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Abstract. The concept of the (f, ¥, M) - induced beat, Approximation is introduwead
in an sketeact space. The existence, the unigueness of the element, of the (f,¥, M) -
indueed best appeoxinustion is studied, together with the structore of the el of this trpe
el wlernents.
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1. Tntroduction

Many domains of ressawch deal with eollections of objects that apparently have no
structure, Then, & method of inducing o known structure on this type of sets s necessary
anid this is usually done by means of numerical descriptions. Various sets of numbers are
wsed to endow such a eollection of objects with a structure, which alloas a eomparison
between them, classification, approsimations, ate.

Ini thiz paper we describe an approach of the process of inducing the best approodmartion
intw an amorphous set, in connection wilh the cortesponding poasilility of inducing a
convexily structure. The consequences of the inducwd comrrexily structure on the induced
beat approcimetion provess is acudied in terma of existenoe and nniguenesss of the induced
bt appravdimation clement. When the slement of the induced best approsimation is oot
unique, then the shape of the set of this trpe of alements iz studiad,

2. Tnduced convexity

Lhe incued convesdly was defined in [3] snd has applications in extending the theory
of the besl approdmation of an elerment from an alwstract apace by an elerment from a
given sel e very general framevwork.

Let X, ¥ be two arbicrary eetd, ot A be a nenempty subset of Voand let us consider
tha set valued mapping s : 2¥ — 2¥_ Suppose thet ¥ has a convexity structure. A mapping

J X — ¥ owll beused to ndow X with & comvexity structure, haged on' the strueture
of ¥ aul, when required, 5 andfor set A
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Let 2.b € X A set < ab >, 0= f Yall Flal, FIEV D 1M Lis defined. fur each
pedr of points 2, b to eplace the straighl line seament determinsd by oo and b Clesrly
Soboupw= (£EX | fl2) € (el SOV () M

Definition 2.1 Subset A of X i said fo be induced PEP-aove will respect foou, J
anel M < ah Fenars A, forany g be A

In wrhat fellows we use the notation 7, & ¢ b for the st of ull mubsets of X which
are induced seg-comvex with respece te (£ f 24,

Exarmple 2.1

Led X = -1 120 = [0, 0052} nad det 5510 = ¥ given 1w fl=1} =1, f1)
1, f(2) = 2.

Let &: 27 — 2¥ sSyvan hy

#(f) =0, a([-1}) = {1},

ST{0)) = ok ({1} = (1},

({2} = {0,1,%), a({—1,011 = [0},

s{{-1,1} = {0,1}, s{{-1,2}) = 10,1, 2},

S0, 1) = {001}, s{{m2}) = [0,1, 2},

si{ 1,24 = 1,2}, 8({=1,0,2} =401},

(1 -1,0,24) = {0, 2], e({—1,1,2}} = {1,2},
a({0.1,2}) = {0,1,2), a({-1,0,1,2}) = {—1,0,1,2}.

Let M =¥ and A = [—-1,1}. Because

SULA= 20 U0y = 0L D] T e A1 R pJoes LA,

and
11l p={zC X|flz) e (L 1tk={-1,11C A

it follows thint set A is serconvex with respect to s J and M.

It 15 well kmowm that oy straight-line segment is n convex set and e interseslion
of bwa comvex eeds s also convex. This does not remain valid i the cire: of the induced
comvexity. Additionsl condition: make these classisal properties Al in the mase of fhe
induced comreexity,

Theorem 2.1 77 F - X — ¥V and a2 2V 0¥ 4 wiven functions satiefying the
cofifatinne ot '

(A} C #(Biforany A, B < 2¥ withA© B (1}
awict
s{e{ B[ M) Dwl ) [T} M, for each B € 37, 12)
then for ey beo points o and b af X the set < b 2y poan o5 induced seg-conver with
reapect to fo f A
Proof, Let o, bin X, Let e, d £< a6 Zatad= £ 4 () FB) M
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W have
Fiehe eld flal, FlBIH ﬂ A, and F{of) & sl flak FIBD ﬂ:'lar

IL resnlls that l!l'{jl'ri"llrl'-{ﬂ!:lll & -u[.'-.[{‘rl:l.':ll_r-:ll.'l]}:: Iﬁlﬂ-f_:. -D.'I:I.I'.:i, T W af |;2:-., it. fisllowona

sl flci, MY © a(f £l FI5HN M
This implies thal

< d e F T, frrf]}._:ﬂ,u} =

C e[ flal SN ) M) =< abg i

Hence < 4,5 =, 60 b5 imlueed seg-convess with respect Lo (s, F, M.

