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A CENERALIZATION OF TATE ALGERRAS TN ONE
INDETERMINATE OVER IOCAL NOM-ARCHIMEDEAN FIELTYS

Chioce] GROZA

Abatract. The Tate algebras T, over i comyjilete non-archimedean feld K, censisting
uf all power series in variablex converging on the " Jesed” unit polydise in K lead to the
definition of affinoid wlgebras (2], Part B or |3}, Ch.2). In this paper, b using, particular
series 0f funclions comerging on the elomed unit dise in K, we extend the algebra 1) over
a local non-Archimelean fisld.
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Lot X he a commutative field mnad lat w200 Ten b distinct elements of K IEn % a
NGIOEEALVE THEeger we coneider the quotient gln) and the remainder #{n) obtained when

=

n is diviled by m. We construct the polynomials

i
(X )= 1'[ (X __zll_]-:'l.r.-]:-a'[.-[n_l [ PP T T R (1)
k=1

where o(x] is cqual to U i & < 0 and-1 otherwise. If P{X] £ K X], we denote by
B (25 #2500 %) the divide] difference of P{X) with reapect bot digtinet elemoents
Zpy By e 5B = .

Lamra 1. fet B be & conmmatative feld and  let ¥y, 7, 0 T he distinet elernents of
K Then there exist the eloments ppla ] € K, where 8,1 € 0,1, ..., m— 1}, maxls, 0} =
B 5+ b sech thet in the rog E|X], Jer all nonncgutive integers i and §,

rli) brid)
w { X (X) = ok pe (i), gt sl XD i

bt (141,L1)]

where peld, B = tmin]s )i -omz (e H+1 {Emicefapi41i Trmx(s f]425 000 rpai), wil K] i given
by 1), g = Tk o vik) # 0 and Tp = T if T':-'!"i] =0 :

Proof. If #(i] = 0, then j = gldim and by (1] wy X (X] = uiyil X, Hence
it follows (25 with pel0,2) =L Noer we suppose that rii] < 00 Then wfX (X} =
14:¢,;:,+“,:‘,]:,,_.[x]au.,.,_‘-][:*."}u.,.:,--:X]. We suppose #i) = £} Then, by Newton interpali-

bion formuls with réspeet 80 Ee) <1 Teiia2i = Tlrriie 1 we obtain that wp (X} =
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T (g [T mad i TR (X =) . Hence it follows {2),

Wi congider the st Sy (xy,..., T, ) of formal series of the form f=13% am X, where
1]
ay € K and w;(X) are given by (1), If fg0 = E-ﬁ;u._[."i'} £ Spld o, Zm), we define
i
addition and multiplication of f and g as followa:

I+ @337 (o 4+ i X}, (3)
=0
Ig Zci'i:-hf-‘f:l. where oy = Z i iqia)—pienm T02] T [Fadly  (4)
=l R -:H+|]I;.':l1'!_::-!-|]l:£]‘|li.] =1
A

[z =1
and py{s, 1) wre defined in Lemma 1, Consider § = 3oy {X) & 8 (my, 2] & none
= |

