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A REGULARTZATION METHOD FOR THE NUMERICAL SOLUTION
OF THE CAUCHY PROBLEM FOR THIE HELMHOLTZ EQUATION

Liviu MARIN, Daniel LESNIC

Abstract. D this piper, the iterative algorithm propoged by Kosloy ot al, 12] fur obigining
sppraximate solrions to the ill-posed Cauchy problew for she Helruhaitz equation is pnalysed
Do torhpigue 1 then mumer 17 implansatad psing ihe bawndary element methed (BEM]. The
nunericed rosnibe coafier tio Lhe iterazive BEM produces s conyergent sl stabyle puerionl
solation witl rospest Lo Lorreasinog Lhe nember of boundery slepents and decreasing the ancunt
of noise ndded nto the input data., A sfficient stupping e lasising criterion i alse propusel
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1. Introcdiction

The Helmbolts cquation arises oatueally inomany physicil applicagions related o wave poop-
agation and vibrasion phencemens, I i olle: used to describe the vibration of a swrucsore [1.
the nepustic cavity problem [2], the cadiation wave [3] and the scpttoring ol o wave [4], Avoother
briportant applicatinn of he Helmbollz sguation is the problem of benat conduction in fins, see
e Kern nnd Krsus 5], and we forus an the latzer problem in this study, The koowledge of she
Thizichlel, Meumenn or mized bowdary annditionz on thy antire boundary of the salution dowin
gavas rise to darect problems for the Helinhalts sguation whase well-prsedness via the temoval of
the sigenelaes of the Laplacian operatur ace well putablighid, sée e g, Chen and Ehou [§]. Unior-
brpatély, miny enginroring problems do not balong to (Liz casegory. Lo pasticilar, the bonndary
rarnclisions are often jncomplate, aither in the [oom of underapecitied and oversprecified boubdary
comditicns on diferent parts of the boundnry or the solukidn t2 preserihed al gooe internal points
Yir el Anrmain, Theso ate ioverss probleogs, and it ie wall lenniwen Uhat they are peperally i1 posed.
i bl evistenes, Woiqneness and stability of their suldlione mire maol alwsors moaranbaed, Ther
e inportant studies in the lisesatire of the Cauchy prubles for the Helmbalte equation. Thnlikes
in: direct proklems, Lhe uniquenssg of the ek problem e gusrantesd without the necessity
uf remaving the asigemvalues for the Laplagian. Hewever, the Cauchy problem suffers from the
Fladintdnie and fhetability of the solution. A TWEM-based meoustic Tedopraphy tachingus nsing
bhe singulnr value deeamposition [SYD] for tle parongtrection of sand fGelds generaled Ly i
pepnlarly shaped sources hos Deen develnped by Bai [7]. The sileational veloelby, snnnd pressuce
apd aruusuic prwer on Ghe vikrasing boundary comprising an apclnser] space Lave bren recon-
gncuernd by M and [k [3] who have, used the SVTE o aeder b obtain the ineese snlnzion iz
the lesat-aquares 2080 and Lo Bxpress the acoustin medal expansion betason the messdremant
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and source Held, Wang and W 9] have developed o method eupluying the spherical wave ex-
Pauian theo v and a lenst-squaces minimisation s reesnat ael the ac oaEtie presgure Hold feoa a
vibrating ohject and their methud hns heay sxtanded to the reconseriction of acoustic prassurs
Reids inside she cavity of & vibrating ohjece by Wi and Yo [10]. Meeently, Delilla et al. (117 hiwwe
detoeted Lhe sowrca of acbusticel'noisé Shdide the calin'of ' midsles aideraf from ndasiTemenns
of the acostical pressure feld ioaide the calibh by solving & Eowar Fredholn mtegral couation
of shee first Jaod, Az this slawa ik is morth wentioning that e the ahove papers the application
uf Fraditional merbods. such bw the Tikhonas regulacigation ar the Lropessed BV eapn mnlve
Caucly problems wlhick misy not Lave a solurinn wead this seems jeduadant. Theaelere, we have
decided fr this sludy o uss au itecative REM algurithm for the selutiom of & Caucky problon of a
Helmhalte-tess equation baged snoan alteruating ieerative provednre which consists of ablaining
surersslve gulubions to well-posad 'mixedl Boundary walue probloms, siailar o shas propused b
Wozlovar al. [12] The stréngrh of this lerative nlpeadtlicn is that it 18 comvergent if aml ooly i tha
solution af the Cauchy probizg; exials, whirh oversomes the srevious masheniatical resdumidasey.
Whilst Kazlow et al. [V proved bhe' mashematical sony agence of tha algoe s wihaot aetus I
Andding the solation, the ann of this peper i to show' the nomerieal gtabulity and convergener of
the present algoihen. Furthermors, in order o cense che iterative procedure balsre the offecls
of the dreunulation’ of noise Ledome dnmoiodns, and the ermor in'the pureer col salit b shart
INCTPASIILY, & SEOPRIing Critérion is nlso propoeed.