Theorem 2.2 Jf X. ¥, M are wonematy seta, and f-X — ¥, o5:2Y — 27 are given
Functions, then sl (g a8 0 8 0 comuummly sTaLr.

Proof, It is sasy Lo see that séts @ and X are indwead seg-commee with respect o
(&, f, MY Lot s consider ehe family (A4; }ier, with Ay & Gyep g mrand let e, b be elements
of [} A, Then a; b'e A;, for all § =0 As sets Ay j & Joaresinduced seg-convex with

e
rm-:wnl Lo (&, f. M), we hawe < ab >, g T Ay, for each j € J. Then < b =, 505
M A Therefore [ Ay, s induced seg-convex with respect. to (& f. M.
Fi=d asd

The Telationship betenen the induced seg-comexity with mspeet v (5, f, M) and the
rlassical convexity i3 established, in specific conditiona. Let us suppose thet ¥ 1% o linear
spece and M is a linear subapace of ¥, Function 5 ; 28 — 2Y iz defined by 5[] < cone( ()
for each (7 £ 2¥, Here, cona{¢7) means the comvex bull of set © in the classical sense. Subset
A of X i3 called induced scgooonve with respect to f and A if A is inducesd seg-convex
with reapect to e, f, 00 :

Theoram 2.3 If function f: X — ¥ i ingective, if set FIX] &5 clossically conoer wm
Y. sef A if uduced seg-comver with respect to [ oond M and flAY C M then sof F{A] &
aiso closyicnlly coneer i M

Proof, Let be o' u” & f{A). There are o’ 0™ £ A, swh that v = fla'], and " =
Fia"}; Let tg]t, 1. Because set f{ X} is convex, we bave x = fw'+[1 - tla” € FLX) From
the dmlueed eomvesticy of A, it follows tha F7%a) €< a’, 0™ »>C A Then there is o & A,
such thal fin) = «. We get that

u = tf{at) {1 — HNa" ke FIAVTM.
Because ¢ ia arbitrarily chisen in |0, 1], it results that f(A) is a comane set in M
3. The element of the ([ V, 1} - induced best approximation

In chie paragreph we shall suppose that X is an arbitrary set, {¥.+, .|| ||} an H-
normed linear space and §f @ X — ¥ an injective function. Set M iz sssumed to be

201



a subspace of ¥, Function £ : 2¥ — 2¥ is given by 8(C) = cono{C), for all & = 2¥ As
whowr, subset A of X is called induced sepg-corwex with respect to f and M, if A i induced
SENT-COIVED with CEspt ten lI|'I Al A f_}l‘:-\-'i-:’.lllﬁ]_l.-‘, el A 'i;_ LT BT -anIvE with IEE]:IEEt
to fand M if and onby if for each pair of points o, b © A we hawe

b=l e X|f{e) e {{1-t]- fla) 42 fB) ¢ [0,1] ﬁM} CA

Then, it s ey e sews Lhal e poh =, and b e a b =, for any o, b e X

Let z" e X und A S K A #00

Definition 3.1 4 point a® ¢ A i5 amd do be an clement of the ([, Y, M) - indwced
best apprazimation of o by clements of A if

s I = (Y e (3

Sovedl we A with fiehe M.

We recall that in the clbssicel case, e, X = R, if4 S H" iz a convex astiand
y¥ e R™, then thers iz at moat one elsment of the beet approsimation [in olasgical aerae)
nl _1_|""I by edemen = ol A Toowhal Ellows, weeabaldl shew hal b bs pessilde Coopeoee & similar
property under additionel hyepothesis for s ioduced seg-oomeess set with nspect to'f an
M. .