were werivs, The emallea index ¢ for which a, i3 different from sero will be called S opder
of f and will denctes] ul:'f:l
Lemma 2. There erists an ijectior map v KX — S (0, 05 such that for eoll
F(X), QX) € KIX], o[P(X) + QIX)) - p(PX)) + elQ(H)] ond @lPLXIGIX)) -
2l Pl-¥|,|-.-"-'|_'f-.-;|'r-x_:_: s Mie polililion and the mctteplacadaon m S |:,x i i-:,.,.l_:I aer slefined
by (3} and [4).
Proof. For PIX] £ KX] we define o P{X]] by induction on the degree of PUX0.
If deg{P{X}} = m - 1, by means of MNewton interpolation formula, we put @i PX =
ik
L Belmyzgy s ¥ ) (e —m )l (& < 2p_y). I deg{P{X)) 2 i, there exist Q{X),. R(X) ¢
hym1
K|X], with deg[R[X}} < m, such chat P{X] = QX umiX) + R{X). Then we define
PIPIX]] = @@ Num (] + @[ RIX)). Beeause a syatemn of polynomials which have
different degroes is linearly indepemdent over | it followe earily the lemmea. |
Theorem L. Jf the cddetion and the multiplication wry defined by (9 and (), then ibe
sl Bp (T, o B ) bvowies o comrnuteiive K -alpelm wlich 15 o srincipel idend domain,
Proof, Sinece, for every nponnegative integers & and f, the svatem of polymomials
Wigeiaie im LA L Wigian bale) i WA ) o Beae (X0 £ KX s linessly independent over JC,
by (2} it follows that Tor each i, pifs,t] = pyik.s). IE we demote K [X]) also by K[X.
where i given in Lemma 2, we obtain 1hat KX becomes a rommutative #-algebra
which is an inlegral domain, if che addition and the multiplication sre defined by {3) snd
e i
(4} I we consider [ = 3 sl X) € S (21,50 we put f, = S (X Then
= =
each confficient of £+ gy fg from (3) and (4] can be obtained as o sum u::r_i multiplication
of polynomials of the fonn (., and g, Hence the statoment that Sy (w0 ..., 2] is au
integral domain can b reduced to K[X), whence it followa that Sg {2y i) s an
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intepral domain, T shoer hat &g {zy, ... 2] iz o Principal ideal dorpain we rosent g

proof similar to the one Eiven in (4], p. 138 in the fnge of formal power sories, Lat I be an

idral in 55 L1 L B ) and f = E Ui (K] = T whera & F1 s the smallest ordar olg)
E—.n{_l'_:

for all g £ 7. We first shaw that we can choose S auch \hat, for ey o 2. 1. there exists

W &) € K1X)] satisfving the condiy ien

ol = v X1F) = ofa). (5]

Becanse o (Xl X = i (), fOT evory ¢ it s encugh e considar g3uch that ofg) ¢
el fl+1, W1 +2 o)t m- L} Assume the Fputrary. Ihiat means that there exists
il

&5 b Bl X LE T, with the smailest, indes olgd & o)+ Lo f) ! o @ F) e - 1),

i=alg
such that for evary H{X) = KX, ofg - FIXIF) = ). We put 1 - gl — ol fl,
y ¥ 1
o L Py
thif} = E T & A )
= “ |.f1':-|:.':-+¢- i J'.f,.l
_1'—_n-|:_|'_: L1
alg)
)= a H (X ), whers (7
F=el il
[ . .
T = ={nl o . {ﬂ:l
Il (Fetnyeas — )™, =g

a=oi fl+1

Hence (X7 = o X mau,(X) [T (X =2):8inm bae Newton interpolation fap-
i=ni ] A=l

[] ]
iy Juil (X g =1 T (Totnlar =)+ X - Taigir ) w{ X, ford < o(f)4

J=ui )41 J=ui fl+1
= 1 where wiX) 2 KX], we ohtain
VXN =0 (Bugpn) o Pty (X4 1. it @ fi) = ofg). (0]

INd () # 0, by &) and {0 3t follows 15}, We suppase now thit de[F) = 00T wi put
P27 sines g VXN (b T o g s S LFT U Fargirt Morpy ) e (X405 = 1y,
where of f2) > ofg), we obtain that olg — v X1 f] = o(5). But of ) = ol f) and for every 7
with ofg) < o(d). o(F - HIX)FY > o(F) inplies ofF © 2y (X)) = ofF —m (X)F <o (X )
2ot ofF — o [ X) 13, oo (X gy = o). Mow wis can replace f by f exd (5] fallowsa bar
induction oy oyl
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Lo ]
Let gy o ¥ (X ) be an clement of T Then we may consider 1 £ (I By
oty §
(5} there exists v X} & KX given by (7) such thar 2 =l e (X3 € T, and
al{ga} = of{g ). Than g, = g2t 5 (X . By suceadsivg application of this method, for
CVETY i, we obtain
o = "!':.'":.-1'-.:'.'" F e, 141}

