Bul.-$tiing. Univ, Baia'Bsre, Ser B,
Mutematicl-Informatic®, Vol XVITI{2002), Nr. 2, 253~ 2566

INTEGRAL OPERATORS PRESERVING SUBORTDINATION AND
HARDY CLASSES

Gheorghe MICLAUS
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1. Introduction
Let be 7 unic disk, F{IT} space of spelvtic functions in &, B F7) amd T2 E
H{LT) integral aperator, Wi say that | is preserving subordination if:

Ftg=Tf «Thl. (1]

In 1833, GM, Golusin considered the operator of Alexauder T Fy — H{L) defined
Tiy:

i) = J fie a1 de 2]

when (f o H{L)|F0)=0}. He showsl that if g i3 in conwex than s
satizfied.

In 1970, T. Suffrige extendod tlis rosult to the case when o iz starlile,

In 1981, 5.3. Miller and P.T. Mocam [4] uging differential subordination theory, ax-
temileed this results considering the operator T Ay — H{L) defined by

; }
e} = ! PR (4)

He showed that if 2 2 1 and g i9 6ostarlike function this oprator 1 preserving aul=r-
dination.
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In 1975 In. Halkenbeck and 5. Busheweyh showed that il 2 0, fey 200 andty i
convex chen the operater J 3 (T — H{L7), defined by

TR T
gy e £ + 4
e =5 [ rne~ a, 0
Il

i preserving subordination.
In 1964, 5.8, Miller and P.T. Mocanu oonsiderad the operator of Singh: J: £ - H(L7]

- L ,
Ifli=) = I—_r[}'ﬂf.'.;l""1rﬁ) (5

[
doetermmians] the erncditinng for ]}I‘EEEI:'I"ing subordination.
2. Preliminaries
Y g ¥
For f € H(L) and z = re®® we denote Mir, [} = (ﬁ I |f{:--.-.""“_| |"'r.'i|‘.f) . for
a
0 < <o

Myo{r.J) = sup | Flre™] | o forp = oo,
- - N R TP

A Fanction 12 g o be of Hardy dlass HP, 0 = p' oo if MYy, F) romoains bounded
gs r — 17, ™ iz che class of hooodm] analviie Tunecions in the unic disk,
Let j# end v be complex constants with Bed = 0, Rev = 0and lec B ., be defined as
Iriflerea:
H{UY}, if =1, v#0
Hl'.l ' tf'ﬁl__]":"ﬂ
Fiaq = [ fe  H(UT) | f{z) ==th(z), hiz)£0, =1} if 4 € ¥ {1}
él L€ Ho |F(0) 40, ke [954 4 f;e] » u} otherwise,
Iote thut Baq with 3 = 0 amld .'l’ # T is the class of starlike functions.

Lenvma 1. [,'].]. Leac rl" = Eﬂ.ﬁ with & = 0wl let _r,ll;'::_:l =Mz+ r:--_a.::E + .. b slarlike
Tamelinns in [T If the operator £t £ g o+ H{L7) is dofined by

A4
H

Filf =) = Jl"ﬁ"{z]:"rﬁ
[
then & is univelent and f < g =+ F|J| = Flg|.
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Lemnrna 2. [3]. Let Red = 0, Rey = bond [0 £ Fa ., with (0} 7 0. Let:

: 20z art a2 -
refis -0 2+ (v i)+ W

whien
T HeT Hevy _
(18] =18 =~ lf
If I: Fgq — MU is the operator (3) shen o) 58 univalent and f g = I[f] = i[9,

3. Mpin Resulls

A = min {HU‘;-‘.

Theorem 1. [/ J € Hy, g is a sbolike fanction, [ 5 andle the Alezredes's
operabor (B, then

ki e e )
M Ifle ™ . forallh< 5 L ILF) e JHo pon e 2 IMee o v 0

n

Proof. Sinte the Almander operator preserves subordination we have J[f] < J[g).
Beesuse o ik starlike function from [1] we have Jg| € H*, A< Lo Applying the subordi-
nation's theorem of Littlewood o oldain T[f] € 8%, A < . From theorem 7 [1] we have
for the Alexander's aperator I f) € JI=,

Theoresn 2. IF § & Hy. g i3 convex fonctun ond [ s the Bermondi’s opera-

tor: I[F]12] 1—‘|—[ J Fitptr Loy, with Resy = 0 and = 5. then T2 H®,
L]

Proof, Since the Rernardi’s operator differs only by a constant from the operator (4],
it b ihe same Hardy class as {4). Sinee g is conves funetion sod from Theorem T (1] wne
hisane _!I_,-J = Ho hi‘ﬂl:!ffl,'-l e

If wm eomaider the all analytical functions such that for any function from: this class
(here axisty n conves Funetion th which it i subordinated, then the Bermadi®s operator
trensform shis class inen the class of bounded funetions,

Theorem 3. Let f £ Hy and @ =1, 5 = 0 in the eperator of Singh (5] end let o
starids foncllon $had F g then

HE e
(i if 5= 5 then T[f] € B35 | (¥ p< 5, () 4F 55% Heend T[] € W™

=

Proof. The opesator of Singh for & = 0 differs from theoperator #[f|(z) = | | Ay o
i 1
by & constant so that they Have the same Handy class. If @ = I andd g ia starlike then

F prescrves enbordinetion. From - g and I{g] € F™ A = ji"—r . P = & we have
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1) & H* From Theorem 7 |1} we olituin for A8, e B aad for d=3
"1 & i,

Theorem 4. Let [ € Eqq with &= 0 anid lof =g glz) = bz+ bz +. .. is startibe.
L I0 T is the operoior of Stagh than

& oo 1
(i) if i = T—; then MHfl e Hi v pa %: (i) if @< = then ™Y e 175
. z 1%
Froof, From Lemma 1 we heve that for the aperator Fiiiz) = [J' Foetar] | fa
0 |

PR
+ 1
g= Ff]= Gla). Henes F{ Ve B2 0 1 For the uparatnr B f1{z) = |'(J|' FE 1d1!J
S0

we lave: UV f e 2, 4« g Let I = Ao B e the operator of Singh where 'A'f|iz] =

(-ﬁ%t ,I""'[:]J ® i The operator A £ B® for f « H*. Hence A{#) & g*'3'% % and

-’-:J";I EH* A« 3. From Theorem 7 [1] we obtain the result.
The following result is important for (e operator of Singh since 4 is complex number.
Theorem 5. If 8,v = C, Red = 0, Hevy = 0and g Lz with g'{0) # 0 and g
wertes (8] and f< g then for the enlegral aperctor of Soangh | we hove: f[fle @, A< .
FProof. From Lerma 2 we hive for the operator: F' defined by (5] f = g = Fif1=
Fg] andd " i3 wnivelent, Henes Fifle H:‘: Ao 3. I[if] - wnd Fi 1 are different boy &

conalant. Henee we obtdin T f] ¢ B4 0 = -

Corvollary, I g is an snalytic funetion, S0 2 0fimd Re [I < E-E[l-ﬂ-l =add then for

Glzl = § [althd: we have G B for all 4 < 3,
i
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