Theorem 3.1' If =% is o given peint of X, and 4 8% wonempty tidueced geg- oo ter
st uith nespect tg F oad AT such that FlA) ¢ a clossiodly craer, set an 3 e, [Feern
is ol mnst pne elernend 2% = A of e (LY M) - mvdueed best apprommation of o by
clements of A

Proof. '[wo cases may arise:

Case a2 A Then, frown the injectivity of 0 oand from (043 © Mt follows that
al s the unique {f, ¥V, M) - induced best approsdmetion point of @, by elements of A

Coge §y 2 & A. We suppose that chere are ar-leasc twn elements a" and & of the
|:_‘|": '5"", .‘.-i"_;u o i liaces] Teosil a.i:||::-rv|'1:-|:-|:|uﬁ.15||'||1 ol .nu._ ]J_'r' alpments of A, Then we baees

lifla) = FizN| = | Fla™) = fizh)|| £ (4]
B | s an injective function we v fa) @ Fla®) Sinee fla). Fla™ © A4, then
{Fla). Fla™} o< Fla). ) »C FlA) MY | (51

It follows that there is ~ o FLAYY [ fla), f{a™}, such that

i i ;
¥ = 3 0l 3 e (5)
Sinee the set A s induced seg-convex with respect to f and M. we get

=) E A (7)

2002



Then there iz o £ A such Lhat
S e g o )
¥ = f(e] = E.Jnr 11 E_I".nll. (5]
Prom (6% and {71 we T

Wfie) — fla™IP = 3™ « Fie)) + (0] — F279))2 <
< 30" = b+ fia) ;‘fx“jgl T+
+ [ Flay = PR (Flal = FO)E
|'I'|.[:-[.:'];'."JIIF the '|'.|H.T.‘°|.|.|l-"!|-:'1|-_l.r:|.1]:| -:_'n'_;_ll_l,.[lli_t_ll-' for the H NOTIE vhe mat
07"} V)= (fa) = PG (100 = Fl)) = ) — F03)) 2 =
= 2017 (a%) - FL2")| + 2|} — ST

Then [|f{e] - Fiz™| = || F=% = {=%Y|. This contradicis the fact chee 2™ s an element
of the (F, ¥ M -indues] Test approsimation of =Y, by clementa of A.
Remark $.1 If f[4) = not a classically convex a2t in A, then the conclusion of
theoren 4 does not remain true.
Example 3.1.Lat he
A= {0 1), (0,00, (1,00}, ¥ = W = R, 2% = (0,0}, A = {[0.1), (1,0}
Tabking f: X —+ Y, flz,.23) = (i1, 2], for cach (x;) =) €% 1hen FrA)y = A which s
not classically comwe in M. I6 §s easy to soe che set A i inluesd SRE-CODVER Wilkh respect
oo f and M. But points {0, 1), amld (1.0], are simultaneously clements of the (5, Y M-
induged best approsimation of " by alements af A.
Froan cheosem 4 and theorem 1 e get:
Corollary 3.1 Lot us supposs Sl
i) Function [ X — Y i» injective,
il LX) @ o oonoes set,
i) ot s o given podnt of X,
i A iz o nenemnply induced seg-eomver sel with reepect fo foand M,
wl fid) C M,
Lhen thery ol sost pne element of the (¥, M) - indueed hest approgimotion of
by cfemends of A
Theorem 3.2 Lot as suppose thal:
i) Famotion F: X — ¥ iz drigeniyue,
i) 2" i 4 given point of X,
fir) A is'n nenemply ndused seg-conver get with respeot o Foand M,
o frAyCar
Then the sed Alz") of all elements of the (f,Y, MY - smelvoed bestl appromaration of
27 by wlerends of A da dleod Sdlieen seg-coner with sespend be § oand M -

Proof, Two' cases are possible
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Case 1. {E.Tdi..-‘l.l_r:[!"]] E 10 1k obwicnsly AGeY] 35 an induced sog-oommnoe set with respect
ta f oand A

Case 2 card{A{x"]} = 1. Lot &', a" € A{z"), and 4 = | f{z¥) - fla")| =
‘I-I:-'r:l .:l 3

Let be a € == fa®), fla™! = [ 3). Then thare is ¢ = [0,1] such that

ity -

Fla) =tfe"y + {1 = 1) fi=").
We hene
17" = fiadll = e i)

.

Fla'dh 41 — ) CF (i) — FlaT i =

< WA a4 (L= FE) — Flaty| = &

O e otheer hunnul, wne Jonng

Wrie) = i) 2 &

It follows that | f{x% — fir)| = X Then o ¢ A(x™). Hence set A" iz induoed
eg-ronvex wilh respect o and A

Particular vases of theorema 4 and f can be foiml in |17 and [4], Tt sowld be of intarea
ber coctemd chese results in convesdty structures Dt aee not necessarily of sepmental tvpe,
according to the terminalagy Fram [1], but moeme general ones as in [1 or [2).

1%
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