whiera Mo (X = r__ ﬁ'gl_p, l'l;-l:."ﬁr K= ..I"I:--Ii"l, Bnq1 = E I'J.,_,_.+-_«'.|:‘-I:_"["' =T, .Iltirrl deag o, I"_.:'[":-
k=1 et 1Y | gl
- oo Henee, by Newtal mterpolation formuls’and Lemimg 2,0t follows that we sin
construet b & 8y (2, 2] such That for every s there eadata b, queh that & L Ry =
[ e
_E eyts { AT) Thuus, by {100 it Follows that m=hand S {0 ) 15 8 principal ideal

dvmein. 11
Corollary. Jt F = 2 e X} £ Sy (Pl e Tan ), Shom £ i @ amef dn Br (21, )
=)
if wrd ey if for every 5 C {0,1,... m 1}
i
Cy =3 nilv, fla, (11}
U=0

67 non-zero elements in i -
Proof. Since [ is a unit in Sy lxy, ., ) i and only if there mdsts g= 3 biae; [ X
1=l
EdE iy, Ty ] Bch that ¢ = | and o = I for all € > 1, where 3 are given by (4], it
Fallows thar
Pr(uial=gi2fpm (P81, Pt 0 by = 6, (12}

minxfaifnleing ) gi=ina} <
wig

whire dy ; isehe Kronecker delts gyvrobol. But, four s fixed i, the eorrosponding erpuuation
of {12} wontains the elomenis by with § = 7 and the cosficient of By is i Eiven by (1)
Then, i §) = iofmead mi), the eoefficients of by, amdd By in e corresponding equitions of
(12 for i =4y and & - fz respectively, are the sume. Hones the swstem (12 has a Unicque
solution &y, 2 =M1, il and anly if O 20 for every §UE {01, . m 1. whenoe i
follows the corollary, 3

Now we-eonsider A g ermmutative fishl with o non-trivial non-srchinwedean viluation
I If K i & lecally compract feld, then it i called o tocal fleld T8 A is a TOIITAL e
ring with identity and il 18 & non-srclimedean norm on A, we consider the sets; =

W 2 . - i
{e ezl < L} and A= feE A ||l <1 pofaee 2 Chapter 1}, Then' A is o commutative
W (=] L .

ring with identity and 4 iz an jdeal in 4 . We denate the residye ring f.[ R
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A A Te a commutative field with s non-t rivial m‘:n-mmzmﬁinm valuation I| Then

is & loval 1ing called the vodnotion rivig nf || ansl .FL iz the raximal ideal of E., TR iy
a local Beld, then it iz a I"\-:'Jrrll.!'].E'-\.E' Fieled a:m the residue field K is & finite sl of order
oo pt w]Lm'E ,u i the charactaristic of & § (] lI FProposition 2.3.3, p. 31), Let o 3R L e A

be eloments r:fﬂ guch that (e cozets 54 ﬁ., 2 € 11,2, m}, are distinet. We dengte

i SRR L Se {0y, o ) s AN = 1, 2] = M, Tor all i} )

gk

If f= |'.'|1-'n (X )€ T8 {21, i T} tho real pumber

-
1
=

151 =sup loy, (14]

iv well defined. As wsual we call ] theer Conies norm: an Tbr.;- (31 %] B}«

Iheorem 2. TSp (2, . | s mosubadyebm of the K- whrotin [E2seey Bl wmed
Ehe s narn gien by (147 & o K -plgabro non- archsnedsen Rorte on TSR0, o iton )
b it inide o £ -Bamach algeir,

Proof. It easily to see that Tag iz, . o ®m) 5 B aubalgebra of the F{-u]gel&-r:u
Sa (21, .00 T ) andl the Gass norm piven by 14 iz a F..'-aig&hrun-:-:rm on T8y [x1,...,: .