2. Mathematical Formulation
Refarving to heat transfor for the sale of the physical explamation, we azaume that che
temperature fiehl Tz} satisfies the Helmholty oquation i an upen Bovedded demain 00 o
R, where dix the dimension of the Apace i which e problem is posed, nsually o ©
11,2, 3%, nammelr
ITer = (A + ey =10, =R {1)
where k = o i € O {1 = —1. For example, when o = 0.0 and 3 € R. the partial
differential equation (1] models the heat conduction in a fin, =0 ez Kern and Kraus |5,
Manzoor ef of, [6] and Wond of al. 7], where T'is the dimensionless loes] Sn rEmperature,
i = |'!.,-"I:;|E1_'J'|, s the surface hear transfer cucficient Wilm* K], E is the thermial
vonduetivity of the fin (W /(m K)| and ¢ is the half-fin thickness [m]. Wi now lel nlr) be
the oulvard normal vector st the baundary I = #07 and @2 be the flux ala point 2 e T
clefine] L
Bz = %j:[z]: & B 12
The Ceuchy problem under jimestigation retjuires solving the paciial differeniial squating
(1] sulzject to the bounlery conditions
Tay=T(z), ' oz SBE) " g et {3

—

whrre T and @ Ao prescribed Menctions and Ty © 1 meEs T = 1L To the above formla-
tion of the hatmderyr conditions {31, 3t can he seen that the boundiary T' i3 everupocified by
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prescribing both the temperuture Ty, and the Hux @'~ , whilat the poumlary [y =03 Ty
i underspecified since Boch the temperature: Tir, ‘and the fuwx Sy are unknoemn and
have to bee determined,

3. Deacriplion of the Alpgorithm _
Step 1. Specify an imibial approsdmalion S ot For The fhe on [y and gislwa fhe well-
posed moixes! boundasy yulue prolilem

LT ) =0, z
2 il g .
ot(z) = 2 (@) = 0. . Trel (4]

Ty = Tx),

o Beker B8 determine T z) for g € §2 and Tiig) for z & Ty
Step 2. Haviny constricted the approximation T g, m 2 L, the well-posed mixed
bonndary value prablem

LT () =1, S
73" (g) = T 13, BT &
e (z) = T () = B, zcly

- Ly Jrn T " L 1 K .l:Enl: . .

i5 saabved to deterimne ey for x © 0 and P () = D\_QE}_ (@) for-z € Lh.

Step 3. Heving penetmetied the fenetion TR W' 1, the arellepnead mived boundary
value problems

LT+ lg) =0, U

[P 107 2 = HTI[EMI:I F ot A =" ]
SR = S ) = & 34T 6]
.-I...:‘E‘u.l'l.'l -."-.l - Tix, R I

i solved tn deserrmine Tlan+ ) for g €52 il THRA L) for & € [
Step 4. Repess sleps 2 and 3 until & prescribe] stopping eriterion iz spiiafied.

Remarks: Lot BT be the Sobolev space and HY2(I" he the space of lraces on r
cnrresponding to H!(0), see cg. Lions and Mageness [, We denote Ly HY2(T5) the
gpace of functiong from H‘-"ul;]."] that are bounded on Ty and by H' ""'f[]"_.ijlr the lual space
of HYA(L ), for g+ 1,2 Kealoy of ol [12; sherwed that if T ie smuoth, T & BT,
e HYHTY and & is puesly imaginary, ie. o = {, then the alternating alzorithim
hassd on stepd 1 - 4 produces two 3equimces af wpproximate solutions ol 2] £
and {700z | which both comverg® in HL(1L) to the solution T'{c) nf the Cauchy
prolilem (1) and (3], it it exists, for any imtial guess @i £ YT, Also the same
comelugion b obtained if we seep 1 we gpecily an initial guess T = HY2AC ), instewd of
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an initial guess for the flux 3 ¢ #Y723T007 und we modify pocordingly e stops 1 — 3
of the algerithm. We note that if the initial guess #9 (s in 8'2(1)° and the bounilary
dute T and @ wre in HY3(Ts) snd HY%T2)", respectively, the problems (4)--[6) are
well-posed and solvable in 50, provided $het &% s not an eigenvalue of the Laplacian
aperator &, see Lions and Magenes 13). These intermediate mived will-posed prabilems
[4) - (8] are sclved using the BEM described in the next section.

