dend-
caplacit Bumge- Kutta methods af order 5 with thres stages denending on twe parareelers
ep 7 cayczyos € (0, 1), Al ese imethods ore A-sbable.

Proaf. To select the velwe A = L/§, we made many attemnpts to aatisfy the inequality
(2.12) for R{z) given by (4.3], We used the Maple 6 package to do this.

Remark 4.4. When A = (4358663215 in {4.3) and in [4.4)-(4.7) then the stubility
function is given by

C Y L psoTsoanad: - 023766060
B g = T i
(1 — 043586652152

(1.5)

and all tie methods of this subclass satisfy (2.13) e they are L-atable
Example 4.3. For o3 = 172, £ = §,/4 we chtain fllowimg serni-explicic Ronge-Kutta
method belonging to thia subelass

6| L& 00
Sid | 21792 /96 176,
R Vi R R 1

In the same mannor we can discuss the semi-explicit Runge-Kutta methorls of order
3 with four stages and we have obtained too subclusses of guch A-slable methods hut we
will propose them into next papers

We give only one saunple of A-stable gemmi-eplicit Hunge-Kutta method of arder
5 with four stages belonging to the subclass of semi explicit method corresponding to
.-:'| - ].ll'."i

(4.9]
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