Mow we show Lt (T . ma ), D s complets, Lec [l E: ®ati(X)n=12.

bz . Cauchy sequence in T8y (2. ..., Tenl . Since
[Segr — Bl = ||..|r"1'+II _fl'-" || i '15)

for a fxed 1) aach sequenee ;o = 1H1,2, .. is'a Canchy asqience in K, For i = ELZ ...
Culr
et @ = K be che lunit of this gequense, Sen F o= E.:- TR f.\'j E ¥k {*1, ..y 2y}, They it
feallowes vsily that S e TSy (x5 Y i J_1_1:n |_." “ll N
Prn]numtmn 1. The (Ffause norm i3 o :-mu.-.:u! a4y T.b e, :.,,;ﬁ] ana the [ gloebg
T.‘.,.;—l.r.,.. T Lvrm:!..:-i'p.l‘tar b [y 1 T -

Proof, 17 = [-;—r K is the canonical map, then we define t.]:ua- merphism g
T8g () .b oy Fan) = Sp (T, ) by zelling @ (::-_.mntl.:;l.l ‘\}I = L i il X, whore
(X e the canoneal image of a3 n K& 1.X]. "'.hllrl-:"l-;' [[ig a ;u:-nalrﬁumedﬁau waluation
there exists iy sich that .%=L[} log|= gy, . Henes Kerds is TS [.-u ooy Ty ] Bimd TS f;;_ ¢ By )

is womorphic ta 3 (B, o #tm) . Now by Theorem 1 apd F'I'-:}I.J-L‘u!l.l‘.l.-:‘lrl Lof [2, pdd | it
followa thiat the E‘uuss *mr::: Iz & valuation on T8 (r,, I T
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[*7e

Corollary, A aew a0 eletment § = oy X) £ T8y ELT R R PO

1=l
Py g v : ity = 2 1 —1 £
I ) AT and only of gl the elomante Giai= 3 ﬂ[;l_,:1-:_;-;v.-.us.-=-_l I wEre 7 e
w=l] 3
{0,1,...; I} and la, | - NFII from & ane diferent from sera

Proof. ' Sitoa || 11 4g w veluation we mey wssume 1l = 1. By Proposition a4, jnedl of

121 1 i= wnit in T55 (z oo Ty B and only iF [ ia & goit TS iy, e ¥ | Then the
vorellary fullows b Corollary of Theorem 1 grul Propogition 1. I

Theorem 3, The K -Benneh algebry TF,. [y Fry Ty B PR wemeiped idvod dorngin
alrvetly contoning @ K- Benaoh sudalpshrn fismetrnorphioc to the Tate adgetra T, over K

Froof. Let T be ap ideal in T8 (o, < my o By uging the notalion from the pranf

al “henrem L aince iy, .0, c:FT; it folln easily that & o~ T8 Ixy. vy T b Hanen
TSy (i, ..., Tra) 18 & principal ideal domain
We conzider the o valustion on the F-algehbrs BIX[ jap+aX & . - X
= max |o,|. Then the mar sy Aven m Lemma 2 ja g eoitraclion Trom XD to
st Lo )

(75 [£1y T ), |[1I]. Becdijsa (0 o B | [ ERT P Kosubalgebrs of 7Y we con ractehid
w2 from 1) to Y ['.:'.'3....,:',...__:'. B (loen Mupping Theoren of Banark e P12y, i

Feallovars: that 1) s konneomorphic to a i -Eanach subalgebra of T8, 0Ty, ., - i

I prove thar T & TS (g, W | 0 i3 enough to note Phat T35 lf.n|.. S N -
He 1210000 20 ) B0l T = K]0
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