4. Boundary Element Method
Lhe Helmholtz equation (1} can alsn be formulated in intezral form, aee e Chen aned
Al _E__ £E
OBz, )
I E':-:[E,'-

elz)Tiz) 4 Ty} di'ly) = f iz y) @ (u) dT {y) (7}
e L

for £ = 0= 20U, where e frst imcegral is tulen in the sense of the Canchy principal

value, cix] = 1 for £ & 1) and (e} =12 fng el {wmcth), and B s the fundanentsl

solution for the Helmholez equation (1), which in two-dimensions is given by

z3) =%Hﬁlj{#f[r=g])- (8]

Here vz, ) represania the distance belwern the Jnad point r and the field point o and

Hé“ is Ll Hunkel function of order zerc of the firet kind. Tt should be noted that in
practice the boundary integral equation {7) con rarely he sulved analytically snd thus o
nuirerical approkimation = required.

A BEM with conslant boundary elements 3= wsed v order to solve the intermediale rriixed
will-posed houndury value pralilems reaulting frm the iterative method adopted, srhich
Iz descrilw=] in Secticn 3. Consequently, the houndary T is approdmated by N straiglhe
line segnuenes in a counterclockvise aense along with che lemperature and the Sux which
am considered to be constant and take their values at the midpaint, 1.0 the sollociion
point, alas kocwn we the node, of cach elemant. More specifically, we hove

a
UI\-'-': l-" =|E|a ]-E,Il: I ]_l..-:_'-'i.r I:.g_:
aml
TRy =TIE") ' SOy ="B{g") g €Ty, - n= 1ol W, (]

By applying the boundary integral equation {7) &t each collocation point £™) ' =
1,- &, and taking into account the fuct that the Boundagy is alweys smooth ot these
podnts, we arrive at the following system of linear slgebraic equations

Al'= B@ i11)
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whore Awod B wre matrices which ||-e':||-e::|||| .-:||'||1'|.'.-' O L HEneLeyY ol thie l*:-:-‘.uu‘lar:.-‘ 1" and
the voctors 1 and § ) consist of the discretised waloes 0f the temperature and che - flire on
the bowndary 1. namely

T{m) = T{x™), P(rn) = $(z™) (12]
for e =1, W, aml
Alr,m) = fnm 2+ [ ri‘ll.;.r-:.]yI dl'(y), Dim.m} = [n Ele™ w) dT(g) (13]

for g™ = T and e, = 1.--- N, whsre b, ia the Kronecker tensor. We note thac the
senze of the Cauchy principal welue assigned to the Al integral in the bodbdary infegral
equation (7] bas meaning cnly when g™ ¢ [', ve in the other cases the integral is non-
singular. I the boundaries T'y and [y are discretised into N, and &z boundery clements,
respoctively, such that. Ny = Nz = N, then equation (11) represents a system of N linear
algebraic cquations with 28 unknowns. The discretisation of the boundary condicions (3)
provides che values of 205 of the unkoowns and the problem resluces o solving a syslemn
of ¥ eguations with 2, unknowns which can be generically written as

cX=F (14]

where £ is computed usng the Doundary enmditions (&), the matrix 0 dependa solely on
the geometry of che boundary [ and the sector & contains the unkoown walues of the
tepopreralere aml the fux on the boundary 15

5. Wumerical Fesalls and Discussion
In this section we illustrate the: nurmerical resolts chibanes] wsing the alternaking baoundiary
alement algorithm proposed in Section 3 combimed with che BEM describaed in Section 4,
.. Example
In wrder wo preseal the performance of the numerical mechod proposed, we salve the
Criuchy probliem for o pepical heonchmark sxample ina two-dimengional amonth geametry,
namely, the ennular domain 2 = {z.= (x,m9) | B < of +2f < R} R = 0.5 aul
A, o= 1.0 We assume chet the boundery [ of the solution demedn is divided inte two
digjointed. parta, namely Iy = { g€l | od 40 i@l ond Lo = [z €T | 25 4 25 = H2).
We congider the following anelvtical solution for the temperatura:

T z)re axplap + sz}, £ =iz, o) € ﬂ (15)
where b= o +48, e =10, T= 2.0, a; = 1.0 and gy = —-|II.-".|?'== - n.?.

Thiz example has a fux on' the boundary [" given by

i i
Angy

S () e jasna(E) o mara{z T zk £ = {zr, a2} & L. (18]
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- The Caachy problems given by equations (1] and {3) has been solved iteratively using
the BEM o provide simultanecisly the unspecified boundary tempiracure snd flus on
[y and the sempersture inside the solution domein. The number of congtent boundary
elements used for digcrelising the boundery I was waborn oo be N, = Ny = N/2
6.2, Imitial (Gacss

An arbiteary function @™ & HVHT ) may be specified as an initial guess for the Aux
i Ty, and we have taken _

Wzl =0. zel F17)

5.3. Convergence of the Algorithm
In order to investigate the comvergence of 1le wlgurithm, at every iteration we evalnate
the accuracy errors defined by

g =] T—-[.-:_l nl T:xu_l |£.“:r|.;| Ep = |:ﬂ:||,11-:| ul ':I'[An]";_,:ﬂ.:l' s |']_E':.

where T ynd 0 are the tempeeraturs and the fue an the baumdery Iy retrieve] sfter
wilerations, respactively, and el fteration eongists of solving the' tam mised woll-posad
problems (5] and [6).

For the vers: problem we use “exact houndery data™ Le, boundary dafa oltamed
bar anlving a direct well-posed problem, namely

LT{g) =.0, Lell
®lz) 5 5 (2) = ¢, . | el (19}
Tiz) = 'L'”-“""-;'i:'. x e [y

5.4, Stopping Criterion

Omee the convergenes with respact to increasing & of the nuimerical solution to the exact
solutinn has been established, we fix W = 40 and investipate yhe stabilicy of the umerical
relution by sdding Gavssian rendom noise p € {0, 1, 21% into the tempersturedacs i’_'|[-_.-
Ay p detrenses then ey anid e decresse. However, the ermors in prediciing the temperature
and the fux on the underspacified boundare Ty decrease up boa certain iteration nermher
and aller that they start inereasing, If the iterative process is continued bevond thia
point then the numerical solibions lose their smocthness snd become highly ucillecory
2l unbounded, ie. unstable, Therefore, a regularising stopping eriterion must be used
in order to terminate the iberative process ab the point where the errors in the aumedeal
aolutions etarl incrossing. I we evaluale the Euclidean norm of che vector €7 — F then
this ahoull lend to zero az X temds Lo the sxeer solution. Henee after eacls jberation we
evaluals Lhe erpor

E=11CX"™ - Flls, (20)

where X' is the vecenr obtained from the values of the temmperatirs aud che Hux on the
boundary Iy retrieved after 7 terstions. The error E includes information on both the
remnperature aml the Aux and it is expected to provide an approprinte SENTDILE crilerion.
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& natural stopping cricerion % given by the discrepancy principle which ceases the iterative
procedure described aboe for

neN: E=|CX™ —Flaxse (21

where £ ie o messuare of e lees] of noise in the messurements of e daca on the overda-
tarmined boundary Ta, see Maorneow| 14].

5.5. Stability of the Alporithm
Breed on the slopping eriterion described in Subsection 5.4, Table 1 presents the errors
er and eq and the value of £ given by the diserepancy principle obtained with A = 40
boundiary elementa and various smounts of noise added into the input deta Tr, . nemely
pc [(1,1.2}. From this table it can be seen that the munerical solution converges to the
pact aolution s the level of noise, p, added into che input boundary dete decreases.
From the numerical results presented in this section, il can be conchided that the stopping
criterion developed in Subsection 5.4 haa a regularising offect and the numerical solution
ahtained by the iterative BEM describesd in this paper is convergent and stable with re-
spect 19 inerepsing the mesh size discretisabion and decreasing the level of noise added
into the input data, respectively.
Alchough not illustrated here, an impartant conclusion is reported, nimely, that the &l
ternating iteracive algorithrm described in Section 3 is oot convergent for the differential
operator L= A & for k = o +43, w £ R and @ = 0, both errors or and e defined
Ire relations (18) “blow up” after the first ileration. The reason is that the proof of con-
vergenee of the iLerative algorithm of Kozlov of ol [12] requires, as a necessary condition,
L =A 4 &2 to be positive-delinite differential operators and this is not the case when &
iw real.

Table 1: The errors e snd eg and the value of £
| Error p=0% =% p=2%

[ epr |40 x 0~ 135 =1~ | 227 <107
iy | 309% 10 | Bl x W B e 10

z 0.00 [ 180 10— | 398 x 107

f. Conclusions
In this paper we hive investigated the Cauchy problem fur the Helmholiz equation in the
twoedimensionsl case. In order to deal wich the instabilitics of the solution of this 111 osed
problem, an ierative BEM was employed which reduced the Ceuchy problem to solving
a seaquence of well-posed boundary value problems, A stopping criterion, necessary for
cenging the iterations ac the point where the accurnulation of noige becomes dominant
and the srrors in predieting the exact solution incresse, has also been presented. The
pumerical resnlts obtuined for various numbers of boundary elements and wweions wmounts
af noiae added to the input data showed thae the BEM produces s convergent, stable and
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eonsistent numerical solution with respect to increasing the mmber of houndry alemeants
gl decreasing the amount of noiss.
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